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Zm2biBQM R

:Bp2M � oB`�bQ`Q T`BK�`v |h〉 /2i2`KBM2 i?2 +QM/BiBQMb 7Q` |h〉 iQ ?�p2 H2p2H i?`22 MmHH /2b+2M/�MibX q`Bi2
2tTHB+BiHv i?2 2tT`2bbBQM 7Q` i?2 /2b+2M/�Mib BM 2�+? +�b2X

S`QQ7X h?2 H2p2H@j /2b+2M/�Mib �`2 bT�MM2/ #v

|s1〉 := L3
−1 |h〉 , |s2〉 := L−2L−1 |h〉 , |s3〉 := L−3 |h〉 .

amTTQb2 i?�i |χ〉 =
∑

i ai |si〉 Bb � MmHH /2b+2M/�MiX h?2M 7Q` a = (a1, a2, a3) "= 0-

〈χ|χ〉 =
∑

i,j

aiaj 〈si|sj〉 =
∑

i,j

aiajM
(3)
ij = 0 ⇐⇒ detM (3) = 0.

h?Bb Bb i?2 E�+ /2i2`KBM�MiX "v UdXRRV BM i?2 MQi2b- r2 ?�p2

(h− h1,1)
2(h− h1,2)(h− h2,1)(h− h1,3)(h− h3,1) = 0.

Ai Bb MQr +H2�` i?�i i?2 o2`K� KQ/mH2 +QMi�BMb H2p2H@j MmHH /2b+2M/�Mib B7 �M/ QMHv B7

(h, c) ∈
⋃

r,s!1, rs"3

{h− hr,s(c) = 0} .

h?2 2tTHB+Bi bQHmiBQMb �`2 FMQrM �++Q`/BM; iQ UdXRkV �M/ UdXRjV BM i?2 MQi2b,

c(m) = 1− 6

m(m+ 1)
, hr,s(m) =

((m+ 1)r −ms)2 − 1

4m(m+ 1)

hQ +QKTmi2 i?2 +QK#BM�iBQM a Bb 2[mBp�H2Mi iQ +QKTmiBM; i?2 2B;2Mp2+iQ`b Q7 M (3)X A /QMǶi b22 i?2`2 Bb �
+H2�` r�v iQ +�H+mH�i2 K�Mm�HHvX

Zm2biBQM k

AM i?2 H2+im`2b r2 ?�p2 /2`Bp2/ � /Bz2`2MiB�H 2[m�iBQM 7Q` � +Q``2H�iQ` BMpQHpBM; φ(z)

〈φ(z)φh1 (z1) · · · 〉

r?2`2 φ(z) Bb � T`BK�`v }2H/ rBi? � H2p2H irQ MmHH /2b+2M/�MiX

U�V o2`B7v i?�i i?2 2[m�iBQM Bb �miQK�iB+�HHv b�iBb}2/ 7Q` irQ TQBMi 7mM+iBQMb Q7 T`BK�`v QT2`�iQ`bX

U#V *QMbB/2` MQr � i?`22 TQBMi 7mM+iBQM �M/ /2`Bp2 i?2 b2H2+iBQM `mH2b bi�i2/ BM i?2 H2+im`2bX

S`QQ7X U�V h?2 /Bz2`2MiB�H 2[m�iBQM Bb UdXkkV BM i?2 MQi2b,
(

n∑

i=1

[
hi

(z − zi)
2 +

1

z − zi

∂

∂zi

]
− 3

2(2h+ 1)

∂2

∂z2

)
〈φ(z)φh1 (z1) · · ·φhn (zn)〉 = 0.

*QMbB/2` i?2 k@TQBMi 7mM+iBQM Q7 φh(z) �M/ φh1(z1)- r?2`2 h = h1 Bb `2[mB`2/X

〈φh(z)φh(z1)〉 =
C12

(z − z1)2h
.

R

The goal of the problem was computing M(3), the condition det=0 and its null 
eigenvector. If you still have problems with this after the class let me know.

primary & descendent -> zero norm



h?2M
(

h

(z − z1)2
+

1

z − z1

∂

∂z1
− 3

2(2h+ 1)

∂2

∂z2

)
〈φh(z)φh(z1)〉

= C12

(
h

(z − z1)2
+

1

z − z1

∂

∂z1
− 3

2(2h+ 1)

∂2

∂z2

)
1

(z − z1)2h

= C12

(
h

(z − z1)2h+2
+

2h

(z − z1)2h+2
− 3 · 2h

2(z − z1)2h+2

)

= 0.

h?Bb b?Qrb i?�i UdXkkV Bb �miQK�iB+�HHv b�iBb}2/X

U#V JQbi rQ`Fb ?�p2 #22M /QM2 BM i?2 H2+im`2 MQi2bX A +QTv bQK2 Q7 i?2K ?2`2 �M/ �// bQK2 +�H+mH�iBQM
/2i�BHbX *QMbB/2` i?2 j@TQBMi 7mM+iBQM

Gh12 := 〈φ(z)φh1 (z1)φh2 (z2)〉 =
Ch12

(z − z1)
h+h1−h2 (z1 − z2)

h1+h2−h (z − z2)
h+h2−h1

.

AMb2`iBM; i?Bb BMiQ UdXkkV,

0 =

(
h1

(z − z1)2
+

1

z − z1

∂

∂z1
+

h2
(z − z2)2

+
1

z − z2

∂

∂z2
− 3

2(2h+ 1)

∂2

∂z2

)
Gh12

LQi2 i?�i

∂

∂z1
Gh12 =

Ch12

(z1 − z2)
h1+h2−h (z − z2)

h+h2−h1

∂

∂z1

1

(z − z1)
h+h1−h2

+
Ch12

(z − z1)
h+h1−h2 (z − z2)

h+h2−h1

∂

∂z1

1

(z1 − z2)
h1+h2−h

= Gh12

(
h+ h1 − h2

z − z1
− h1 + h2 − h

z1 − z2

)
,

�M/- bvKK2i`B+�HHv-

∂

∂z2
Gh12 = Gh12

(
h+ h2 − h1

z − z2
+

h1 + h2 − h

z1 − z2

)
.

6Q` i?2 /2`Bp�iBp2 rBi? `2bT2+i iQ z- r2 ?�p2

∂2

∂z2
Gh12 =

Ch12

(z1 − z2)
h1+h2−h

(
1

(z − z1)
h+h1−h2

∂2

∂z2
1

(z − z2)
h+h2−h1

+
1

(z − z2)
h+h2−h1

∂2

∂z2
1

(z − z1)
h+h1−h2

+ 2
∂

∂z

1

(z − z1)
h+h1−h2

∂

∂z

1

(z − z2)
h+h2−h1

)

= Gh12

(
(h+ h1 − h2)(h+ h1 − h2 + 1)

(z − z1)2
+

(h+ h2 − h1)(h+ h2 − h1 + 1)

(z − z2)2
+

2(h+ h1 − h2)(h+ h2 − h1)

(z − z1)(z − z2)

)
.

am#biBimiBM; i?2b2 2tT`2bbBQM #�+F- r2 Q#i�BM �M 2[m�iBQM Q7 i?2 7Q`K

Gh12

(
a1

(z − z1)2
+

a2
(z − z2)2

+
a3

(z − z1)(z1 − z2)
+

a4
(z − z2)(z1 − z2)

+
a5

(z − z1)(z − z2)

)
= 0,

r?2`2,

a1 = h1 + (h+ h1 − h2)−
3

2(2h+ 1)
(h+ h1 − h2)(h+ h1 − h2 + 1)

k

OK



a2 = h2 + (h+ h2 − h1)−
3

2(2h+ 1)
(h+ h2 − h1)(h+ h2 − h1 + 1)

a3 = h− h1 − h2

a4 = h1 + h2 − h

a5 = − 3

2h+ 1
(h+ h1 − h2)(h+ h2 − h1).

h?2b2 +Q2{+B2Mib �`2 MQi BM/2T2M/2MiX q2 K�v }`bi +H2�` i?2 /2MQKBM�iQ`bX LQi2 i?�i a3 + a4 = 0X
>2M+2 i?2 H27i@?�M/ bB/2 Bb ;Bp2M #v

Gh12

(
a1

(z − z1)2
+

a2
(z − z2)2

+
a3 + a5

(z − z1)(z − z2)

)

=
Gh12

(z − z1)2(z − z2)2
(
a1(z − z2)

2 + a2(z − z1)
2 + (a3 + a5)(z − z1)(z − z2)

)
= 0.

"v +QKT�`BM; +Q2{+B2Mib- r2 MQi2 i?�i i?2 +QMbi`�BMib �`2

a1 = a2 = a3 + a5 = 0.

h?2 +QMbi`�BMi UdXk9V BM i?2 MQi2b Bb 2t�+iHv i?2 2[m�iBQM a2 = 0X 6m`i?2`KQ`2- r2 M22/ iQ b?Qr i?�i
a1 = 0 �M/ a3 + a5 = 0 /Q MQi BKTQb2 KQ`2 +QMbi`�BMib QM h2 UQi?2`rBb2 r2 K�v Q#i�BM MQ bQHmiBQMb
7Q` h2VX "v � #`mi2 7Q`+2 +QKTmi�iBQM r2 MQi2 i?�i �HH i?`22 2[m�iBQMb H2�/ iQ

h2 − 3(h21 + h22) + 2h(h1 + h2) + 6h1h2 − h+ h1 + h2 = 0.

h?Bb +QM+Hm/2b i?2 T`QQ7X

Zm2biBQM j

*QMbB/2` i?2 +`BiB+�H AbBM; KQ/2H BMi`Q/m+2/ BM i?2 H2+im`2b- �M/ i?2 7Qm` TQBMi +Q``2H�iQ` Q7 7Qm` B/2MiB+�H
QT2`�iQ`b ε(z, z)- Q7 +QM7Q`K�H /BK2MbBQM h = h = 1/2X

U�V 1tTH�BM r?v +QM7Q`K�H bvKK2i`v BKTHB2b,

〈ε (z1, z1) · · · ε (z4, z4)〉 =
g(η, η)

|z12|4h |z34|4h

U#V :Bp2M i?�i ε(z, z) �/KBib � H2p2H irQ MmHH /2b+2M/�Mi- r`Bi2 /QrM � /Bz2`2MiB�H 2[m�iBQM 7Q` g(η, η)X
(uQm K�v 7Q+mb BM i?2 ?QHQKQ`T?B+ /2T2M/2M+2 QMHvX)

U+V q`Bi2 /QrM i?2 7mHH +Q``2H�iQ` �b � HBM2�` +QK#BM�iBQM Q7 bQHmiBQMb iQ i?2 2[m�iBQM �#Qp2 (`2BMi`Q/m+BM;
i?2 �MiB@?QHQKQ`T?B+ /2T2M/2M+2)X

U/V q?�i 7Q`K /Q i?2 +`QbbBM; `2H�iBQMb i�F2\ 6BM/ i?2 KQbi ;2M2`�H 2tT`2bbBQM 7Q` g(η, η) +QMbBbi2Mi rBi?
i?2 +`QbbBM; `2H�iBQMb �M/ rBi? T�`i U+VX *�M vQm i?BMF ?Qr iQ }t g(η, η) +QKTH2i2Hv\

Zm2biBQM 9

q`Bi2 /QrM i?2 b+?2K�iB+ /2+QKTQbBiBQM Q7 i?2 `2bmHi Q7 T`Q#H2K j BM i2`Kb Q7 oB`�bQ`Q +QM7Q`K�H #HQ+FbX
o2`B7v i?�i i?2 bK�HH z, z #2?�pBQm` 7Q` i?2 B/2MiBiv +QM7Q`K�H #HQ+F Q7 T`Q#H2K j- �M/ i?2 QM2 +QKTmi2/ BM
i?2 H2+im`2 MQi2b- �;`22 rBi? i?2 bK�HH z, z #2?�pBQm` vQm Q#i�BM2/ BM T`Q#H2K bBt Q7 i?2 T`2pBQmb b?22iX

j

OK
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F 017 舉 1 q2Éyk h 主 C⼆点

Alternativeway look at level 3 null descendent
Get 3rd order ODE of gap
Combine with 2nd order ODE to get
girp cq.io gcq

f'K3fczi gag 0


