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Section A: Introductory

Question 1. Einstein-tensor conservation

Let (M, g) be a Lorentzian manifold. Show that the Bianchi identity V[, Ryq. = 0 implies that the Einstein
tensor is divergence free, i.e.

1
V“ <Rab — 29a5R> =0.

Question 2. Scalar and Maxwell matter
Let (M, g) be a Lorentzian manifold.

(a) Let ¢ € C*°(M). We say that ¢ satisfies the wave equation iff Oy¢ := V*V ;¢ = 0. Define the symmetric
2-covariant tensor field T associated to ¢ by

1 _
Show that T is divergence-free, i.e. V*T,;, = 0 if, and only if, ¢ satisfies the wave equation. Find the
expression for Tpo in terms of ¢ in the special case that (M, g) is the Minkowski spacetime.

(b) Let F be a two-form and define the associated symmetric 2-covariant tensor field

1

1
Tab = E (Fachc - 4gachdFCd> .

Show that T satisfies VT, = 0 if F satisfies the Maxwell equations dF' = 0 and V*F,;, = 0 (the other
direction does in general not hold true). In the special case that (M, g) is the Minkowski spacetime find
the expression for Ty in terms of the electric field E; = —Fp; and the magnetic field B; = %@ijjk.

Section B: Core

Question 3. Integrable 2-dimensional distributions

Consider the vector fields V = 0, + y0, and W = 9, + 20, in R? with the standard Cartesian coordinates
(7,9, 2). Show that span {V, W} is integrable and construct global coordinates (u,v,w) on R? such that the
integral manifolds are given as level sets of w.

Proof. For f € C*(M), we have

V,W]f=VWf-WVf
= (az + yaz)(ayf + xazf) - (ay + faz)(axf + yazf)
= (0u0yf + 20,0 f + y0,0.f + wyd? f + 0f) = (00 f +20:0:1 4 y0,0:f + 2yd2 f +0.f)
=0/
Hence [V, W] = 0. By Frobenius’ Theorem, span{V, W} is integrable. There exists a coordinate system
(u,v,w) on U C R3 such that V = 9, and W = 9,. Then we have
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Hence z = u + f(w) and y = v + g(w) for some f,g € C*°(R). Then z = uv + ug(w) + vf(w). Next we

compute the Jacobian:
_ a(x,y, Z) _ !/
det J = S v w) — (@@'

If we want globally defined coordinates (u,v,w), then we need det J # 0 for all w € R. For this we may
choose f(w) =1 and g(w) = w. We have:

r=u-+1, y=v+w, Z =uv + uw + v.

Inversion:
u:a:y U:(l\—/z)y—i-z, w=ay —

The integral manifold is given by {(z,y,2) € R*: w(z,y,2) =2y — 2z =

Question 4. Static spacetimes

Let (M, g) be a static spacetime, i.e. there exists a timelike and hypersurface-orthogonal Killing vector field
V. Show that one can locally choose coordinates {yo, Y, ... ,y”_l} such that

® g is independent of Y,
e g, =0fori=1,...,n.

[Hint: Combine elements of Proposition 1.17 and Corollary 1.35 from the lectures with V' being a Killing
vector field.]

Proof. The first and third properties are are proven in Corollary 1.35. We only need to prove the second property.
We have Voo bt thould alse chack Yoo (acobiow DY

A NON -
09w = Lv (guv) = Lv(9(0, 9v)) = (Lvg)(Op, Ov) + 9(Lv Oy, ) + g(Oy, Ly Oy). singdar

Aare
Since {0, } is a coordinate frame of vector fields, we have Ly 0,, = [0y, d,] = 0. Since V' is a Killing vector
field, Ly g = 0. Therefore we have dyg,, =~ 0. Hence g, is independent of Yy O

Question 5. Noether charges

Let (M, g) be a Lorentzian manifold and let 7' be a symmetric 2-covariant tensor field satisfying the conser-
vation equation V%T,, = 0. Let K be a Killing vector field on (M, g).

(a) Show that the one-form J(-) = T'(-, K) is divergence free, i.e. V*J, = 0.

(b) Let now (M, g) be (3 + 1) dimensional Minkowski spacetime with the canonical coordinates {t,z,y, z}
and assume that T vanishes for r = /22 + y2 + 22 large enough. Show that for each Killing vector field
K the corresponding charge

Q[K] ::/ Jo (to, z,y,2) dedydz
t=to

is conserved, i.e. independent of time.



Proof. (a) We choose a local chart (U;a?;...,2™) on M. Since K is a Killing vector field, we have
9(VxKY)+g(X,VyK).

for any X,Y € I'(TM). Now take X = 0, and Y = 0,. In local coordinates we have

VIEY + VY K! = 0. /

In local coordinates we have J, = T, K. Therefore the divergence is given by

1
V”JM = KVV“T,W + T/LVV#KV = TMVVHKV = QTMV(VHKVW) =0.

The second equality follows from that T is divergence-less. The third equality follows from that T is
symmetric.

(b) Let N := {(t,z,y,2) € M: t € [to,t1], 2* +y* + 2% <r?} be a submanifold of M with boundary
ON = Ny U Ny, where Ny := {to,t1} x {2? + y* + 22 < r?} and Ny := [to, 1] x {2% +y? + 22 = r?},
where we choose r sufficiently large such that T'= 0 on Ny. Then J = 0 on N too.

From Question 4.(c) of Sheet 2 of C5.11 Riemannian Geometry', we have L£;:Q = (V,J*)Q = 0,
where 2 = dt Adx Ady Adz is the standard Aolume form on N. Then by Cartan’s formula and Stokes’
theorem, we have Ok, buk Wholdd mot )Wk ’\/‘7%0/‘ Othav

Counse's Llpm @K
O—/E Q= / (dotpQ+ 1y 0dQ /dOL Q:?{ L gS). JWD
” 7 7 )= N 7 on O He 2xoM -

We need to compute the interior product ¢ ;) explicitly:

L Q=g (da® Ao A da®)
= (—1)“Lju(dx“)(dx0/\---/\@/\-~-/\dm3)
= (=D)JPdz® A Adak A Ad
= J%z Ady A dz — g Jidt A dgd A da®

The facts that J = 0 on Ny and ¢ = const on /N7 show that

o_f LﬂQ_/ Jodx/\dy/\dz—/ Jod:v/\dy/\dz—/ Jodz A dy A dz,
ON Ny t=to t=t1

where we have used the fact that Jy = —J° as a special property of the Minkowski metric . Hence
/ Jodz Ady Adz = / Jodz Xdy A dz
t=to t1
Since tp and t; are arbitrary, we deduce that Q[K] is conserved. O

Question 6. Macroscopic motion in vacuum

Let (M, g) be the (3 + 1)-dimensional Minkowski spacetime with Cartesian coordinates {z° =t z},

(a:l, z2, x3). Let T, be a symmetric 2-covariant tensor field which satisfies the conservation equation 9,7 ab —

!The original requirement that manifold N is compact is not necessary as J* is compactly supported in N.



and such that for every t € R we have that T,(t, ) is compactly supported in space (i.e. in R3). Define
Pi(t) := / T%(t,x)d3z, Di(t) := / T, x)z' A3z, QY (t) := / T, x)z'a’ Az,
R3 R3 R3
where 4,5 = 1,2,3. Show that the following holds:

d . . d g
—Di=p!, —Pi=0, =9 [ Tt x)d®
at Tt dt2Q / (t,z)d"

Proof. We begin with a useful lemma (in fact this is divergence theorem in coordinate disguise): Suppose that
(FL,F? F3) e C® (R3,R3) is compactly supported. Then

d(eijpFidz? Ada®) = g dF A da? A dat = ?9
'

oF
dz = —d3
_/\ Tt

where dx = dz A dy A dz is the volume form of R?. By Stokes’ Theorem, for sufficiently large R > 0,

9 ~d’z = / 0 ~d’x = 7{ eijpFidad A dak =0,
g3 Ox B(0,R) O 9B(0,R)

Now return to the problem, where we know that T}y, is compactly supported in R? for each fixed ¢.

dD’ T | T .
= 0 ' e = — o1’ gt A3
dt rs Ot r3 Ox7

0 oz’ 83:
— _ TjO 7 0 3 / 0
/ <8ZE] ( ) ) &'z R3
_ / T @3 = P/

dpP? o1 o1’
dt R3 ot m R3 oxJ m
d?QY d o1 d oT* . .
- * _ = JA3p — 2t 3
a2 " dt Jes Ot a'e! P = —3 Ly ok v
d O(zta) OT 0 9(zi27)
_ Tk’() d3 _ d3
at / ok T s ot oak O F

OTH 9(aixd) 4 w0 (Tl 4
rs Ozt Oxk d a:—/RdT Ozrk ozt &

We need to prove the following lemma:

0% (a'a’) Qi | sisd
2( 00 0] 2( 0] 2(n1\2
If ¢ = 7, then 63(:;@) #0onlyifi =35 =%k =/ In such case 8@352:;;2) = aa((;;)é = 2. If i # j, then
2 J 2( nt ]
%ﬂgf;} £ 0 only if {i,j} = {k, £}. We will obtain %:Efazg) =1 for (k,0) = (i, §) and (k,0) = (j, ).

d?QY ke(si 5T 4 sigh) qP ij g3 u

Question 7. Stationary stress-energy tensor



Let (M,g) be the (3 + 1)-dimensional Minkowski spacetime with Cartesian coordinates {z° =t,z}, x =

(ml, z2, x3). Let T, be a symmetric 2-covariant tensor field which satisfies the conservation equation 9, 7% = 0

and such that for every ¢ € R we have that Tp(t, ) is compactly supported in space (i.e. in R? ). Moreover as-
sume that the stress energy distribution is stationary, i.e. that 0;,T,, = 0. Verify the following identities which
are used in the lectures to derive the far field of an isolated gravitational body in the linear approximation.

(a) 010m (T'™aiz?) = 27" and show that this implies [pq T% (¢, z)d3z = 0.

(b) Show that [p; T% (¢, x)d?z = 0.
c) O (Tijxj) = T, and hence show that ng T%(t,z)d3x = 0.

(d) 0; (T%a2iz*) = TYz* + T%2J and hence show that [ (T% 2% + T%27) (¢, 2)d3z = 0.
)

(e) Ok (Tkixixj — %Tjkxia:i) = T"%;27 and hence show that ng T(t, x)r'd3x = 0.

f L — 14 @' L 9 (L) a5 a function of , where r? = - « and &’ is bounded.
|e—a'|p3 r r r
R
Note that the space indices 1%, j, k,[,m,... run from 1 to 3.

Proof. Since T is stationary and divergence-less, we have 9;T* = 0.

(a) Note that 9,T" = 0 and 9,7 = 0. Then

82 m i, ] ZmBQ(xixj) %)
Oxtoxm (T™a'a?) =T dztdx™ :37

where we used the result in Question 6. Therefore for sufficiently large R > 0,

g 1 o 1 o
/ TV APz = 2/ g (T2 27) AP = 2/ d(enkeOm (T x7) da® A da®)
R3 B(0,R) B(0,

0,R)
1 o
= — % EnketOm (T " 27 da® A det = 0/
2 JoaB(0,R)

(b) From Question 6 we have

j 00
/ TY B3 = PI = 4D’ _ or— o dBPx =0.
R3 dt p3 Ot /0

(c) Since §;T"; = 0, we have 9;(T*;a’) = T";0;27 = T";6¢! = T";. For sufficiently large R > 0,

/ T, Pz = / Oi(T"ja7) Pz = / d(ekng’“j:L‘jd:rg A dx™)
R3 B(0,R) B(0,R)

_ k .J3,.4 m.o__
= EpemI " jx?dax" ANdaP =0
723(0,5{) " /
(d) 0i(TY%xI k) = TOxi 9y + T2k ;07 = TO% 2 + T2k, For sufficiently large R > 0,

/ (T%27 + TY2F) 32 = / (T2 2%y A3 = / A(ipm T 27 ¥ da’ A dz™)
R3 B(0,R) B(0,R)

= ciomTV27dz’ A dz™ =
%93(0,1%) o /6

(e) O (Tkixi:rj — %Tjk:cixi) = 0 (Tkixixj — %Tjkxixi) =T9xt + Tzl — Tjiaci7T/i,;xj. For sufficiently



large R > 0,

o 1. .
/ Tl B = / Ok <Tkix’a:] - Tjkxix’> Bz
R3 B(O,R) 2

1. A

= / d <€kgm <Tkiac’a:] — Tjkxix’> dat A dxm>
B(0.R) 2
1 .

= f Ektm, (Tkiajlx] — Tjka:iazl> dat pda™ =0
9B(0,R) 2

(f) This is familiar computation in multipole expansion:

ot
|l — ']

=((z—2a) (x - :1:’))71/2 = (7"2
~1/2
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Question 8. Geodesics in static spacetimes

Let (M,g) be a Riemannian manifold and let M = R x M with Lorentzian metric g = —dz3 +g. Show that
s+ (0%(s),7(s)) is an affinely parametrised geodesic in M if, and only if, s — 7(s) is an affinely parametrised
geodesic in M and 0%(s) = As, A € R.

Proof. Let V° and V be the Levi-Civita connections on R and M respectively. Let o(s) = (6%(s),7(s)) be a path
in M. The key observation is that (Question 3 of Sheet 1 of C3.11 Riemannian Geometry):

V6 =V 502(6%7) = (V36",V:5) =0+ V%’ =0AV:5=0
o (69,5) ’ o » Vo o \/ o]

That is, o is an (affinely parametrised) gei@;l M if apd only if oV is an geodesic in R and & is an

geodesic in M. \‘(Q)_;\ but dold @ﬂpﬂu@ Yhod ol

Next we expand the condition of being a geodesic on R. We have PO =0
)
1d
V9%* =65 = 2ds( —O@Uf/Xforsome)\eR r *‘Jw)
Hence ¢ is a geodesic if and only if ¢%(s) = a + As for some a, A € R. Qince M com bo O

Shocked diraey.
Section C: Optional

Question 9. Noether charges in Minkowski space

Let (M,g) be (3 + 1)-dimensional Minkowski spacetime with canonical {¢,z,y,z} coordinates and assume
that T vanishes for r = \/22 + y2 + 22 large enough. From Problem 5 we know that each Killing vector field
K results in the corresponding conserved charge

QK] ::/ Jo (to, z,y,z) dedydz.
t=to

Express the conserved charges corresponding to the 10 linearly independent Killing vector fields found in
Problem 6.(b) from the first problem sheet in terms of the components of the stress-energy tensor. Give a
physical interpretation of each of these charges.



