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primary & descendent -> zero norm
Question 1

Given a Virasoro primary |h) determine the conditions for |h) to have level three null descendants. Write
explicitly the expression for the descendants in each case.

Proof. The level-3 descendants are spanned by
|s1) == L2y [h),  |s2):=LaL_y|h),  |[s3):=L-s|h).
Suppose that |x) = ). a;|s;) is a null descendant. Then for a = (a1, a2, a3) # 0,

(x|x) = Zmaj (sils;) = ZﬁiajMi(j’) =0 < det M® =0.
i5J 2
This is the Kac determinant. By (7.11) in the notes, we have
(h—h11)*(h = hi2)(h — ho1)(h — hi3)(h — hg1) = 0.

It is now clear that the Verma module contains level-3 null descendants if and only if

(heye |J  {h—hes(c)=0}.

r,s21, rs<3
The explicit solutions are known according to (7.12) and (7.13) in the notes:
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To compute the combination a is equivalent to computing the eigenvectors of M®). T don’t see there is a

clear way to calculate manually. O
The goal of the problem was computing M(3), the condition det=0 and its null

eigenvector. If you still have problems with this after the class let me know.
Question 2

In the lectures we have derived a differential equation for a correlator involving ¢(z)

(0(2) P, (21)--+)

where ¢(z) is a primary field with a level two null descendant.
(a) Verify that the equation is automatically satisfied for two point functions of primary operators.

(b) Consider now a three point function and derive the selection rules stated in the lectures.

Proof. (a) The differential equation is (7.22) in the notes:

(Z {( . 5 T o ST ) (¢(2)0n, (21) -+~ &, (2n)) = 0.
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Consider the 2-point function of ¢, (z) and ¢, (21), where h = h; is required.

(Pn(2)dn(z1)) = e
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This shows that (7.22) is automatically satisfied. OK

(b) Most works have been done in the lecture notes. I copy some of them here and add some calculation
details. Consider the 3-point function

Ghpio = <¢(z)¢h1 (21) ¢h2 (22)> - )h+h1_h2 (

(z— = 21 — 29)

Inserting this into (7.22):
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and, symmetrically,
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For the derivative with respect to z, we have
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Substituting these expression back, we obtain an equation of the form

aq a2 as a4 as
G + + + + ) =0,
e ((2 —z1)? (z—2)? (-a)(za—z) (F-2)(a-22) (2-2)(z-22)
where
3
— — - - — _ 1
a; = hy + (h+ hy — hy) 2(2h+1)(h+h1 ha)(h + hy — hy + 1)



3
a2:h2+(h+h2—h1)—2 (h+ha —h1)(h+hy —h; + 1)

2(2h +1)
a3 =h—hy — hy
as=h1+ho—h

3
2h+1

as = (h+h1—h2)(h+h2—h1).

These coefficients are not independent. We may first clear the denominators. Note that a3 + a4 = 0.
Hence the left-hand side is given by

ai az az + as
Ghi2 <( + 5+ >

z—21)%2 (2 —29) (z—21)(z — 22)

= a2 =) (a1(z — 22)* + az(z — 21)* + (a3 + as)(z — 21)(z — 22)) = 0.

By comparing coefficients, we note that the constraints are
a1:a2:a3+a5:O.

The constraint (7.24) in the notes is exactly the equation ay = 0. Furthermore, we need to show that
a1 = 0 and a3 + a5 = 0 do not impose more constraints on hg (otherwise we may obtain no solutions
for hy). By a brute force computation we note that all three equations lead to

h? — 3(h? + h3) 4 2h(hy + hg) + 6h1hy — h + hy + hy = 0.
This concludes the proof. OK O
Question 3

Consider the critical Ising model introduced in the lectures, and the four point correlator of four identical
operators €(z,z), of conformal dimension h = h = 1/2.

(a) Explain why conformal symmetry implies:

(e(21,71) - e(24,74)) = 9}}?—777)4}1
|212[™ |34

(b) Given that €(z,%z) admits a level two null descendant, write down a differential equation for g(n,7).
[You may focus in the holomorphic dependence only.]

(c) Write down the full correlator as a linear combination of solutions to the equation above [reintroducing
the anti-holomorphic dependence].

(d) What form do the crossing relations take? Find the most general expression for g(n,7) consistent with
the crossing relations and with part (c¢). Can you think how to fix g(n,7) completely?

Question 4

Write down the schematic decomposition of the result of problem 3 in terms of Virasoro conformal blocks.
Verify that the small z,Z behaviour for the identity conformal block of problem 3, and the one computed in
the lecture notes, agree with the small 2z, Z behaviour you obtained in problem six of the previous sheet.
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