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Question 1

1 x 1 z—x2
Evaluate / ( / e VY dy> dx and / ( / (r+y) dy) dx
0 0 0 0

(a) directly;

(b) be reversing the order of integration.

Solution. () / e ¥ dy=—eYY_0 =1 — e by Fundamental Theorem of Calculus.
0

(b)

y=0

1 T 1

Hence/ </ eV dy) dz = / l-e*)dz=a+ efﬂé =1+e ! —1 = 1/e again by Fundamental Theorem of
0 0 0

Calculus.

2

T—T 1 Yy=r—x 1 1
/ (x+y)dy = (xy + 2y2> =z(z—2%) + 5 (z — m2)2 = §x4 — 223 + g:ﬁ by Fundamental Theorem of
0 y=0

Calculus.

Lo L1 3 1 1, 1,\" 1
Hence / / (x+y)dy | do = / —a* — 2034 Z2? ) dov = ( —2° — Z2*+ =23 | = — by Fundamental
o \ o ) \2 2 0" 2" T2t ), T 10

Theorem of Calculus.

Notice that both integrands are bounded measurable and hence are integrable. By Fubini’s Theorem we can reverse
the order of integration.

For the first integral, notice that

{(,9) eR?: 0<2x<1,0<y<a}={(2,y) eR?: 0<y< 1, y<a <1}

/01 </O;ce—ydy) d:cz/o1 (/yle—yda;> dy:/ol(l—y)e_ydy:ye—y%:1/e

For the second integral, notice that

Hence

11 1 1 1
{(z,y) € R 0<w<1,0<y<w—m2}:{<x,y)eR2: 0Sy< 75— 4—y<w<2+\/4+y}

Hence

2

1 T—x 1/4 1/24+/1/4—y 1/4 1 e=1/2+4/1/4—y
/ / (z+y)dy dx:/ / (z+y)dx dy:/ dy(zy+:p2>
0 0 0 1/2—/1/4—y 0 2 e=1/2—/1/4—y
1/4 1
=/ (L+2y)/ 7 —vdy
0
0 1 1 ) 1 1
:/1/2 (1+2(4—t2>>td(4 —t2> substitute t = 1V=vy= —t?
1

0



Question 2
In each of the following cases, is f integrable over the given region?
(@) f(z,y) =e " over [0,00) x [0, 00);

(i) f(z,y)=eover {(z,y): 0<z<y<z+a’};

) o) = D er (2 7) (5. ),

Solution. (i) Suppose that f is integrable. Then by Fubini’s Theorem,

oo oo oo 1
/ f(z,y) d(xxy):/ </ e_wydx> dy:/ —dy = +o00
[0,00) x[0,00) 0 0 o Y

which is a contradiction. Hence f is not integrable over [0, c0) x [0, c0).

(ii) Notice that f is non-negative over its domain. We can compute:

oo :1:+a:2 oo z+w2 oo o0
2
/ / e”™dy | dz < / / e Vdy | dz = / (ef‘r —e e ) dz < / e fdr=1
0 T 0 T 0 0

Hence by Tonelli’s Theorem, f is integrable over {(z,y): 0 <2 <y < z + 2?%}.

.. m™ T T™TOTN . e s e s m
(iii) By symmetry, f is integrable over (—5, 5) X (—5, 5) if and only if it is integrable over (O, 5) X (O, 5). On

(0, g) X (0, g), f is non-negative. We can compute the integral by successive single integrals. Since sinz is

T . T
concave on (O, 5), we have sinz < x on (0, 5).

w/2 w/2 Ty w/2 1 ) ) r=7/2
z,y) d(x x g/ / —— dx d(:/ < log(xz= + ) d
/(0’ S0, %)f( y) d(z xy) ; i v=| \3¥ g(e” +97) W

/2 1 71_2
= —ylog (1 + ) dy
/0 2 4y?

2
W) = 0 (by Taylor expansion of log at y = 1). In particular the integrand is bounded

492
on a bounded domain. Hence it is integrable. By Tonelli’s Theorem, f is integrable over (O, g) X (O, g) O

. 1
Notice that lim -ylog (1 +
y—0+2

Question 3

2 /2 00 1
(a) Let Jo(z) = f/ cos(x cos #) d. Showthat/ Jo(z)e % dz = ifa > 0.
) 0( ) T Jo ( ) 0 0( ) m
o ,—a _ ,.—b
(b) Take b > a > 1. By considering ¥ over (1, 00) X (a,b), show that / QSIT dz exists, and find its value.
1

Solution. (a) Let f(x,0) = cos(z cosf)e " defined on (0, c0) x (0, 7/2). We observe that on the given domain |f(z, 8)| < e™ %,
which is integrable. Hence f is integrable and by Fubini’s Theorem we can exchange the order of integration:

00 9 ) /2 2 w/2 0o
/ Jo(x)e™ " dx = f/ / cos(xcos@)e ™ df | do = 7/ (/ cos(z cosf)e™ " d:z:> do
0 T Jo 0 T Jo 0

9 /2 1 9 /2
:—7/ deRe N :7/ 2 ¢ de
T Jo icosf —a mJo a®+cos?f
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1 1

Change of variable: v = tan§ = du = do = dé. Hence
cos? 0 1+ u2
2 (/2 2a [ 1 2a [ 1
7/ =" = a+ ) du=" —  _du
7)o a?+cos?f mJo 424 T Jo (14 a?)+ a?u?
1+ u2
2 /°° 1 d( a ) 2 ™
= u f— P—
m14+a? Jo 1+< a >2 V1+a? mV14+a?2 2
u
V1+a?
1
 V1+a?

(b) Notice that

—a _ ,.—b b
T " / =Y dy
log z a

for all z > 1. Notice that z~¥ is non-negative. By Tonelli’s Theorem the double integral exists. By Fubini’s Theorem
we can exchange the order of intgeration. We have:

© ,.—a _ ,.—b %) b b (%)
/ I I / / z Vdy | dz = / </ x Y dx) dy
1 log z 1 a a 1

provided that the rightmost integral exists.

/ z Ydr = ( ml_y) = —
1 -y o1 Y—1

by Fundamental Theorem of Calculus and Monotone Convergence Theorem.

b
1 b—1
—— dy =log(y —1)% =log [ —=
/ay—l y =log(y — 1), og(a_1>

o ,.—a _ ,.—b _
In conclusion / z dzx exists and equals to log b-1 . O
1 log x a—1
Question 4
+o0 z
Let f € L£}(R) be non-negative with f(z) de = 1, and let F(z) = / f(y) dy, Assume that zf(z) € L*(R). Use
Fubini’s Theorem to prove that - e
too oo 0 0
/ (I—F(m))dxz/ zf(z) dz, / F(z) da:z—/ xf(z) de.
0 0 —o0 —o00

Now let g be a bounded measurable function, and let

)= /{g(w)éy} fle)de

Prove that

+o0 +oo
/ (1-G(y) — G(—y)) dy = / f(@)g(x) dz
0

— 00

Proof. For the first one,

1—F(95)=/Rf(y)dy—/0:f(y)dy:/xmf(y)dy



Notice that

/Ooo (Amf(y)dy> dx:/oooxf(:c)da?<+oo

aszf(z) € L(R). Since z f(x) is non-negative, by Tonelli’s Theorem the double integral exists and by Fubini’s Theorem
we can exchange the order of integration.

/Oooxf( dm—/ (/f dy)dx_/oo</;of(y)dy>dx:/ooou_p(x))dx

For the second one, notice that
0 0 0
[ ([ rww)a=-[ s

exists as zf(z) € LY(R). For z < 0, = f(z) is non-positive, so we can apply Tonelli’s Theorem to argue that the double
integral exists. Next, by Fubini’s Theorem we can exchange the order of integration.

/OOO zf(x) dx—/ (/f dy> dx/ooo(/;f(y)dy) dx/OOOF(x)dx

The part for G(y) is simply a generalization of the previous parts, with x replaced by g(x):

1-G(y) = dr — dz = d
) /Rf(x) ) /{Q(I)Sy}f(x) ! /{Q(I)>y}f($) )

Then

[Ta-cwa=[" </{g<m>>y} ) dx) e (Amax{o’g(m)} e ) ™ a0
/0“’ SO =- /ooo </{g<z)<y} o dx) = /:O </mom{o,g<m)} fle ) /9@ o T

In conclusion,

oo +oo
/ (1-Gy) — G(~y)) dy = / f(2)g(z) da
0

— 00

Question 5

(@) Leta > land f(z,y) = (2® +y?)~* and g(z,y) = (1 + 22 + y?)~“. Show that f is integrable over [1, +00) x [0, +00).
Deduce that f is integrable over [0, 1] x [1, +oc) and that g is integrable over R2.

(b) Use polar coordinates to show that g is integrable over R2.

Iz, y)

T, U

Proof. (a) Change of variable: z = x, y = uz. The Jacobian determinant: = z. Hence:

2

)

1 T >~ 1 > 1
7d(xxy):/ 7d(xxu):/ 7d:17/ —— du
/[1,+oo)><[0,+oo) (z2 +y?)~ [1,-400)x [0,400) T2 (1 + u?)™ p o aPert o (I+u?)e

By Fundamental Theorem of Calculus and Monotone Convergence Theorem we know that

< 1 1
/ 5 - dr = x272a
T 2 -2«
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In addition, we have

e 1 o 1 o T
/O m du é /(; m du = arctanu|0 = 5

Hence the successive single integrals exist. Since the integrand f is non-negative, by Tonelli’s Theorem, f is inte-
grable over [1,00) x [0, 00). By symmetry of f in the two variables, f is integrable over [0, 00) x [1, c0) and hence on
[0,1] x [1,00).

By symmetry, g is integrable over R? if and only if it is integrable over the first quadrant [0, c0) x [0, 00). In the first
quadrant we have g < f everywhere. Since f is integrable over [0,1] x [1,00) U [1,00) x [0,00), s0 is g. In addition
g is bounded on [0, 1] x [0, 1] and hence is integrable over the square. We conclude that g is integrable over the first
quadrant.

(b) In the polar coordinates:

27 e’} e’}
_ r _ 1 Nl—a o
//Wg(x,y)d(xxy)—/o dO/0 (1+T2)adr—7r 1_@(1—1—7’) 0—a_1

Hence g is integrable over R? by Theorem 7.9. O

Question 6

For p > 0, calculate || f[|, when f is (i) x(0,1), (i) X(1,2), (ili) X(0,2)-

Now assume that 0 < p < 1. Is ||-||, a norm on LP?

For f,g € LP(R), let d,(f,g) = /\f — g|P. Show that d,, is a metric on L?(R).
R

1 1/p
Proof. (i) ||xwull, = (/O dx) -

1/p

2
(i Hx<1,2>|yp=(/l dx) 1

1/p

2
(i) [x02]], = ( / dx) o,

|||, isnotanorm for 0 <p < 1. If p < 1, then

Ixonll, + Ixonll, =2 <2"% = |xoa|l, = xon +xanll,
The triangular inequality is violated.

Suppose that d,(f,g) = / |f — g|P. By definition d, is symmetric and positive definite on L?(R). To proof the triangular

inequality, we shall first pRrove the following inequality:
|a+ 0" < af” + [bf”
For 0 < p < 1, the function ¢ — ¢? has negative second derivative for ¢ > 0 and hence is concave. By Jensen’s inequality:
(As+ (1= M) = As? + (1 — AP

forall s,t > 0and X € [0, 1].
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Take s = |a| + |b], ¢ = 0, and X = |a|/(|a| + |b|). We obtain:

lal

P>
ol > G

(la] +[0])

Take s = |a| + |b|, t = 0, and A = |b|/(|a| + |b|). We obtain:

6]
lal +[b]

[bf?

(lal + [o])?
Combine the two expressions and we have:

|la+b|” < (laf + [6) < [af” + [b]”
In particular for f,g € £P(R) and = € R, we have

[f (@) +9(@)[" < |f(@)]" + |g(2) |

Lur+ar< i+ [ 1o

Integrate on both sides, we obtain:

For f,g,h € LP(R):

dp<f,h>=/R\f—h\”=/R\<f—g>+<g—h>|p</R|f—g\u/Rm—mp:dp<f,g>+dp<g,h>

hence proving the trigular inequality. d,, is a metric on LP(R) for 0 < p < 1. O

Question 7
Consider the relation ~ on the space of measurable functions f : R — Rgivenby f ~ g < f =ga.e.
State which properties of null sets are used to prove each of the following true statements:

Q) f~f;

(i) f~g = g9~ ]

(i) f~g Ng~h = [ ~h;

@(iv) VneN: f, ~ gy = sup fn ~ Sup gn;

V) f~g = hof~hog.

Give an example where 4 is injective, f ~ g,but foh £ go h.

Proof. (i) It follows from the reflexivity of equality.
(ii) It follows from the symmetry of equality.

(iii) f f~g A g~h,then A:={z € R: f(z)#g(z)}and B := {z € R: g(x) # h(x)} are both null sets. Then AU B
isalsoanull setand {z € R: f(z) # h(z)} C AU B. Since the subset of a null set is also null, f ~ h.

(iv) Let 4, .= {z € R: f,(x) # gn(x)}. A, are null sets. Since the countable union of null sets is null, we know that

U A, is anull set. For z € R\ U Ay, fn(z) = gn(z) for all n € N. Hence sup f,, = sup g, for z € R\ U A,,. In other
neN neN neN
words, sup f,, ~ sup gn.

(v) The result follows from a simple observation that {x e R: f(z) = g(z)} C{x € R: ho f(z) = hog(z)} and thata
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subset of a null set is null.

Consider an uncountable null set (e.g. a Cantor set) C C R. There exists an injection h : R — C. Let f and g be
measurable functions such that f(z) = g(z) & = € R\C. Then we have f o h(x) # g o h(x) for all x € R which implies
that foh 4 goh.

. 1 1 . s . . .
First we observe that h; (z) := 3 + — arctan x is a bijection from R to (0, 1). Let {a,, } be the binary expansion of a number
™

€ (0,1). Thatis,z =37, an2™", a, € {0,1}. Themap hy : >_.> | a,27 "+ > >°  a,3~" is an injection from (0,1) to

n=1

C (defined in Sheet 1). Hence h := hy o h; is the map with desired properties. O

Question 8
Let p > 1. Give examples of sequences {f,} and {g,} in L?(0, 1) such that
(1) lim fn(z) =0a.e.but lim [|f.][, # 0.
n—oo n—oo
(i) lim |[|gs[|, = O0but lim g,(z) does not exist for any = € (0, 1).
n—oo n—oo
For each ¢ > 0 find a measurable subset E. of [0, 1] such that m(E.) < ¢ and f,,(z) — 0 uniformly on [0, 1]\ E..

Find a subsequence {g,, } such that lim g, (z) =0a.e.
r—00

Solution. (i) Consider f, := nx(o, 1/n)- Then f,(z) — 0asn — oo forall x € (0,1). But

1/77, 1/11
||fn||p:/0 ndr| =1

foralln € N. Hence lim [[f,[[, =1 # 0.
n— oo

(ii) We define a double sequence of functions on R by y" = X(i52, ) We define {g,,} by g1 = 41", 9o = 45", 95 = 57,

ga = yél), -+ In general,

92k 4 = y,ﬁl), keN, 1<n<g2”

Then {g, } is a sequence of functions on (0, 1). We have:
27k 1/p
= / dz =27k7r 50
P (i—1)2—*

On the other hand, {g,} has no pointwise limit. In fact for each z € (0,1) we can find a subsequence of {g,}
converging to 0 and a subsequence converging to 1.

as k — oo. Hence g, |, — 0 asn — oo.

(iii) Let E. = (0,¢) for any ¢ > 0 so that [0,1]\E. = [¢,1]. Forn > 1/¢, f,(z) = 0 for all z € [¢,1]. Hence f,, — 0
uniformly on [0, 1]\ E..
(iv) We have a subsequence of {g,} given by g,»(z) = y121421 = X(o, 2-*)- It is clear that gox(z) — 0 as k — oc for all
z € (0,1).
O


George
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Question 9
A function g: [0, +00) — R is convex if
g9(x) = sup{azx + B : Vy € [0,+00) (ay + 5 < g(y))}
If ¢ is continuous on [0, +c0) with non-negative second derivative on (0, +00), then g is convex.

1
Let f : [0,1] — [0, +oc0) be bounded, measurable, and M,, = / ™ =|fl|%. Show that
0

1 1
@) g (/ f(x) d:z:) < / 9(f(z)) dx for every convex function g;
0 0
(i) M2 < M, 1M,_1;

dii) [[f]l,, < Mug1/Mp <||fllo;
(iv) Tim Mg /My = [|f]]

Proof. First, we shall prove that any convex function is continuous.

To begin with, the definition leads to a simple fact that

f) = fla) _ fle) = f(b) _ [flc) = f(a)

~ ~
b—a c—b c—a

forany0 <a<b<e

First we fix b > 0. We choose 0 < a < b and a sequence {c¢, } such that ¢, < band lim ¢, = b. Notice that
n—oo

f(cn) — f(b)

gn ‘= Cn—b

is a decreasing sequence with a lower bound (f(b) — f(a))/(b — a). By Monotone Convergence Theorem, lim g,, exists. In
fact we have

nh—>Holc flen) = f(b) =0

and hence f is right continuous at b. Similarly we can prove that f is left continuous at b so f is continuous at b.

Furthermore, we observe that 11rn 0 g, is the right derivative of f at b. We see that f is both left and right differentiable at any
x > 0, with the right derlvatlve larger than or equal to the left derivative. It implies that f' is non-decreasing with at most
countably many discontinuities. By Lebesgue Theorem for differention we have that f" exists a.e. and is non-negative.

(i) Since g is continuous and f is bounded measurable, g o f is also bounded measurable and hence is integrable over
(0,1).

Suppose that a, § € R satisfy ay + 5 < g(y) forall y > 0. Then af(z) + 8 < g o f(z) for all z € [0, 1]. Then:

a/olf(w)dx+6</olgof(w)dw
g 1f(fv)dx =supia 1f(z)d117+ﬂ < 190f(1?)d17
(f sras) =sfe | f<l

(ii) Since f is bounded measurable over a bounded domain, f* € £?[0, 1] for any £ > 0 and p > 1. By Holder’s Inequality
withp = ¢ =2:

Hence

n+1

I

n—

f 2

M=,

1 ’



Hence

/Olf"<wolfn+l-wolfnl

M2 < Mn+1Mn—1

n

Taking square on both sides, we obtain:

(iii) Since ¢ — t™+ has non-negative second derivative, it is convex. By part (i):

(/Olf) < [umw= [

where LHS = || f||"™! = M, || f1l,, and RHS = M,, ;. We have || f||,, < M, +1/My.

n

On the other hand, since f < ||f«|| a.e., we have

1 1
Mnﬂz/o f~f”</0 Al 7™ = 111 M

and hence Mn+1/Mn < Hf”oo'

(iv) Fixe > 0. Let S := {z € [0,1] : f(x) > ||f||., —€}. Se is measurable as f is measurable. We have:

1£1l, = (/ P (/S f”)l/n > (/S (1l - e)")l/" = (S (| — <)

As lim inf preserves weak limit, we have:

1/n

P P 1/n . _ .
timinf |1£1],, > liminf m(S2)"/" (||f]lc = £) = I1fl]. — =

As ¢ > 0 is arbitrary, we have liminf |||, > ||f||... By part (iii) we know that ||f||, < ||f||,, foralln > 1. We
n—oo
conclude that 1i_{11 | f1],, exists and equals to || f|| .

By part (iii) and sandwich lemma, we conclude that 1i_>m My i1 /My, = ||f]] -
n—oo





