o0 NN T

A +
B+
A-

Peize Liu
St. Peter’s College
University of Oxford

Problem Sheet 3
C3.4: Algebraic Geometry

27 November, 2021

A



Section A: Introductory

Question 1. Degree of a conic, explicitly
Let C = {x3 + x? + x5 = 0} < P2 . Consider lines

X0,X1,X2

2
X0,X1,X2

L={apxp+ax1+ax, =0}cP
(a) Find the maximum number of intersection points between C and L.

(b) Find also the set of coefficients (ag, a;, a») so that the intersection LN C does not consist of the maximal
number of intersection points.

Question 2. Basics on dimension

(a) Show that dimension is an invariant of the isomorphism class of a projective variety.

(b) Show that, if X — Y is a surjective morphism of affine algebraic varieties, then the dimension of X is at least
as large as the dimension of Y.

Section B: Core

Question 3. Another set of equations for the twisted cubic curve

(@ Let Q= {xoxz = x7} cP®and F = {xox5 — 2x1 x2x3 + X = 0} € P*. Prove that C = QN F < P is the twisted cubic
curve, the image of the third Veronese embedding vs (P!) < P3.

Hint: multiply the second equation with x, and use the first equation to put it in the form of a perfect square.

(b) Does this mean that the ideal [ (v3 (P!)) can in fact be generated by two elements? (Compare with Sheet 2,
Question 3.)

Proof. (a) LetC=v3PY) ={[£3:%s:1s?:5°]: [t:s] € P'} = V(Fy, F1, F») €P3 be the twisted cubic curve. where Fy, Fy, F»

are the homogeneous polynomials as given in Question 3 of Sheet 2:
_ 2 _ _ 2
Fo (x0, X1, X2, X3) = XoX2 — X7, F1 (X0, X1, X2, X3) = XoX3 — X1X2, F2 (X, X1, X2, X3) —x1x3_x2/

For [zg:21:22: 23] € QN F, we have
2022 ZZ%

2025 — 2212223+ 23 =0

Multiply the second equation with z, and substitute the first equation into it:

2,2 2 4 2 2
0=2z72z5 -2212523 + z, = (25 — 2123) /

Hence F>(zy, 21, 22, 23) = 2123 — zg = 0. Multiply the second equation with zy and substitute the first equation
into it:
0= z§z§ — 220212223 + zfzg = (zpz3 — leg)z

Hence F;(zg, 21, 22, 23) = 2023 — 2122 = 0. It is clear that Fy(zg, z1, 22,23) =0. Hence [zg: 21 : 22 : z3] € C. /

On the other hand, for [£3: 2s: ts%: s3] € C, we can directly verify that (13: 2s:ts%:5% € QnF. Hence we

deduce that C = QN F = v3(P). /



(b) By the projective Nullstellensatz and part (a), we have

1
\/(xoxg — X2, XoX3 — X1X2, X1X3— x5 ) =(vs(P")) = \/(JC()JCZ — X2, XoX3 —2X1 XpX3 + X5 )

k[xo, x1, X2, X
The pull-back of the Veronese map v3 gives a ring isomorphism from Lxo, x1, X2, 3]

> > to
(X0X2 — X5, XoX3 — X1X2, X1 X3 — X5)
k[¢], which is an integral domain. Hence <x0x2 - xf, X0X3 — X1 X2, X1X3— x§> is a prime ideal.

But (xox2 — X2, XoXx3 —2x1 X2X3 + X2 ) is not radical, since
2 2 3y .2 2 2 2 2
(Xox3 — X1X2)” = Xo (X0 X5 — 21 X2 X3 + X3) — X5 (X X2 — X7) € {XoX2 — X, XoX5 — 2X1 X2 X3 + X5 )

and xox3 — x1 X & (XoX2 — X%, XoX5 — 2X1 XpX3 + X5 ). SO

1 2 2 2 /
I(vs(Ph) = \/<x0x2 — X2, XoX3 —2X1XpX3 + X5 ) # (XoXp — X{, XoX5 — 2X1 XpX3 + X5 )

+ We cannot say that I(vs(P1)) is generated by two elements from (). (In Question 3 of Sheet 2 we have shown
A that any two of {xpxy — xf, XoX3 — X1X2, X1X3— x%} cannot generate |](V3 (Pl)).) / G O
I
ok

Question 4. Projecting a space curve

Let Qo = {xox3 = x7} < P3 and Q; = {x;x3 = x5} = P>. Consider the projective variety C = Qo N Q; < P. Show that
the formula 7 : [xp : X1 : X2 : X3] — [Xp : X1 : X2] defined on a Zariski open subset of C can be extended to a projective
morphism

n:C—P?

Show that 7 maps C isomorphically to the projective variety (plane curve)
D = {xox5 = x}} < P?
Hint: to extend i, try to express the ratios Xy : X1 : X2 in a different way using the equations of C.

Proof. Let[zg:z1:22:23] € C. If z3 #0, we set z3 = 1. Then zpz3 = zf and z1z3 = z§ imply that zy = zf = zg. Hence

[z0:21:20:23] = [zg1 : z% 120 l]y/have, forzp #0
n([zg:zg:zz:l])=[z%:z%:zz]z[zg:zyl] eD /
For zp =0,[0:0:0: 1] is not in the domain of 7. But the above expression suggests that we extend 7 by defining
n([0:0:0:1))=1[0:0:1]1€D
Next we check that 7 : C — D < P? is a projective isomorphism. It is clear from the definition that 7 is injective.
For surjectivity, suppose that [z : z; : z2] € D.
e If zo =0, then z; =0. Hence [zp: 21 : 23] =[0:0:1]. We have 7([0:0:0:1]) =[0:0:1] €imm;

e If z, =0,then z; =0. Hence [zp: 21 : 23] =[1:0:0]. Wehave n([1:0:0:0])=[1:0:0] €imm;

o If 29z, #0, then z; # 0. We set z, = 1. hence [zo: 21 : 22] = [25 : 21 : 1] = 7([2] : 25 : 21 : 1]) € im7r.
So 7 is surjective.

Finally we check that 7 is a projective morphism. On the open sets Uyn C,U; nC,U, N C, = is a well-defined
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Question 5. Dimension, degree and Hilbert polynomial

(a) Show carefully that if X is a reducible projective variety with equidimensional irreducible components X;,
thendeg X =) ;deg X;.

(b) Compute the degree degv, (P') directly from the definition.

(c) Let F be a homogeneous irreducible polynomial of degree d in k [xy,..., x,], and let X = V(F) < P". Find the
Hilbert polynomial of X. Deduce that, as expected, dim X = n—1 and deg X = d.

Proof. (a) Xisa ﬁnlte union of its irreducible components because the polynomlal ring R :=k[xy, ..., X,] is Noetherian

Let X = U X;. We use induction on n to prove that deg X = Z degX;. LetdimX =d. Let Y; := U X;.
i=1 i=1 i=2
Consider the ideals I) =1(X;) and I, = [(X>). We have an short exact sequence of graded R-modules

(E' comphlescn: s ) 0 — RI(LNnL) —> RIL®R/L — RI(I, +I,) —> 0

oed "o da Hre ""A‘“
0 — S(XinY) — S(X1)) e S(1) > S(X) > 0 /

which is just
By the definition of Hilbert functions, we have

thyl + ]’lX = th + hYl

Since the Hilbert functions are eventually polynomials, the Hilbert polynomials satisfy

Px,nv, + Px = Px, + Py, /

We assumed that X; and Y; have pure dimensions, and dim X; = dim Y] = d. Then dim(X; N Y;) < d. Taking
the leading order term (deg = d) in the above equation, we have " How come

1 1 1
a degX = E degX1 + E deg )4

n ] Petdin
Hence deg X = deg X; +deg V7. By induction, degX = )_ degX;. / OK- T (X“IKJ C ‘“{
i=1 Ja d{ X

(b) Let v, : P! — P? be the d-th Veronese embedding of P!. Since v is an isomorphism onto its image, we
have dimvd(Pl) = 1. Let L be a linear subvariety of dimension n—1. L is a hyperplane with L = \/(Z o @i x,)
where [ag: -+ : ag] € P?. We shall count vg(PH)NL. OK!

In the affine patch Uy, x¢ # 0. Consider the point [1:z;:---:z,] € vg4(PY N L. Since

UpnvgPY = {[t%: 19 s i s [t s1€eP N U = {[1: (s/0): -2 (s/)%]: s/t e T

d .
Y ai(s/)' =0 /

i=0

Substitute this into the equation of L, we have
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For general [a : --- : aq], the equation has d dlstmct roots (s1/1),..., (S4/tq), corresponding to d distinct

intersection points of v4(P') N L in Uj.

Finally we consider [zg: z; ;- 2,] € vg(PY) N L with zp = 0. There is a unique such point [zy: 21 : -+ 1 z,] =
[0:0---:0:1] on vd(lF’ ). Therefore “in general” v, PHNL=2in [P>” \ Uy. We conclude that “in general”

lva@P) N Ll =d. Hence degvy(P) =d. e howe  Hhe ‘3“" “"‘ - p, gi"” Le(P‘

o be more carchl 3 J:)

(c) The graded homogeneous coordinate ring of X is * NUS L\ ;

S(X) = k[x()r---’xl’l]/ (F(x()y--nxn))

The grading of [(X), is k[xg, ..., Xl m—q for m = d. Therefore the Hilbert function of X is, for m = d

m+n m+n—d
hX(m) = dimk k[xO)"-y xn]m - dimk k[XOy---;xn]m—d = ( ) - ( ) /
m m-—d

Hence the Hilbert polynomial is

m+n m+n-d m+1---(m+n) (m-d+1)---(m—-d+n)
px(m) = - = - €Q[m]

m-d n! n!

The leading order term of px(m) is

—1(2 i—Z(i—d)) = dl)'m”‘1

i=1 =1 (n—

We know that
d mn—l — degX mdimX
(n—=1)! (dim X)!

Hence degX =d anddimX =n—1. / G | A‘ O
oo

Question 6. Affine and quasi-projective varieties
(a) Find an open affine cover of A2\ {(0,0)}.

(b) Show that GL(n, k) is an affine variety, i.e. that it is isomorphic as a quasi-projective variety to a Zariski closed
subset of an affine space.

(c) Let X be an affine variety and f € k[X]. Show that f vanishes nowhere on X if and only if f is invertible in
k[X].

Proof. (a) AZ\{0} has an open cover

AZ\ (0} = Uy N (U UU) NP2 = (U N UL NP2 U (Ug N U NP2, e, Xo= D) € AT
ond O#CelklX]

We claim that X; := Uyn U; € P? and X, := Uy N U, < P? are affine. This is clear, as X; = {(x, Y):x#0} < A2

and X, = {(x,y): y # 0} €A?. So A%\ {0} = X; U X, is an open affine cover of A%\ {0}. = D) =X-VI#)
OK S fne
(b) We have (Prom lechures)

GL, (k) = {Me A" : det M # o} = A"\ V(det M) /
where det M is a polynomial in the variables x; ;. By Lemma 10.1, GL, (k) is an affine quasi-projective variety.

(©) Let Dy:= X\V(f). By Lemma 10.1, Dy is an affine quasi-projective variety, and the inclusion ¢ : Dy — X has



A&lJc'- n‘fé G 'fﬂt (ua'an. ’M:
a”;t\u Uu“Y{’ZS E,,Zz 5

ovesr lO 4"\6 Cave

« «
uwolv..a

o.m.\o acLW\'-
pull-back t* : k[X] — k[Dy] = k[X] given by g — g/1. We have P PcA Heo A =Ae c°.,.,f..ﬂ.0;
{o D(f)= S‘xc(Ae\ °g Spfc(A\)
f vanishes nowhere on X < V/(f)n X = {0} Ze BIP) = Spec(A) © AS A
= Df=X fpeSpl): Peg = Pe A™
A — " :k[X] — k[Dy] = k[X] is an isomorphism
— 1/f ek[X]
< fisinvertible in k[ X] / Ui O

Section C: Optional

Question 7. The Veronese image

Find the Hilbert polynomial of the Veronese image v, (P") . Find the dimension and degree of this projective variety.

Question 8. Complete intersection of two hypersurfaces

(@) Let f,g € klxy,...,x,] be two essentially distinct irreducible homogeneous polynomials (i.e. not scalar multi-
ples of each other) of degrees e, f such that the homogeneous ideal I = (f, g) is radical. Compute the Hilbert
function of X = V(I) € P". Deduce the dimension and degree of X.

(b) Conclude that the twisted cubic v3 (P!) € P? is not a complete intersection: its (radical) vanishing ideal cannot
be generated by two homogeneous polynomials. Compare with Question .



