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Y- W Now by the uniqueness of abstract Jordan decomposition, ¢(x) = ¢(s) + ¢ (n) is the Jordan decomposition of

g

Assume throughout the problems that we work over a field k which is algebraically closed of characteristic zero, and all Lie
algebras and representations are finite dimensional over k, unless the contrary is explicitly stated.

Question 1

(i) Show directly thatif ¢p: g; — g is a surjective homomorphism of semisimple Lie algebras and x = s+ n is the
Jordan decomposition of x € g, then ¢(x) = ¢p(s) + ¢(n) is the Jordan decomposition of ¢p(x) € go.

(ii) Show that homomorphisms between semisimple Lie algebras are compatible with the Jordan decomposi-
tion, that is, if g;, g» are semisimple Lie algebras, and ¢ : g; — g2 is a homomorphism, then if x = s+ n is the
Jordan decomposition of x € g1, p(x) = ¢p(s) + ¢(n) is the Jordan decomposition of ¢(x) in go.

(For this part you may assume the fact, stated in lectures, that if x = s + n is the Jordan decomposition of x and
p:9— gl(V) is a representation, then p(s) is semsimple and p(n) is nilpotent.)

Proof. (i) The homomorphism ¢ : g; — g2 induces a representation v : g1 — gl(g2), defined by w(x) = ad¢(x). For
¥ € g2, since ¢ is surjective, there is z € g, such that y = ¢(z). Then

Y (X)) (y) = [p(x), y1 = [P(x), p(2)] = p([x, z]) = p(ad(x)(2))

* ¢(s) commutes with ¢(n): [¢(s),w(n)] = ¢([s,n]) =0.

* Since n is nilpotent, there exists k € N such that (ad n)* = 0. Then for y € g,

vm* ) =ym* o ¢7((n)(z)) = pad(m(2)) =0

Hence y(n) is nilpotent. ¢p(n) is ad-nilpotent.

e Since s is semisimple, the minimal polynomial p of ad s € gl(g;) has distinct roots over k. Note that
Py ()W) =y ((p)(y) =Pad(p(s)(z) = p(plads)(z) =0

N 5T Hence p(w(s)) = 0. The minimal polynomial of 1 (s) divides p. Therefore the minimal polynomial of
w0 T w(s) must have distinct roots. We deduce that y(s) is semisimple. ¢(s) is ad-semisimple.
i o

p(x).

t, S (ii) Sincew :g; — gl(g2) is arepresentation, ¥(s) is semisimple and 1y (n) is nilpotent. Then ¢(3Wple
g and ¢(n) is ad-nilpotent. Clearly [¢(s),¢p(n)] = 0. By the uniqueness of abstrfvlordan decomposition,

d(x) = @(s) + ¢p(n) is the Jordan decomposition of ¢(x). O
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Question 2

(i) Show that if V is a (finite dimensional) representation of sl, and V = @7 Vi is the decomposition of V into
(generalised) eigenspaces of h, then the number of irreducible constituents of V is equal to dim (V) +dim (V1)

(ii) Show thatif g =bh & Pyce gq is the Cartan decomposition of a semisimple Lie algebra g, and a, f and a +
are all in @, then [gq, 9] = ga+p°

(Hint: Use the representation theory of sl. You may assume all root spaces are 1-dimensional.)

Proof. (i) Since sl (k) is semisimple, by Weyl’s Theorem or Question 7 of Sheet 3, V is completely reducible. Suppose
that V = Eszl W;, where each W; is a simple sl (k)-submodule. By Question 6 of Sheet 3, each W; = V(1)
for some A € Z. If A is odd, there exists a unique w; € W; \ {0} (up to rescaling) such that h(w;) = 0. Then
w; € V. If A is even, there exists a unique w; € W; \ {0} (up to rescaling) such that k(w;) = w;. Then w; € V;.



In summary, we must have ¢ = dim Vj; + dim V.
(i) By Lemma 4.11, we know that (for arbitrary Lie algebra g) [gq, 8] < ga+p-

If B = Aa for some A € C, then by Lemma 6.40, A = +1. Since a + B = (A +1)a € O, we also have 1 +1 = +1.
This is impossible. Then f and « are linearly independent in H". Consider the a-string through g:

B-pa,..pB,..B+qa

The root space g, is 1-dimensional. Let sy = 51, (C) be the 3-dimensional subalgebra

Slg =90 ®g-a®[ga 0-al

q
Since each root space is 1-dimensional, L := @ 9p+ia is asly-submodule of g.
i=—p
hq € slg acts on gg,;q with eigenvalue (8 + ia)(hy). We know that a(hg) =2 /and B(hy) = p—q. Then the
eigenvalues of i, on L form the set {-p—¢,-p—q+2,...,p+q—2,p+q},/In the set there is exactly one
number equals to 0 or 1, which implies that the 0-weight and 1-weight subspace of L is 1-dimensional. By
(), L has one irreducible component, so itself is a simple sl,-module.

For x € gg\ {0}, (ad eq) (x)
We have [gq, gl = ga+p,

ga+p- Since x € L is not of highest weight of hy, (ad eq) (x) # 0. Hence [gq, gpl # 0.
O

Question 3
Use Weyl’s theorem to give an alternative proof of the fact that any derivation of a semisimple Lie algebra g is inner.

(Hint: A derivation lets you construct a semi-direct product.)

Proof. Letd: g — gbe aderivation of g. Then we have a Lie algebra homomorphism ¢: gl; — g given by ¢(a) = ad, from
which we can construct a semi-direct product b := gl; x g with the Lie bracket

[(a,x), (b, Y] := (0, [x, y] + ab(y) — b6 (x))

h affords a representation of g given by
x-(a,y) = (0,(ad x) ()

Then g is a g-submodule of . Since g is semsimple, by Weyl’s Theorem, h = g @ [, where [ is a 1-dimensional
g-module. Then (by the analogy of 5-lemma in Lie algebra?) we have [ = gl;. Fix (1,x) € [. For (0,y) € g <, we

have =
- : e bevee
0=1[(1,x),0,»]=(0,[x,yl =6() \‘2 G 4 e ‘
Cad _ Oag,/ 0 e
Hence d(y) = —[x, y]. We conclude that § = —ad x is inner. WEES GGQw VA=
ony  \-do™ Vseee
Question 4

Suppose that g is a Lie algebra and (V, p) is a faithful finite-dimensional representation (so that we may think of g
as a subalgebra of gl(V)). Show that if V is irreducible and tr(p(x)) = 0 for all x € g, then g is semisimple.

Proof. The radical rad g of g is a solvable ideal. By Lie’s Theorem there exists v € V' \ {0} and linear A: rad g — k such that
p(@)(v)=Az)vforall zeradg. Let U:={ve V: Vzeradg (p(z)(v) = A(z)v)}. Then U # {0} by Lie’s Theorem.

For xe g, zeradg, and v € U, we have

p(2)op(x)(v) =px)op(2)(v) - p(lx,z]) (V) = p(x)(A(2)v) =0 = A(2) p(x) (V)



Hence p(x)(v) € U. Then U affords a subrepresentation of p. Since p is irreducible, we must have U = V.

For z e rad g, we have
0=tr(p(2)) =A(z)dimV = A(2) =0

Since p is faithful, we have z = 0. Hence rad g = {0}. g is semisimple. O

Question 5

Let g = sp,,, be the symplectic Lie algebra. Show that b, the space of matrices in g which are diagonal, is a Cartan
subalgebra, and thus find the roots of sp,,,.

(Optional: Do the same for the Lie algebras s02;,.)

Proof. Recall that sp,, = {x € gl,,: x' S+ Sx =0}, where

0 -
o J, 0 --- 1
S: ) n=
(—]n 0) S FE
1 0 0

) A B
Let A be the matrix obained by flipping A anti-diagonally. If X = (C D) € sp,,, then B = B, C = C+, and

h= { (D 0 ) : D =diagfay,...,an}, a1,...,an € k}

D =—AL. Hence

0 -Dt

It is clear that b is Abelian, and hence nilpotent. Let X € N;p, (h). We write X = A+ B, where A is the diagonal
part and B is the off-diagonal part. Then [X, D] = [B, D] € fj for all D € . Note that, for i # j, [E;j, Exx] has zero
diagonal entries. Hence [B, D] = 0 for all D € ). Somehow we can prove that B = 0. Hence X € h. Ny, (h) =h. We
deduce that f is a Cartan subalgebra of sp,,,.

h has a basis {Ex ¢ — Eapn+1-k2n+1-k: kK € {1,..., n}}. Let {1, ..., 9} be the dual basis of it.

5P, , has the decomposition
P2, =h P @G DGy B Go D Ge

where

D ] . .

Oa = 0o _pt :Viefl,..,n} D;; =0 :span{Ei,j—E2n+1_,~,2n+1_j: lsz;é]sn}
0 B 1 ) o

9p = 0 0 :B=B—,Vie{l,..,n} Bi,2n+1—i =0;= Span{Ei,VHj +En+1—j,2n+l—i: 1<i+j< I’l}
0 0 N ) o

gYZ c o :C=C—,Viedl,..,n} Ci,2n+1—i:0 :Span{En+i’j+E2n+1_j'n+1_i: 1<l+]$n}
0 B 1 ) . .

ds = 0 0 :B=B ,Vl;é2n+1—]Bl-j=0 :Span{Ei,2n+l—i:1<l<n}
0 0 N ) ' ‘

e = c o :C=C ,Vl;ﬁ2n+1—]Cij=0 :Span{En+i,n+l—i:1<l<n}

IfX=%" Ai(Ei;— Ean+1-i2n+1-i), then

[X,E; j1=Q; —A)E; (X, Ejn+jl = Ai + A1) Ej n+ (X, Ep+i,jl = —(Ai + Aj)Enyij
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The weights are given by S D) @

_—

— W can usl

@i j=Qi=@j,  Pij=Qit@j,  Yij=—Qi=¢j,  0i=2¢i & =-2¢0n

We simply observe that ® has a base {¢; — ¢2,...,0n—1 — @n, 2¢,}. For convenience we write o; := ¢; — ¢;+1 and

7:=2¢,. Next we shall calculate the Cartan matrix. , ( A

Let eg, = Ej i+1 — E2n+1-i2n—i- Then

ho, = Eii+1 — Eon+1-i2n-i> Ei+1,i — E2n-i2n+1-il = Eiji — Ei+1,i+1 + Eant1-i2n+1-i — E2n—i2n—i

Hence
(0i,07)=(@i—i+1)(hg)) = =0 j-1+28; ;8 41

and
(1,00) =2¢i(hg,) =-20i-1,n

Let e; = Ey 1. Then hy = [Ep i1, Ens1,n] = Enn — Ent1,n+1. Hence

(0, T)=0i(hy) = (@i —@i+1) Enn—En+1,n41) =—0i-1,n

The Cartan matrix is given by

2 -1 0 0 0
-1 2 -1 0 0
0 -1 2 0 0
0 0 O 2 -1
0 0 O -2 2
The Dyakin diagram is given by
° ® oienn ° <—— o

We conclude that sp,,, has type Cj,. O
Question 6
Let g be a complex semisimple Lie algebra and ) < g a Cartan subalgebra. If ® < h* is the corresponding root system
find an expression for the dimension of g in terms of ®. (In particular, the dimension of g is determined by the root
system).
Proof. The Cartan decomposition of g:
g=bhe @ Ja
acd
Since g is semisimple, we know that each g, is 1-dimensional, and ® spans h". Hence
dimg =dimbh+|®| =dimb" + |®| = dimspan® + |D| ’ O

Question 7

Let V be a Q-vector space. A lattice in V is a discrete subgroup ! Q € V which spans V over Q. Equivalently, a lattice



is a subgroup Q of V of the form

{Z‘Aiﬁi A EZ}

where { ,Bi};lzl is a basis of V. (You do not have to prove this). Assume that V is equipped with an positive definite
inner product (—,—). A lattice Q < V is called integral if (a,) € Z for all a, € Q. A lattice Q is called even if
(a,a)e2ZforallaeQ

®
(i)

(iii)

(iv)

)

(vi)

(vii)

Proof.

Show that an even lattice is integral.

Let Q € V be an even lattice. Assume that the set Rg = {@ € Q : (@, a) = 2} spans V. Show that R, is a root
system in V.

Let V =@!_, Qe; equipped with the standard inner product (ei, ej) =06;j. Let
1
I, = {Z aie;:y a;€2Zandeitheralla; e Zorall a; € Z + E}

Show that I'; is an even lattice if r is divisible by 8 .

Consider I = I'y € Q2. Show that V is spanned by the vectors v € I such that (v, v) = 2, and describe the roots
in the resulting root system Rp

Consider the functional ¢ € V* given by

7
r=) (i-1e} +23e;
i=1
where {e;." }?:1 is the dual basis to {ei}?:1 .Show that 0 # t(«) € Z for all a € Rr. Calculate the set of roots a € Ry
with #(a) = 1 and check it is a basis of V. Compute the matrix of the inner product with respect to this basis.
(This step is similar to the proof that a root system has a base.)

Let H; denote the hyperplane V orthogonal to e; + eg. Show that Rr N H7 is a root system of and find a basis
for H; contained in it (hint: start with the basis in the previous part.)

Let Hg be the subspace orthogonal to eg+e7+2eg and e; + eg. Show that RN Hg is a root system and calculate
a basis for Hg contained in it.

@



