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Question 1

It is required to find an extremal of the functional

b
/ (e y().y (). " () da

among all smooth functions y(x) which satisfy the boundary conditions

y(a) =y(b) =0
Show that such an extremal must be a solution of the differential equation
OF dOoF & OF _
dy dx oy = dxz20y”
and must satisfy the natural boundary conditions

oF

W:Oatx:aandx:b.
Y

Proof. Let y be a minimizer of the functional S|y / F(z,y(x),y'(z),y"(z)) dz and n be a smooth function such that n(a) =

n(b) = 0. Then y + an satisfies the same constraints as y for any « € R. In particular we have

d
—J
e ly + an]

Expanding the expression:

/ aF+ 6F+ O8N qe =0
. \ "oy nay T oy B

By integration by parts, we have:

/b OF dOF & OF\ o ( OF  OF  dOF =,
u K Oy dxz oy  dx? dy" “ né)y’ ”ay" "% oy’ "

Since n(a) = n(b) = 0, the equation simplifies to

/b OF _doF & oF\ o OF "
Ja K Oy dx oy  da? dy” e o' ._.
By Lemma 2.3 in the notes, we deduce that
OF d OF d? oF oF oF
% oy Ty oy = 57 ") v

Question 2

An elastic beam has vertical displacement y(z), z € [0,!]. (The xz-axis is horizontal and the y-axis is vertical and directed
upwards.) The ends of the beam are supported, that is, y(0) = y(I) = 0, and the displacement minimizes the energy

/Ol (%D (y"(x))* + pgy(x)) dz,

where D, p and g are positive constants. Write down the differential equation and the boundary conditions that y(x) must



satisfy and show that

y(x) = —ﬂx(l — ) (12 +z(l - x))

1 b
Proof. Let £ = §D (" (2))* + pgy(z) and S[y] = / L dz. By Question 1, the Euler-Lagrange equation is

oL d9L | & oL _
oy dxoy = da?dy”

Hence
Dy///I + pg — 0
with boundary conditions
y(0) =y() =0 Dy"(0) = Dy"(1) =0
Integrating four times we obtain
y(x) = —%x‘l + Csa® + Cyz?2 + Ciz + Cy
Substituting the boundary conditions
Co=0, —LLU+CP+GE+CI+C=0, 205=0, —$LIE+60;0+20;=0.
_ P9 _ P9 s PY 3 PY s . o
Then C5 = 12Dl, C 24Dl 12Dl 24Dl . The solution y is given by
P9 a4 P s PI s PY 03 o2 3y _PI (12 _
y(z) = 5i0% T opl’ ~iph 24Dx(:c 202 + 13) 24D:v(l z) (P +z(l— ) J

O

Question 3

Find the extremal corresponding to

when subject to y(—1) = y(1) = 0 and
1
/ (y* +y?)de=1
-1

1 1 1 1
ydx = / F dzand J[y] = / (> +y?)dz = / G dz. Given the constraint J[y] = 1, by the method
1 -1 -1 —1

of Lagrange multipliers we can write the Euler-Lagrange equation as follows

Solution. Let I[y] :/

d o0 o
— —(F = \G) — =—(F - \G) =0
dx 0y’ ( ) 3y( )
We obtain that
1
- " - = "o =
The general solution to the differential equation is
y(m):ASinthchosthr% */

The boundary conditions are y(—1) = y(1) = 0. In addition we need to obtain another constraint for y by computing G
and J[y]:



1\2
Gy, y)=y*+y? = <Asinhx + Bcoshzx + ﬁ) + (Acoshz + Bsinhx)2 =

1 1
(A% + B?) cosh 2z + 2AB sinh 2z + X(A sinhx + Bcoshz) + 3V

Therefore

1

Iyl = '/_11 G(y,y') do = /

B 1 5
((A2 + B?)cosh 2z + ~ coshz + —) dz  (we use the fact that sinh x is odd)
J—1

402

= l(A2 + B?)sinh 2z + Esinhac = . = (A? + B?)sinh2 + ﬁsinhl + L
S \2 A 4)? N A 2X2

r=-—1

The other two constraints are

. 1 . 1
—Asmhl—&—Bcoshl—i—a—O Asmh1—|—Bcosh1+ﬁ—0
The solution for the coefficients are A = 0, B = + . - and 1/2\ = —Bcosh 1. Hence the solution for
o ] v 1+ cosh2 — sinh 2 . .
the original problem s cosh/sinh(1), not cosh/sinh(2)
y(z) 1 (coshz — cosh 1)

=+
V/1+ cosh2 — sinh 2

Question 4

(a) Suppose that ' : R” — Ris a C? function and that the C? function u : R — R gives a stationary value to the integral

/ F(m,y,z,u,um7uy7uz) dCCdde
1%

and satisfies u = f on the smooth simple closed surface 9V which bounds the open set V in R?, Show that u satisfies
the Euler equation

D0F  00F 00F _oF
Or Ou,  Oyodu, 0z0u, Ou

(b) Let V = {(z,y,2) € R® : 2% + 4% + 22 < 1}. Find an extremal v = u(z,y, z) for the problem of minimizing the

integral
///V(ui + uz + u?) dzdydz

/// u dedydz = 47
v

wehn subject to the constraints

and u = 1 on the boundary of V.

Solution. (a) Consider any smooth function n : R® — R that satisfies = 0 on V. Similar to the 1-dimensional case, if
minimize the functional

I[u] = // F(z,y,2z,u, Uy, Uy, U,) dedydz
JI v

the variation (along any smooth path):

dr
0l = —[u+ an] =0

da

a=0



(b)

We expand this expression:

or  on OF _

//V (77% t o oxt 8u2> dr =0

[ (i ory | 9 or
ax’ nc’)ui TS Ou;

OF OF 8F> 8 (8F
then

Ouy’ 8_uy7 Ou, Ou;

oF 0 OF
//ﬂ(%‘m—ﬁ dT‘ﬁiv”G'dS—o

The surface integral is zero because = 0 on 9V'. Since 7 is arbitrary, we deduce that

By chain rule:

o
3
I
e}

If we denote the vector field G = < > V - (nG). By divergence theorem, we

have:

oF 2 9r _9F 9or 00or 00F _ &f
ou Oxidu; Ou  Oxdu, Oy Ou, 0z Ou, B

Suppose that F' = u2 + u2 4+ u? and G = u. By the method of Lagrange multipliers, the function F' — G satisfies

the Euler-Lagrange equation. We have:
A

2Upy + Uyy +Uze) = N = Viu= -3

We observe that the constraint of « are spherically symmetry. So we shall look for a spherically symmetric solution
u = u(r). (Once the solution is determined, it is unique by the uniqueness theorem for Laplace’s equations.)

In spherical coordinates, the Laplacian has the form
10 1o} 1 12
2 __
v_r28r< 3r)+r2h2
Ld (adu)_ A
r2dr dr 2

A
u(r) = —ET’Q +Br '+ C

Therefore, u satisfies the ODE

By integrating twice we find that

. . . . A
Since we want u to be bounded at = 0, we put B = 0. The constraint u(r = 1) = 1 implies that C =1+ ETQ. And

for the other constraint:
/// u dedydz = 47

=>/ r)r?dr =1

:>—)\ 1+1 1+)\ =1
12 5 3 N

= A=060

The solution is given by u(r) = —5r% + 6. In Cartesian coordinates, the solution is



u(z,y,z) = =5(z? + y* + 2%) + 6. J

Question 5

Let p be a positive real-valued function differentiable on the bounded interval [a, b] and let ¢ and r be positive real-valued
continuous functions on [a, b]. Show that the extremals of

subject to the constraint

b
/rygdle
Ja

(py') + (—g+Ar)y=0 (A)

must satisfy

withpy =0atz =aand z = b.

Show that if y; and y, are solutions to (A) for A = A1, A, respectively, where \; # \,, then
b
/ ry1y2 de =0 ®B)

Find the extremals of / y'? dz subject to / y? dz = 1 and the corresponding values of . Verify that these extremals
0 0
satisfy (B).

Solution. Let F(z,y,y') = py’? + qy? and G(x,y) = ry?. By the method of Lagrange multipliers, the Euler-Lagrange equation
of the problem is
d o 0
—(F—)\G)— —(F—)XG)=0
(F=A6) = 5 (F = AG)

dx 0y’
which is

200y') = 2qy +A2ry) =0 = (py')' + (g +Ar)y=0 s/
The differential equation satisfies the natural boundary condition:

3]
a—y/(F—)\G) =2py' =0atz=caandz =b.
Let L : y — —(py') + qy be the Sturm-Liouville operator. By Part A Differential Equations II we know that L is a (fully)
self-adjoint operator with respect to the inner product defined by integration:

b

(u(z)|v(x)) ::/ u(z)v(z) dz

a

We have Ly; = Ary; and Ly, = Aarys. Then

b b
>\1/ ry1yz de = (Airyi|ryz) = (Lyilye) = (1|Ly2) = (y1]|Aery2) = Az/ Y1y da

b
Since A\; # A2, we have / ry1ys do = 0. J

a



For the extremals of / y"? dz subject to / y? dz = 1, we observe that p = 1, ¢ = 0 and r = 1. The differential equation
0 0
satisfied by y is

Y’ + Ay =0, y'(0) =y'(m) =0
As we require that ¢’ vanishes at two distinct points, we require that A > 0. The general solution of y is
y(z) = Acos vz + Bsinv/z.
The boundary conditions imply that B = 0 and /A € nZ. Then A, = n2 forn > 1 and y,, () = cosnax.

Form # n:

a s
/ YnYm dT = / cos nx cos mx dx
0 0

= /7r % (cos(m + n)x + cos(m — n)z) dx
Jo

1 . 1 .
<m sin(m +n)x + m sin(m — n)x) ) =0 J

The orthogonality condition is satisfied as expected. O



