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Question 1

(a) Show that each of the following numbers is algebraic

1/2,V/=5,V17 + V19, &2™!7

(b) Assuming that the polynomials you have found are irreducible, what are the (absolute) conjugates of these numbers,
and

(c) Calculate their (absolute) traces and norms.

Proof. First we recall the following facts from B3.1 Galois Theory:

ey

2

3)

4

If a is algebraic over Q, the conjugates of « is the roots of the minimal polynomial m, of @ in the splitting field.
Suppose that the minimal polynomial of @ over Q is
n-1

me(x)=x"+ ) axx
k=0

k

Then the trace and norm of a are given by

Trg("”(a) =—a,_1, Normg(a)(a) =(=1)"ag

The conjugates of @ have the same trace and norm with a.
Let a =1/2. Since 1/2 € Q, 1/2 is algebraic over Q with minimal polynomial m(x) = x — 1/2.

The conjugates of 1/2 are 1/2 itself. Trg(I/Z) = Normg(llz) =1/2.

Let @ = v/—5. Then a® +5 = 0. Hence /-5 is algebraic over Q with minimal polynomial m(x) = x> +5.
The conjugates of v—5 are v -5 and —v/—5.

From the minimal polynomial we know that the trace of v/ =5 is 0 and the norm of v -5 is 5.
Leta = V17 +V/19.
a=V17+V19 = (a-V17)* = (V19)?
= a’-2V17a=2
= (a*-2)% = (2V17a)*

= a*-72a%*+4=0

Hence /17 + /19 is algebraic over Q. It remains to show that m(x) = x* — 72x? + 4 is irreducible over Q. The easiest way
is to compute all the roots of m.

(2 =22 =2V17x0)? = *-2V17x-2)(x*+2V17x-2) =0 = x> -2V17x-2=x>+2V17x-2=0

Using the quadratic formula we find that the 4 roots are exactly +v/'17 + v/19. This shows that m is irreducible, because
it does not have rational linear or quadratic factors. Hence m is the minimal polynomial of a. The conjugates of @ are
+v/17 £ v/19. The trace is 0, and the norm is 4.

Let a = e?™/7, We know that « is a primitive 7th root of unity in C. Hence it is algebraic over Q and the minimal
polynomial is the 7th cyclotomic polynomial

3

mx)=0;x0) =X+ P+t + 3+ % +x+1

The conjugates of  are all primitive 7th roots of unity. Since 7 is a prime, the conjugates of « are a, a?, a®, a*, a®, a®.

The trace of « is -1, and the norm of @ is 1. O
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Question 2
(@) Let K=Q(0) where 0> =d,d € Znota square. Describe the embeddings 0,0 of K into C. Are the fields 0, (K), 02(K)

different?
(b) Let K = Q(¢) where ¢® = d, d € Z not a cube. Describe the embeddings o1, 02,073 of K into C. Are the fields o (K), 2 (K),

o03(K) different?

Proof. Suppose that o : K — C is an embedding (i.e. injective ring homomorphism). Then in particular o fixes the prime subfield Q.
When K = Q(0), o is uniquely determined by o (8), which is a conjugate of 0 in C.

(a) Since 6% =d and 0 ¢ Q, the conjuagte of 8 is +6. The embeddings 01,0, are given by 0 (0) = 6 and 0,(8) = —6. Note
that K | @ is a normal extension, because —0 € K = Q(6). Hence the embeddings have the same image in C. B

-1++V3i
—\/_ is a primitive 3rd root of unity in C.

(b) Since ¢* = d and ¢ ¢ Q, the conjugates of ¢ are ¢, pw, pw?, where w :=
The embeddings o1,0,,03 are given by o, (¢p) = ¢, 02(¢p) = ¢pw, and o3(¢p) = pw?. The extension K | Q is not normal,

because K = Q(¢) € R and w ¢ R. In fact the images o, (K), 02(K) and 03(K) are distinct. O
add more details

Question 3
Let K = Q(a),a® = m, m not a cube. Evaluate A (1,a,a2)’ by the formula A = det (o;w;). Write down the traces of 1, a, ..., a*

and hence evaluate A (1, a, az)z by the formula involving traces.

Proof. The conjugates of a are a, aw, and aw?, where  is a primitive 3rd root of unity in C. Hence

1 1 1 3 1 1
Ad,a,a®)=det]l ¢ aw aw?|=det|]0 aw aw?|=3@%w?-a’w)=3muww-1) A
a? d*w? dPw 0 a?w?® d*w

And
A’(1, @, a®) = 9m?w? (w - 1)? = —27m?

Alternatively we compute the traces:
Try(1) =3
TrX (@) = a + aw + aw? =0
0@ = =
Trg(az) =a’+a’®+d?w=0
Trg (afg) =3m

Trg(a4) =at+adtw+atw’ =0

By Lemma 2.3,
Trgu) Trg(a) Trg(az) 3 0 0
A*(1,@,a®) =det| Trg@)  Trg@®) Trg(a®)|=det|0 0  3m|=-27m’
K2 K3 K4
Tr@(a) Tr@(a) TrQ(a) 0 3m O
Question 4

Suppose that 8 is a root of X3 + pX + g = 0, where X3+ pX+ q is an irreducible polynomial in Z[X]. Verify that 1, 8, 2, 82 have
traces 3,0,—2p, -3, respectively, and compute Tr (%) . Deduce that A (1, 8, 62)° = —4p® — 2742

Proof. Suppose that 81 := B, B2, B3 are the roots of x> + px + q. By Vieta’s Theorem we have

P1+Pa+P3=0,  P1Po+Pafs+P3fr1=p, P1P2Pf3=—¢q
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Then
tr(1) =3 A
tr(f)=P1+P2+P3=0
w(f?) = B+ B3+ 5 = (B1 + B2 + B3)* —2(B1 B2+ P23 + B3 Pr) = —2p
tr(f%) = tr(-pB - q) = —ptr(B) — tr(q) = -3q
tr(BY) = tr(—pﬁ2 -qp) = —ptr(ﬁz) —qtr(f) = 2p2
By Lemma 2.3, l/
tr(l) (B tr(f?) 3 0 -2p
A%(1, 8,5 =det| tr(B) tr(f?) (B |=det| 0 -2p -3q|=-4p>-274° O
tr(f?) (B3 tr(ph -2p -3q 2p?

Question 5

Suppose that a is a root of a monic irreducible polynomial f(X) € Z[X]. Prove that if deg(f) = n and K = Q(a) then

A

Proof.

A2 (l,a,...,a”_l) — (_l)n(n—l)/Z NormK/@ (f’(a))

Leta; := a,a»,...,a, be the roots of f. Since K | Q is separable and f is irreducible, the roots are distinct. By Lemma 2.5, we
have
A%, a,.., a1 = H(a’j —a;)?

i<j

Since f is monic, we have

n n n
fo=Jla-a) = ffW=) [[x-a) = fla=) [[ar—ap)=[]lar-a))
i=1 i=1j#i i=1j#i j#k

Hence

n n nin— n nin—
[T/ @0 =11 T@-ap=ED"% [[aj-ap?=D"F A2(1,a,...a" ")
k=1 k=1j#k k<j

On the other hand, by the definition of norm,

n n n
Normg (f' (@) = [Toi(f'(@) =[] f'(i(@) =[] f'(@n)

i=1 i=1 i=1

where f’ commutes with the field embeddings o; : @ — a; because f’ is a polynomial. Now we can combine the results and

obtain - /
A(1,a,...,a" ) =(-1)" 7 Normg(f'(a)) O

Question 6

Suppose that [K : Q] = n, and that there are r real embeddings and s pairs of complex embeddings of K into C, where r+2s = n.
Show that if w = {wy, ..., w,} is an integral basis for G then the sign of A(w)? is (-1)°.

Proof.

A

Let 7 : z— z be the complex conjugation. Then 7 € Gal(C | Q). Consider the determinant A(wy,..., wy) = det(o,-(wj))?jzl,
where 01, ...,0, are the embeddings of K into C, and the action of 7 on it. Since the determinant is a polynomial in the
elements o;(w;), we have

n

T(A(W1, ..., wp)) =det(Too; (W)} i,

The action of 7 on each individual o;(w}) is equivalent to exchanging the o; with its conjugate embedding. Therefore the
action of 7 on the determinant is exchanging 2s of n rows. We have

T (A(wly-u) wn)) = (—I)SA(WI,..., wn)

In particular, if s is even, then A(wy, ..., w,) € R and hence A%(wy,..., wy) = 0; if s is odd, then A(wy, ..., w;;) € Ri and hence
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A%(wy, ..., wy) < 0. We conclude that A% (wy, ..., wy,) has the sign (—1)%. O

Question 7. Stickelberger’s Theorem

With the notation of the preceding question, let M be a splitting field containing K. Write Q for the matrix (o; (w;)), and write
P for the sum of the terms in the expansion of det(Q) that occur with positive sign, and N for the sum of the terms which occur
with negative sign; so A(w) = P— N and P + N is the "permanent". Show that P+ N and PN are both invariant by Gal(M/Q),
so are both rational integers. Deduce that A(K)? = 0,1 mod 4.

Proof. (I suppose that the question means that M is the Galois closure of K | Q.)
The expansion of the determinant is given by:
n n n
A(wy, ..., wy) = Z sgn(p) H oo (Wwi) = Z H oo (wi) — Z l_[ o) (W)
PES, i=1 pEA, i=1 PESH\Api=1

For a field embedding o; : K — C, by normality of the extension M | Q, we have 0;(K) € M. Let y € Gal(M | Q). Then yoo;
is also an embedding K — C. In particular, Gal(M | Q) acts on the set of embeddings {0},...,0,} by permutation. Here we
identify Gal(M | Q) as a subgroup of S;,.

If y € Ay, then

n n n
y®) =) [lreopmwi= Y [loypmwn= 3 [lopmw)=P

PEAL =1 PEAL =1 peEALi=1
n n n
Y=Y [Jlreopaywd= Y Jloypawd= ) [lopsw)=N
PESN\ Ay i=1 PESN\Ay, i=1 PES\Ap i=1

IfyeS,\ Ay, then

A y®) =} [lreopnwi= 3 [loypmwd= 3% [lopnwi)=N

peA,i=1 peEALi=1 pES\Api=1
n n n
Yy =Y [lreoenwd= > Jloypoywd= Y [[opunw)=P
PESNAy i=1 PESNA, i=1 pEAy i=1

Hence for y € Gal(M | Q),
Y(P+N)=P+N, Y(PN)=PN

Hence P+ N,PN € Q. Furthermore, since o;(w;) € Ok, we have P+ N,PN € Ok. Since Z is integrally closed, we have
P+N,PNe/Z.

Finally,
A*(K) = A’ (wy, .., wy) = (P=N)?>=(P+N)>’—4PN=(P+N)>=0,1 mod 4

because every square in Z is 0,1 mod 4. O
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