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Question 1. Hydrostatic Equilibrium in GR.

Model a neutron star atmosphere with a simple equation of state: P = Kp", where P is pressure, p is mass density, y is the
adiabatic index and K is a constant. Assume that goo = — (1 -2GM/ rcz), where M is the mass of the star and r is radius. If
p = po at the surface r = Ry, solve the equation of hydrostatic equilibrium to show that

1+KpY1/c? _(I—Rs/ro)“
1+I(,070/_1/c2 1-Rglr

where Rs = 2GM/ c? is the so-called Schwarzschild radius, and 2ay = y—1. (Hint: See §4.6 of the notes.) What is the Newtonian
limit of the above equation? Express your answer in terms of the speed of sound a, a> = yP/p and the potential ®(r) = —~GM/r.

(OPTIONAL: For those who have studied fluids, what quantity is being conserved in the Newtonian limit?)
Proof. For atype (1,1) tensor field T, the covariant divergence is given by

1 6(\/|detg|T,’f)_r/l » /

Idetg] ~ Ox# A

The mixed energy-momentum stress tensor is given by
utu, \/

In the hydrostatic equilibrium, the mixed energy-momentum stress tensor is divergenceless. We have

1 / P P
V“Tf=6VP+\/:|6#( |detg|(p+g)U”Uv)—Fﬁv(p+§ U‘uUAZO \/

|detg
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In static equilibrium, U’ = 0 and go; = 0. Hence

Plugging into the equation:
1
ayP—Fao (\/Idetgl(pcz+P))5(v)+F8V(pc2+P):O /

|detgl
where
0 g% L op L o0 1 1 1/2
Ty, == (60gvp +avg0p _angV) =-§ ang,o =—g 0v800=—0v800 = =0y (lnlgool) =0y (lnlgool )
2 2 2 Zg()o 2
We deduce that
;P +(pc® + P)d; (Inlgool''?) =0 v’

This is the general hydrostatic equilibrium equation. We seek a spherically symmetric solution with p = p(r). The equation
becomes dp dp

— —+(pt+P)—(1 12

4 dr (pc? )3 (nlgool )=
Plugging in the expressions of gy and P:

1dp 1 d Rs 2Kyp?! dp d ‘ Rs
Kyp" '—=+ Z(pc?+Kp")—In[1- =|=0 = —————+ —In|1-—|=0
YPr o ar Z(pc p )dr n r pc%+KpY dr T r
Integrate:
P 2Kypr! Rs|"
f Zy—pdp+ln 1-=2| =0
po PC*+KpY o
Let us compute the integral...
P 2Kypr! P 2Kyp’2 2 2 2+ Kpr!
po PC*+KpY po €+ KpY~ Y—1Jp, ¢*+Kp¥~ y-1 Pooy=1 |2+ Kpl”
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Therefore
2 2 4+ KpY ! 1-Rs/
Y In ¢ p +ln’—sr =0

ry-1 02+Kp2;_1 1-Rs/ry

Taking exponential:

2y -1
c2+Kpr! H(l—Rs/r) 2+ Kpr! (1—Rs/ro)Y27 1+KpY1/c? (1—Rs/ro)“ J
:]_ > = > =
- - 1-Rg/r 1-Rs/r

c2+Kp) ! 1-Rs/ro c2+Kp} ! 1+Kp2)'_1/c2 -

In the Newtonian limit, we have Rs/r < 1 and Kp?~!/c? < 1. We can therefore linearise the above equation:

1+Kp"'/c? _(I—Rglro)“
1+Kp) ez \1=Rs/r

Kpr1 R Kol R
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r [

-
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c? r c? ro
@ y-12GM _aj y-12GM

ye2 2y rc2  yc® 2y roc?
= a®+(y-1O(r) = aj + (y - D) ®(ro) \/

The conserved quantity is a® + (y — 1)®(r). (I don’t know any conserved quantity in fluid mechanics related to the speed of
sound...)

e M'S‘RQ\Qf t+

Question 2. Bondi Accretion: go with the flow.

To get some practise working with the equations of GR as well as some insight into relativistic dynamics in a practical problem
in astrophysics, consider what is known as (relativistic) Bondi Accretion, the spherical flow of gas into a black hole. (The
original Bondi accretion problem was Newtonian accretion onto an ordinary star.) We assume a Schwarzschild metric in the

usual spherical coordinates:
go0=—(1-2GM/Irc?), g =(1-2GMIrc®)™", gog=r> gpp=r>sin’6

a) First, let us assume that particles are neither created or destroyed. So particle number is conserved. If n is the particle
number density in the local rest frame of the flow, then the particle flux is /¥ = nU*, where U* is the flow 4-velocity.
Justify this statement, and using §4.5 in the notes, show that particle number conservation implies:

K _
];#—0

If nothing depends upon time, show that this integrates to

1/2
= constant

nU"|g|
where g’ is the determinant of g, divided by sin*6, and U" is...well, you tell me what U" is.

b) We move on to energy conservation, T}’ = 0. (Refer to §4.6 in the notes.) Show that the only nonvanishing affine con-

nection that we need to use is

Derive and solve the energy equation. Show that its solution may be written

(P+pc?)U'U|g'|""* = constant

where U; = g;,U*, and p is the total energy density of the fluid in its rest frame, including any thermal energy.
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c)

d)

e)

f)

We next define
@=pun

where p is the rest mass per particle and @ is a Newtonian density. This is not to be confused with p, the true relativistic
energy density divided by ¢?.P and @ are assumed to be related by a simple power law relationship,

P=Ko"

where K is a constant, and y is called the adiabatic index. This is not an entirely artificial problem: it is valid for cold
classical particles (y = 5/3) or hot relativistic particles (y = 4/3). The first law of thermodynamics then tells us that the
thermal energy per unit volume is
p
6 —

(You needn't derive that here, just use it!) Show that this implies:

b0 P
cAy-1
Verify that
' =r"
and using g,y U U"” = —c?, show that
2GM 1z

(Take care to distinguish U’ and U;.)

With
a’*=yPl®

(this is the speed of sound in a nonrelativistic gas), combine our mass and energy conservation equations to show that
, @ \(, ., 2GM
¢c“+——| |¢+U" - ——| = constant
r—1 r
We have dropped the superscript r on U’ for greater clarity. How does a® depend upon @? The other equation we shall
use is just that of mass conservation itself. Show that this may be written as

Anor*U=rm

which defines the net, constant mass accretion rate 7 < 0. With a? depending entirely on @, and @ = riz/ (4nr2 U) R
the equation in boldface becomes a single algebraic equation for U as a function of r, and the formal solution to our
problem.

Three final simple tasks for now:
i) Show that the constant on the right of the bold equation of problem (2e) is
2 2
2 ( 24 Ao )
y-1

where a, is the sound speed at infinite distance from the black hole, if the gas starts accreting from rest.



ii) Show that the Newtonian limit of the equation is

where v is the ordinary velocity, not the 4-velocity. This is a statement that a quantity known as enthapy (energy
plus the work done by pressure) is conserved. This is the original nonrelativistic Bondi 1952 solution for accretion
onto a star.

iii) Show that as r approaches the Schwarzschild radius Rs = 2GM/c?, then if a < ¢ everywhere, then dr/dt satisfies
the condition of a "null geodesic," a fancy way to say the inflow follows the equation of light:

ﬂ——c(l—R /1)
dr s

Like stalled photons, from the point of view of a distant observer, the flow never crosses Rs.

Proof.  a) InSpecial Relativity, we have known that in the Minkowski spacetime (R*,1), the 4-current is given by J# = nU*, and the

continuity equation V-j+ 6—‘: = 0 upgrades to the covariant form 8, J* = 0. In a general spacetime (M, g), the continuity

equation is V,J# = 0. In fact, most of the covariant formulae in SR can be generalised to GR by replacing the partial
derivative d,, by the covariant derivative V.

For a spherically symmetric stationary solution, we can simply put U? = U? = 0. The only non-zero 4-velocity com-
ponents are U’ and U”. But U’ does not contribute to the equation because 4, U’ = 0. Using the covariant divergence

formula,
1 0(y/IdetglJ* 1 0(r?’sin6nU") 1 o
VuJ# = (Videtglr) _ : ( )=——(nUrr2):0
/Idetg] OxH r2sinf or r2or
which integrates to
nU"r* = f(1,0,¢)

for some function f. But f = const since we are looking for a spherically symmetric stationary solution.

b) The contravariant energy-momentum tensor is given by
T =pgh’ + +£ utu”
- g p 62

For this problem, the non-zero components are

Rs\ ™! P R P P
T“‘:—P(l——s) (p+ )(U“), T”:P(l——s)+p+—2)(Ur)2, T”:(p+—2)U‘U’
r r C C
P P
T99:_, TPP —
r? r2sin®0

We expand V, T'" using the Christoffel symbols:
VT =0, T + 1Y, TM + 1!, TV
=0, 1" 0, ' + (Tl + 7+ TG, + T8, ) T 4 Th, 47, 419, + T4, T

(DT T T T, T 4 Th T 410, T )

For a diagonal metric g, the Christoffel symbols are given by

r<¢ =
ab 28aa

1 .
Iy, = —Zgjaagbb (a#Db), 'y, =0 (a,b,c dinstinct)

We note that all Christoffel symbols appear in the above equation vanish except for I', ,, which is given by

1 1 R
Ffr=—6rgn=—0r (lnlgnl)=— 5

Zg 2r(r — Rg) Z\

\)8@ /Y\k\)/]Aa % %—TV‘ \-\’T\r\\)—y\)\ Mﬁ—i&
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)
o comes G

Ttr Tt o(Ttr
0 L 0gue _ 0 — (T"" g11)
or g Or or

Substituting into the equation above:

0, T +2TL. TV =0 = =0

Therefore

p
const=T"g, = (p+ =

U'U gy = oo
it =1|P 2|t

(I did not find the r? factor in the solution...)

Question 3. Kinematic and gravitational redshifts.

a) One of the most important observational black hole diagnostics is a calculation of the radiation spectrum from the sur-
rounding disc. In particular we are interested in how the frequency of a photon is shifted due to space-time distortions
and relativistic kinematics. Show that:

Ve _ PuRVH(R)
ve  pu(E)VH(E)

where R denotes the received the photon and E the emitted photon, v is a frequency (not an index here!), p,, a covariant
photon 4-momentum, and V* is the normalised 4-velocity in the form (d¢/dz,dx/cdr) for the emitted material (E) or
the distant observer at rest (R).

b) In the problem at hand, the observer views the disc edge-on, in the plane of the disc. The gas moves in circular orbits
O———————— — observer >
Show thatin ¢,1,0,¢ coordinates for the 0,1,2,3 components,
VH(R) =(1,0,0,0), VH(E)=VP(1,0,0,d¢/cdt), with V2 =dt/dr

Then, using g, V#V? = —1), conclude that

vO=(1-36M/rc?) "

You may use a result from problem (5¢) below. (You will prove it later!)

c) Finally, show that

VR _ (1_ 3GM)”2( Qpy(E)

-1
B —) , Q*=6M/r®
rc? cpo(E)

VE
A result of problem (3) from Problem Set 1 may be useful.

From disk material moving at right angles across the line of sight, vz/vg reduces to
(1- B»GM/rcz)”2

Why? From disk material moving precisely along the line of sight, show that

YR (1 —E’>GM/rcz)1/2

o I(1£(retrGM-2)"")

(Hint: g pyp, = 0.) Interpret the + sign. In general, the photon paths must be calculated from the dynamical equations
to determine the p(E) ratio.

Question 4. The perihelion advance of Mercury.

a) In the notes we found that the differential equation for u = 1/r for Mercury’s orbit could be written as follows. u =
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b)

Proof.

c)

upy + 6 u with the Newtonian solution uy given by
uyn = (GM/J?) (1 +ecos )
and the differential equation for du is

d*5u +6u= 3GMY (1+2ecos¢p+e? cos? p)
d¢2 - c2JA
Show that this is equivalent to solving the real part of the equation

d%s , .
aou +éu= a(b+ 2¢e'? +€2e2’¢/2)
d([)z

where a = 3(GM)3/ (02]4) and b =1+ €%/2 To solve this, try a solution of the form
ou=Ap+ Algbei‘/’ + AzeZid)

where the A’s are constants. Why do we need an additional factor of ¢ in the A; term?

Show that the solution for u = uy +du is
U= GM+ab ac” cos2¢ + GMecosgb+ea(/>sin(/>
N 6 J?

Since a is very small, show that this equivalent to

ae® GM
u=ab- e cos2¢ + ]—2[1 +e(cosp(l —a))l

where

a=aJ?IGM=3(GM/]Jc)?

In the equation for u, the first two terms in a cause tiny (and unmeasurable) distortions in the shape of the ellipse, but
do not affect the 27 perodicity in ¢ of the orbit. Show however that the final term, proportional to GM/J?, results in a
periastron advance of

s-( 2]

each orbit. This is the classic Einstein result.

a) We can complexify the equation by considering du = Re(§ u*). Note that cos n¢ = Re (ei”"’). Thus
2 1 1 2ip
cos“p = 5(1 +cos2¢p) =Re 5(1 +e ")
Since the differential operator d/d¢ and Re commutes, we have

2 3 . 1 X
(d +1)5u*:3(G—M) 1+25e“p+£25(1+e2“”))=

d> 3(GM)? ( g2
de? c2J4

> 1+ — +2¢ce? +£2e4?
ccJ 2

This is a inhomogeneous second-order linear ODE. We can look for the particular solutions termwise. From the theory
of ODE, we know the following fact: Suppose that £ is a linear differential operator with constant coefficients. Let A be
an eigenvalue of £ of multiplicity 7 (n = 0 if A is not an eigenvalue). Then the inhomogeneous problem £y = e** has
a particular solution of the form y = Ax™e}*. (The proofis to rewrite £ as a system of first-order linear ODEs, and put

the corresponding matrix of £ into a Jordan normal form.)

2
The linear differential operator (F + 1) has an eigenvalue i of multiplicity 1. So the particular solution of the problem
¢

d? . -
\/ (—2+1)6u* =2¢e'? is of the form du* (¢) = A1pe'?.

dy
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Next we determine the coefficients Ay, A1, As.

d? 3(GM)3 £
abz(d—(pz+1)A()=A0:>A0:cz—]4( E)

; d? . 3(GM)3
2eae'? = (d_(pz + 1) (A1pe?) =2iA; = A = _iE(cz—f“)
1, o d? ” 1 ,(GM)?
58 ae? = (d_(pz+1 (A2e7%)=-34, = A, =—§£ T2

The full particular solution is given by

2

. (GM)? € .o 1o o
du* = g (3 1+E —31£<pe""—58 e “”)
The real part is
Su=Re(6u*) (GM)3(3(1+£2)+3 i L2 cos2 )
u=Re(bu™) = —— — epsing — —g°cos
2 > psne-—z @
In principle we should also include the general solution to the homogeneous problem, which gives the full general
solution
. (GM)® § : 1,
Su=(Cycosgp+Cysing) + i 3(1+ > +3e@(cos +sing) — 5€ cos2¢p
c

But the constants C; and C, can be absorbed into the Newtonian solution #y and can be discarded here.
b) We have

(GM)® (3( £?

+0 GM(1+ ) + 1+
u=u u=— £ COS —_— —_—
N ]2 4 02]4 2

1
+3epsing — 552 cos 2(p)
=al|l+ £ & cos2 )+ oM (1+¢&(cosgp +agsing))
= 5> 6 P 72 p+apsme
Since a@ <« 1, to the order O(a) we have

cos@ + apsing = cosgcosap +sinasing = cos(p(l — a))

Hence the solution is approximately

e g
u=all+———cos2¢p
2 6

GM
T (1+ecos(p(l—a)))
c) The period of the solution is

2m

GM\?
—=2n(l+a)=2n+67| —
1 Jc

-a
Hence the precession angle per period is \/
GM

2
A(p:Gn(—) O

Question 5. Black hole orbits.

a) In Newtonian theory, the energy equation for a test particle in orbit around a point mass is

2 2
v l GM
—t——-——=8
2 2r2 r
where r is radius, v is the radial velocity, [ the angular momentum per unit mass, & the constant energy per unit mass,
and —GM/r is of course the potential energy. For the Schwarzschild solution show that the integrated geodesic equation
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may also be written in the form

v I

—+—+ =&
5 T3z s(r)=8&s
where r is the standard radial coordinate, Is and &s are constants, ®g(r) is an effective potential function, and vg =
dr/dr. Determine Ig and &5 in terms of the fundamental angular momentum and energy constants J and E from
lecture (or the notes). Express ®s(r) in terms of Is, &s, the speed of light ¢, GM and r. The form of g, &5, and @5 should

be chosen to go over to their Newtonian counterparts in the limit E — c2, ¢ — 0o, E — ¢ — finite.

b) Sketch the effective potential l§/2r2 + ®g(r). Prove that there is always a potential minimum in Newtonian theory,

but that this is not the case in general relativity. What is the mathematical condition for the existence of a potential
minimum for ®g, and what does it mean physically if it does not exist?

¢) Show that for the Schwarzschild metric, circular orbits satisfy

» GM
Q= —

exactly the Newtonian form. Here Q = d¢/d t at the coordinate location r, where d ¢ is the proper time interval at infinity.
Derive expressions for E and J in terms of GM, c%andr.

d) Below what value of r does ®g not have any local extrema? (Answer: 6GM/c?.)

Proof.

a) We assume that the particle is massive, so that its 4-velocity is always timelike. First we starts from the Schwarzschild

metric:

R Rs\7!
g=- (1 - —S) c*dt* + (1 - —S) dr? +r? (d6? +sin 0d¢?)
r r
The corresponding Lagrangian is given by

R ) Rs\™! .
3:—(1——5) 21f2+(1——s) 2 +1r? (6% +sin® 0¢?)
r r

where the dot denotes the derivative with respect to the proper time 7. We observe that ¢ and ¢ are ignorable coordi-

nates. We have

0Z

R . A
—_— =—2(1——S)czt=const, —_— =2r2sin29(p=const
ot r op

We can use the SO(3) symmetry of the manifold to fix the orbits on the plane 8 = 7/2. Then @ = 0. We set the constants

R .
J:=r’pand E:= (1 - —S) c?t, which are the angular momentum and energy per unit mass.
T

Note that by the definition of proper time, cdr = |/-gvdx#dx". Therefore £ = g, x*%* = —c?. This gives
Rs) 5. Rs\™! Rs\ ™! E? Rs\™! 2
z=-1-2)eis[1-2) 2egto- (1) Do) e Lo
r r r r

Rearrangine the expression:

—i+

2 2r2

1, J? (GM GMF) E?2-¢*
_— |t =
r c2rs3

This is the radial orbit equation we want.

(The way that the notes introduces the constants J and E is unsatistory from my perspective. We don't need any mysterous
parameter p. We can simply choose the affine parameter, which is a parameter such that the tangent vector of the

geodesic is parallel transported along the geodesic.)

dr GM GMJ*> GM GM/% E2—ct
—, ls=], Os(N=-—-—FF=——m-—=>, &=
dr r c?rd r c2rd 2¢?

Vs =

MJ?

23
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M@xg I E aF see poist

In the gravitational potential ®g(r), we can clearly find the relativistic correction term —
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b) The effective potential is given by

I borrow the following figure from the Part C GR1 notes. In the figure Q= Jand G=c=1.

Q> Vi2M QO =V12M Q< V12M
| u
= - i

1
1
Figure 6.2: The effective potential in a Schwarzschild spacetime, for various values of the conserved

angular momentum (.

For the Newtonian effective potential, at a local extermum we have

GM ]2 ]2
Véﬂ(r):F—ﬁ:Oz r:G_]\f

This is a local minimum because

J? 2GM  3J? GM\?
eff( ) ( 3 4 ) =GM ( 2 >0
GM r r r=J2/GM ]
For the Schwarzschild effective potential, at a local extermum we have
GM J*> 3GMJ? J? 3J?
! _ _ 2 _
- VA
The discriminant of the quadratic equation is given by
2
J? ) 12)°2 GM
A=|—| ———, A>0 < J>V12——
( GM c? I c

When J < v12GM/c¢, the effective potential does not have any extremum, so there are no bound orbits. Physically,
particles with angular momentum smaller than v12GM/c will either fall onto the event horizon r = Rs or escape to
r — oo eventually.

c) Along a circular orbit, we have i = 0 and # = 0. The Lagrangian simplifies to
R .
L= —(1——5) c2t2+r2(/')2 =—c?
r

The Euler-Lagrange equation for r is
0ZL

Rs 2. )
——=—-=C1"+2r¢p°=0
or r2 ¢

Therefore
Q2= (d‘l’) _9_BsC _GM
dr 2 2
which is consistent with the classical Kepler third law.

Along a circular orbit, we must have Ve’ff(r) =0. Solving J in terms of r,

2 372 3\-1/2
r2—]—r+L=0 = ]:r(L——)
GM = ¢? GM ¢?

SBY\GQ &w\mt% 1S Wee @\59%“&6 Q’%
OQV&UAX of E
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10

We substitute J into the radial equation:

g _(G_M GM]Z)_EZ—C4 zE_C\/Cz_GMSrCZ—SGM_ 2\/2(r—Rs)(r—2R5)

Z - =
2r2 r c2r3 2c2 r rc2-3GM 2r2—3Rgr

d) ®s(r) is monotonic and never has a local extremum. I assume that the question is asking about Veg.

b PP 12G* M?
Veff(r)—Oer_r—ZGM 1+ 1_62—]2

From the sketch of Vg(r) it is easy to see that r_ is an unstable orbit and r. is a stable orbit. The minimum value of r;
is achieved when J% = v12GM/ ¢, where

J? 6GM
2GM ¢

There are no stable circular orbits with r < 6GM/ c2. O

(r+)min =
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