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0 Introduction

0.1 Background of Inverse Scattering Transform

The method of inverse scattering transform is first developed to solve the initial value problem of the Korteweg-

de Vries equation:
ou ou d&u

— —6bUu—+—— =
ot ox 0x3
Later this method is applied to a wider class of non-linear PDEs, which is known as integrable systems. We

briefly summarise the inverse scattering transform applying to the KdV equation. For the details please refer
to Ablowitz [2].

0, u(x,0) = up(x)

The one-dimensional scattering problem in quantum mechanics is to find the solution to the time-independent

Schrodinger’s equation
2

d
Ly(x):= (—@ + u(x)) Y (x) = Ey(x)

subjected to the condition that the potential function u(x) — 0 sufficiently rapid as |x| — co. Specifically,
u(x) satisfies the integrability condition

f(1+|x|)|u(x)|dx<oo (0.1)
R


mailto:peize.liu@spc.ox.ac.uk

which ensures that the Hamiltonian L has finitely many discrete positive eigenvalues.! The point spectrum
of Lis {x%,...,x%} and the continuous spectrum is E(k) = —k? for k € R.

A right-to-left scattering wave function is given by

w(x) ~e * 4 kel X — 400
w(x) ~ a(k)e %, X — —00
where r(k) is the reflection coefficient and a(k) is the transmission coefficient. In this way we have the

scattering data S = (x1, ...,k n; 1 (k), a(k)), associated to the potential function u(x).

The problem of finding the scattering data from given potential function is called the direct scattering. The
inverse problem of reconstructing the potential from the scattering data is called inverse scattering.

Next we shall show the connection of scattering problem with the KdV equation. We introduce the time ¢ as
a parameter of the Hamiltonian operator L:

62
L(t) = —@ + u(x,t)

The eigenvalues of L will depends on ¢ in general. Consider an operator A which governs the time evolution

of the wave function:
_oy

V=7

We have the following theorem:

Theorem 0.1. Lax’s Theorem

The eigenvalues of L(t) is independent of ¢ if and only if the operator A satisfies

dL
—+I[L,Al=0 0.2)
dt

which is called the Lax equation. The pair (L, A) is called a Lax pair.

Proof. Immediate by differentiating the Schrodinger’s equation. O

For the KdV equation, through direct computation we can verify that the operator

ama® ul g0
= —4— U— __
0x3 ox  O0x

satisfies that Lax equation (0.2) if and only if u; = 611, — txxy, which is exactly the KdV equation. Therefore
we say that the KdV equation arises as the compatibility equation for L and A.

Lax theorem tells us the discrete spectrum of the Hamiltonian operator L(t) is time independent. Further-
more, we shall prove in Proposition 2.5 that the operator A determines the time evolution of the scattering
data r(k, f) and a(k, t) by the Lax equation.

Now we can put the steps together to give a scheme for the inverse scattering transform:

1. Given the initial data u(x,0), we can obtain the scattering data S(0) = (x1,...,kn; 7(k,0),a(k,0)) at t =0
by solving the direct scattering problem;

2. Using the Lax equation we can solve the scattering data S(t) = (x1,...,kn; 7(k, 1), a(k, t)) at any given
time;

3. For each ¢, we solve the inverse scattering problem to obtain the solution u(x, t) to the KdV equation.

ISee §2.2 of 2] which explains different types of integrability conditions for #(x) and gives references for the proofs.



0.2 Dispersionless Korteweg-de Vries Equation

We study the initial value problem of Korteweg-de Vries equation in the dispersionless limit. We begin with
considering the rescaled KdV equation. (Our choice of the coefficients agrees with Wheeler [8].)

u_. 0u, 200 (x,0) = 1o (%) 0.3)
—— —ouUu— =V, uix,v) = u :
ot ox = 0x3 0

It arises as the compatibility equation for the following Lax pair:

=22 cun  A=-a42 D eud 450
= - N 0 uix,t), = - Uu—— 3.
0x2 0x3 0x Ox

The corresponding equations are
0
Ly =My, Ay= a—”t’, (AeC)
We make the WKB approximation )
yx,At) = exp(éS(x, A, t))

for some function S(x, A, t), which is called the action. We substitute the ansatz into the Lax equations and
demand that € — 0. To the leading order, we obtain the Hamilton-Jacobi equations:

0S)\?
(_) 2oy 0.4)
0x
4(68)3+6 S aS 05)
— u—:— .
0x 0x Ot

oS
Put p:= S Then S is the Hamilton’s prinicipal function generated by the Hamiltonian
X

H(x’ p, t) = _4]93 - 6u(x, t)p
The Lax theorem implies that A2 = u— p? is a constant of motion along the Hamiltonian flow. We have

0—6—2“2+{/12 =2 6u0" 0.6)
ot Y 0x '

which is the equation obtained by taking € — 0 formally in the KdV equation, and is hence called the dis-
persionless KAV (dKdV) equationz.

1 Method of Characteristics

The initial value problem of the dKdV equation can be solved by the method of characteristics. Following
the convention in [2], we assume that the initial data ug(x) is smooth and satisfies the integrability condition
(0.1). We parametrise the data curve as

u(s) = ug(s), x(s)=s, t(s) =0, att=0

Then we solve the initial value problems for the system of ODEs

det . dx 5 du 0
— =1, — =-0bu, _—=
dr dr dr
We obtain the solution u(x, t) in the following implicit form:
u=up(x+6ut) 1.7

Zalso known as the inviscid Burgers’ equation.



For x € R where dug/dx # 0, by inverse function theorem there exists a neighbourhood (xy — 9, xo + §) such
that the solution takes the form
x+o6ulx, t)t=wu) (1.8)

which is the form obtain by Tsarév in Theorem 10 of [7] for a broader class of systems called semi-Hamiltonian
systems. We shall refer (1.8) as the Tsarév’s hodograph formula.

In (1.7), we take the derivative with respect to x:

ou uy(x+6ut)
0x  1-6ruj)(x+6ut)

We observe that at some finite time ¢ = £y, 0u/0x = co at some x € R, where the solution ceases to be single-
valued. This is the well-known phenomenon of the breaking wave.

2 Inverse Scattering Transform

2.1 Solving the Action

Next we turn back to the WKB approximation and dKdV equation. We investigate the inverse scattering
problem for the action S(x, A, £).

Without loss of generality we assume that uy = 0 on R. Equation (0.4) gives

)1/2

plx,A, 1) = g—i =(A*-ux, 0 (2.9)

where we choose the square root with a cut on the interval A € [-v/u(x, 1), vVu(x, f)] =R and the branch such
that Im p = 0 for A € R. We integrate the equation to obtain that

X

S(x, A, 1) = Ax+[ (A2=u(s, )" ds+ f(A, 0

Xo

for some xg € R and entire function f(A, £). Given the integrability condition we have

fxo (()LZ —u(s, L‘))U2 - A) ds < oo

—00

We can replace f(A, t) by

Xo
f()l,t)+/1x0+f (A2 = uts, )"~ 1) ds
So we have
* 9 1/2
S(x, A, t):/1x+f (A2 = uts, 0)""* = 2) ds+ fa, 0 (2.10)

Next we consider the time evolution of S. Taking the derivative with respect to ¢:

N _[F 0 ((r2_ 12 of
at(x,A,t)_f_ooat((A u(s,0)"* - 2) ds+ = (LD

where the differentiation under the integral sign is justified by DCT.

0S 0
In the limit x — 0o, p = 1 + o). By (0.5) we have a—t(x,l, t) ~ 4)A3. Therefore a—j;(/l, r) = 413, By

integration we have
fA, 0 =g +4A%t

for some entire function g(A). The action is now expressed as

X

S(x,/l,t):/lx+4/13t+f

—00

(A2 - uts,0)""* - 1) ds+g)



We have the freedom to choose g(1), as it does not contain physical quantities (x, t). It is safe to set g(1) =0,

and we obtain that .

S(x,)t,t)=/1x+4/13t+f

—00

(A2 = uts, )"~ 1) ds (2.11)

On the A-plane, the action S(x, A, t) is holomorphic in C\ [—\/u(x, 0, vu(x, t)]. From (2.11) we observe
that
S, A, 1) =Ax+423t+0A7Y,  as|A|— oo

In this section we only consider the initial curve uy(x) with one “hump”. More specifically, there exists
Xm € R such that

* U = U(Xm) = SUP e Uo (X);

* 1 is monotonically increasing for x € (—o0, X;,);
* 1 is monotonically decreasing for x € (x;, +00).
e up=0forall xeR.

We know from the solution obtained by the method of characteristics that the above condition also holds
for u(x, t) for a finite time interval ¢ € (0, fo).

For A € (—\/Um, /Um), there exist x_(A, 1) < x4+ (A, ) such that u(x. (4, 1), 1) = A%,

We define the following auxiliary functions, which play the role of scattering data (will be shown in the next
subsection):

x- (A1)

o, D)= Ax_(A, 1) +f (A2 - uts, )" - 1) ds;, (2.12)
oo 2 1/2
oA, 1) = —Ax (A, 1) +f (A2 = uts,0)"* = 1) ds (2.13)
x4+ (A1)
X+ (1,0
T b)) = Vu(s, t)—A2ds (2.14)
x- (A1)

Remark. The integrand v/ u(s, t) — A2 should be understood as the positive sqaure root of a real function
in the usual sense. Note that this is different from the complex square root (A% — u(s, t))”z, which in fact
changes sign under the map 1 — —A.

Proposition 2.1

1. For 0 < A% < u(x, t), the real part of S(x, A, t) is independent of x and ¢, and we have

ReS(x, A, 1) =43t + w(A, 1)

2. For u(x,t) < A% < u,, and x > x,. (A, t), the imaginary part of S(x, A, t) is independent of x and ¢,
and we have
ImS(x, A, ) =11, 1)

)1/2

Proof. For real A we note that p = (/12 —u(s,t) € R when A% < u(x,t) and 0 < A2 < u(x, t) € iR when

A2 > u(x, t).
Therefore, for 0 < A2 < u(x, 1), by (2.11) and (2.12),
X

S, A, ) =403+ A, 1) + Ax— x_(A, 1)) +f
x-(A,0)

X
:4A3t+w(/l,t)+if Vu(s, t)—A2ds
x_(A,10)

(A2 = uts, )"~ 1) ds



Hence
ReS(x, A, 1) =43t + w(A, 1)

For u(x, t) < A% < u,, and x > x4 (A, 1),

X

ImS(x, A, t)=Im(f (/lz—u(s, t))”2 ds|=1t\1, 0

—00

For the time-dependence, we note from (0.5) that p € Rimplies that 0S/d¢ € R, and that p € iR implies
that 8S/0t € iR. When A2 < u(x, t), p €iR, and then ReS is time-independent. When A% > u(x, 1),
p €R, and then Im S is time-independent. O

Corollary 2.2
The time-evolution of w(A, ¢) and (A, t) are given by

o, 1) =we(1) —4A3¢ (2.15)
T, 1) = To(A) (2.16)

2.2 WKB Method for Direct Scattering

We review the direct scattering problem of the Schrédinger’s equation in the WKB approximation, following
Section 10.6 in Bender & Orszag [4]. In particular, the reflection and transmission coefficients are given in
terms of the real and imaginary parts of the action.

Starting from the Schrddinger’s equation

9 WA 0 +ulx, Dy (x, A, 1) = A2y (x,A, 1)

2
_6 —
0x2

Assuming a left-to-right direct scattering, we can write down the asymptotics of the wave function:

e—i)Lx/s +r(A, 0 ei/lxle’ X — —00
VA~ eitate e 217)

where r (A, t) and p(A, t) are the reflection and transmission coefficients respectively.

For A% > u,,, the whole real line is classically allowed. We have r(A,t) =0 and p(A, t) = 1 trivially. Now we
focus on the case 0 < A2 < u,,, where x € (x_(A, 1), x. (A, 1)) is classically forbidden. Our main result is the
following:

Proposition 2.3

For 0 < A? < u,;, the reflection and transmission coefficients are given by

. 2iw
riA,t) = 1exp(—7) (2.18)
p(A, t) =exp —W) (2.19)

Proof. First we write down the corresponding WKB wave functions in the classically allowed regions:
+— VAZ - uds)
EJx
: x_(A,0)
xp(il(—lx+f (\//lz—u—l) ds)), X € (—00,x_(A, 1))
€ X

i [x- A,0)

vilx, A1) = exp(

+
(A% —u(x, )14
A, eii/lx_(/l,t)/s

T2 u, o ©



X

Cy i
wi(x,/l,t)=mexp(i [C VA2 —uds

i

EJx (A0
X

)Lx+f (\/Az—u—)t) ds)), x€ (x+(A, 1), +00)
x.(A,0)

C e+1/1x+(/l /e
— €X
T A2 - ulx, ) p(

which gives

(2.20)

AL A2 exp(il (-Ax+w(A, t))), X — —00
Wi(x)/l’ t) ~ ( &

C: A2 exp +Lx+o, t))), X — 400
€
By comparing (2.17) and (2.20) we obtain that

A+/1_1/2 eiw(/l,t)/s =1 A_/l—llz e—iw(l,t)/s — l’(/l, )
C+A«_1/2 eiU(;L,t)/E — 0 C_/l—l/z e—iU(/I,t)/E — p(/l, t)

Then the WKB wave functions are given by

/12 1/4
(/12_ u) ( lwlsexp( f VAL —u(s,t ds)
YA, 1) =9 +relw/EeXP(——f VAZ—u(s, 1) ds)) X € (—00,x-)
2 1/4 A

Next we consider the classically forbidden region. At the turning points x, (A, t), the WKB connection
formulae are given by
1/4

(/12&—;) (f \/T(s,ds) ( /12) exp(———f u(s, ) — /12ds)

(/12/1—:‘) exp(——f \/Ts,ds) (—/12) exp(—+ f \/mds)

1/4

They allow us to express ¥ (x, A, f) for x < x; in terms of the transmission coefficient p(A, 1):

1/4

2 . X4
w(x, A1) = (/12]t u) pe’s exp(éf Vou(s, 1) —A? ds)
- X—

exp(é/ VA2 us, t)ds)
+ iexp(—éf V22 u(s, 1) ds))

By comparing coefficients we obtain that
r(A, 1) =ie 2w/

1 [ ,
P(/l, 1= exp(——f \/mds) e—l(w+cr)/g O
€ Jx_

Therefore we associate the real part of S with the reflection coefficient, and the imaginary part of S with the
transmission coefficient. They are effective for different ranges of x.

Corollary 2.4

The reflection and transmission coefficients are related to the action by

r(, 8) = ie8" L exp(~2iRe S(x, A, 1) /), 0<% <u(x, 1) (2.21)
oA, 1) =exp(—ImS(x, A, 1)/ ¢g), ulx, 1)< A% < Um, X>x: (A, 1) (2.22)



The time-evolution of the scattering data can in fact be determined for the full KdV equation. The following
is a standard result from Ablowitz [2] and Dunajski [9].

Proposition 2.5

The time-evolution of r (A, ) and p(A, t) are given by
r(A, 1) = ro(A) B0/ 2.23)
P, 1) =po(A) (2.24)

Proof. By Lax theorem, Ly = A%y implies that

(- )-+(3r-

ot ot
where D
. r(A 1) .
At —1Ax/£+ ’ 1/lx/£’ X — —00
p(x,A, 1) := yohn pA, 1) p(A, 1)
P(/ly 1) e—i/lx/f X — 400
Therefore we have
(5101 + %) pleitxle (a(r_pl) _ 41/13) rple¥e x oo
6_(p — A ~ (331,‘ € ot € ’
ot 4id g-ilvle oo
€
Note that ,
0 4i)
€(x,/1,t):=—(p—A(p—l—€kerL, lim é(x,A,6) =0
ot £ X—00

We must have ¢ = 0. We therefore use the asymptotics at x — +oo to deduce that

op~! . 4iA*  4iA? arp™h) 4iA® 4’
ot e & ot e ¢

The time-dependence for the scattering data is given by

r, 0 =r(,0e¥ e pd, 0 =pA,0) O

Remark. Combining the results of Proposition 2.5 and Proposition 2.3, we can also deduce that time-
dependence of w(A, 1), (A, t) and 7(A, £) as in Corollary 2.2.

2.3 Inverse Scattering

In Geogjaev [5], an inversion formula for u(x, t) in terms of the real part of S(x, A, ) is discovered by solving
the corresponding Riemann-Hilbert problem.

Recall that

XD 1/2

wA, 1) :=Ax_(A, 1) +f ((/12 —u(s,0) /1) ds (2.12)

—00
For convenience we put
(x4, 0= S(x, A, 1) — 44>t

Therefore we have w(A, 1) =Re Z(x, A, t) for A € (=vu(x, 1), Vu(x, 1)) =R.

Now the problem has become a Riemann-Hilbert problem on the A-plane. The following proof follows from
Section 7.3.2 of Ablowitz & Fokas [3] (see also Section 1.4 of Wheeler [8]). For convenience we suppress the
(x, t)-dependence.



Proposition 2.6. The Scalar Riemann-Hilbert Problem

Suppose that X is holomorphic on C\ [/, /u] satisfying ReZ. (1) = w(A) for A € (—/u, u), where
w is Holder continuous on (—v/u, v/u). Then we have

Vu
zw:(u—AZ)”z(if °©  aremm

mJ-vi \/u-2(( - 2)

where H(A) is holomorphic in C\ {-v/u,/u}. H(A) can be uniquely determined by specifying the
principal parts of the Laurent series of (1) at A = +y/u and A = oco.

Remark. Note that (z—A%)!/? is a holomorphic branch of the square root function on the complex analysis,
whereas v/ u — (? in the integrand should be understood in the usual sense of taking the positive sqaure root
of a positive number.

Lemma 2.7. Plemelj Formulae

Let L be a simple, smooth, locally connected curve and let ¢ (7) be Holder continuous on L. Then the

Cauchy-type integral
I %)
ON)i=— | —
“) 2niJrt—-A
has the limiting values ®. () as A approaches L from the left and the right, respectively, and ¢ is not an
endpoint of L. These limits are given by

e L@
QL= +5 ] e

where the principal value integrals are defined by

p(T)dr _ limf @(r)dr
L T—¢  e—=0JnBee T—E

Proof. See Lemma 7.2.1 of Ablowitz & Fokas [3]. O

Proof of Proposition 2.6.
We seek a solution of the form of a Cauchy-type integral:

VI £
Z/l=f ——dA
=]

By Plemelj formulae, we have

1 1 Ve fQ
Zi(f)_iif(é)-i—z_m _\/ﬂédeC

for ¢ € (—v/u, /u). Since Re X, (¢) = ReZ_ (&), we have
0=Re(Z:()—2Z_(&)=Ref(&)

Hence f is purely imaginary, and we have ImX, ({) = —ImZ_(¢). Therefore we have the problem
expressed in the standard form:

240 =—Z-(O) +2w()

First we consider the corresponding homogeneous problem

T, (&) =-T-()



Taking logarithm:
log T4 (&) =log T_ (&) + mi

Hence by Plemelj formulae,

Vie i

_ L _ E(M a2 1/2
T(A)—exp(znif_ﬁc_/ld/Hr h(/l))—e (u-217)

where (1) is an arbitrary entire function. We take & = 0 and return to the inhomogeneous problem:

2.0 _2-() 200
O T-© T

Clearly w/ T is Holder continuous on (—/u, \/u), with integrable singularities at the endpoints. By
Plemelj formulae we have

Vu
zmy_lf 200 40 i

T~ 2mi)oyu T,WC -1

where H(A) is holomorphic in C\ {—\/u, v/u}. Therefore we obtain the solution

Vu
S(A) = (u—AZ)”Z(if °© _ srvm0

v U= - 1)

Let T be another solution to the problem which has the same principal parts of the Laurent series

as Sat A =+yuand A = co. thelet Q:=X—Z. Then
Q46 =Q- (&) for ¢ € (v, Vu).
By Cauchy’s integral formula, Q satisfies the condition if and only if Q is holomorphic in C\{—/u, /u}.

But by assumption, Q has removable singularities at A = ++/u, and is bounded as 1 — co. Hence by
Liouville’s Theorem Q is constant. O

satisfies the homogeneous problem

Proposition 2.8. Cauchy Integral Representation of the Action

The action can be expressed by w(A, £) via the following Cauchy-type integral formula:

1 vuen ol e (ulx, 0 - /12)“2

S(x, A, 0) =403+ x (A% - u(x,t) 1/2+ —
( ) miJ-vun (—A Vu—{?

d¢ (2.25)

Proof. We apply the previous proposition to our problem. It remains to analyse the limits A — ++/u and
|A] — oo in order to determine H(A).

In the limits A, — ++/u, we note that w(¢) is bounded. Therefore by Lemma 7.2.2 of Ablowitz &
Fokas [3] the integral
1 (V4 @)

mi)vi Ju=2¢ -2

But since Vu—Ac = O((A + \/ﬁ)” 2), the boundedness of the solution at the endpoints is assured. As
|A| — oo, we have

d¢=0(€+vw™"?)

SA)=Ax+0A"H

Then we have H(A) = O(1) as |A| — oco. Therefore H is in fact entire and bounded, and hence is
constant by Liouville’s Theorem. We have

H(A) = xi

10



Then Z(x, A, t) is given by

1 \/m ’ » t _/12 12
>(x, A, t):x(ﬂz—u(x, t))1/2+—. w((, 1) (u(x ) ) ar
miJ-vuten (—A Vu-22
The result follows. .

Theorem 2.9. Tsarév’s hodograph Formula

The left half of solution u(x, ) to the initial value problem of the dKdV equation is generated by the
implicit equation:

x+6ut—lfﬁ% a (2.26)
nJ-yu dA - )2 '
Proof. From (2.11) we have
0 x A
p(x, A, 1) = 9 s 12/12t+f (—1/2—1) ds (2.27)
01 —oo \ (A2 = u(s, 1))

Since the integral

X
f ( —u(x, D —1) ds<oo
—co \ V ulx, ) —u(s, 1)

pis bounded at A = £v/u(x, t). From (2.25) we find that

1 /\/ﬁ (1) 0 1 Ve wD
X+ — ——d¢|+ AZ—u—(x+—,f — &
( M-y /2= u - M) ) =i /2 = u - A)

For p to be bounded at A = +v/u(x, t), we must have

wix, A, t) =12A%t +

A
VAZ—u

1 [V (1) 1 [V (1)
X+ — dCZO, X+ — d(ZO
v \/(2 - u(l - Vu) T -vau /(2 —u(l + V)

We can add these two equations up and do integration by parts. Note that the integral in fact diverges
and we can only calculate its principal value.

1 V% Aw, D) 1f\/ﬂ Aw(A, 1)
0O=x+— ———dAl=x+— _—
miJ_yu (AZ_u)B/Z TJ-yu (u_AZ)S/Z
B 1 wA, 1) vV _f\/ﬁ ow 1 1
T\ Vu-22h=—yua J-vaod V-2
1 [V dw 1
et ow da (2.28)
b2 f-\/a oA Vyu— )2
We substitute the time dependence (2.2) into the above integral, and use the formula
vu )2
f dr="2u
-Vuvu-2A? 2
We obtain the Tsarév’s hodograph formula for dKdV:
oure ) fﬁ dwy dA o
X+6ut=— —_—
7)o dd Ve

Given the initial curve uy, the RHS is a well-defined function of u. We need to compare it with the result
obtained from the method of characteristics and determine the range of x of which the hodograph formula

11



is valid.

Remark. We remark that wy (1) depends on x_(A), which only uses the information of 1, in the range x <
Xm. So we do not expect (2.26) to be valid for x > x,,. This is because we are doing a left-to-right scattering.
If we instead consider the right-to-left scattering, we will have a o (A) instead in the hodograph formula:

x+6ut———[\rd00 da
vu dA Vi — 22

00(A) contains the information of u for x > x;;;. The two patches of the solution correspond to the two
regions in which uy(x) is invertible.

2.4 Verification of Hodograph Formula

Let vy be the inverse of uy when x < x,,,. By comparing (1.8) and (2.26), we note that

1 Ve dwg  dA 2 (Vidw, dA
w(u) := f = ; f (2.29)
0

va dA V-2 dA V-2
should be equal to vy(u). We present a direct proof of this by evaluating the integral explicitly.

By definition x_(A,0) = vy(A?). From (2.12) we have

v9(A?)
wo(A) = Avg(A?) + f (\/ A2 = uy(s) — /1) ds (2.30)

Taking derivative:
d W g
% = 1p(A?) + 247V (A?) +f_; aa (\/12 — up(s) —/1) ds+2Avh(A%) (\/ A2 = up(vo(A?)) —/1)
vp(A?) 1
= UO(A2)+f ' (——1) ds
—o0 A2 —up(s)

ds+6)

v (A%) 1
_5—»—00 5 ‘/AZ_MO(S)

Substituting the expression above into w(u):

T ﬁ VO(/IZ)
Ew(u) =f lim f fA,s)ds+
0

d——00

)
dA
Vu- /12)

1/0(/12
= lim (f f fa, s)dsd/1+6f
vo (1) Vg (s)
- lim (f f F, $)dAds f f Fa, s)d/lds+6f )
6——00 Vo (s) Vu-212

where f(A,s):= . From elementary calculus we know that

\/(u—AZ)(AZ — up(s))

) (MCT)

fﬁ A =# fﬁ AdA _lf” dé o
o Vu-Az 2’ Vie® (= A)A2 - up(s)) 2w V(w—8E(E—up(s)) 2

Therefore we have
o V(s
T ww) = lim (z(vo(u)—é)—f f ’ f(A,s)dAdHEa)
2 §——00 - 2
Vi (s)
=—v0(u)+ hm f f fA,s)dAds

12



o
= EVO(M)

Hence we have w(u) = vg(u) as claimed.

We perform a numerical simulation to compare vy and w with the test initial curve uy(x) = e . The plots
are shown below.
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(e) Plot of uy(x) (orange line) and w™!(x) (blue line)
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