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Throughout this sheet, k denotes a field, A denotes a ring and G denotes a finite group.

Question 1
Foreach a€ A, let r, : A— Abe the left A-linear map given by r,(b) = ba for each b € A.

Prove that the map r : A°? — End 4(A) given by r(a) = r, is an isomorphism of rings.

Proof. e risaring homomorphism: For a, b, c € A: [\/
r(ax b)(c) =rpa(c) = cba=r(b)or(a)(c)

Hence r(ax b) =r(b)or(a). BS
=3 (M\ oV “7 r(a+b)(c)=rqpc=cla+b)=ca+cb=(rg+rp)(c)

Hence r(a+ b) = r(a) + r(b). /
* risinjective: For aekerr, Vce€ A: ca=0. In particular 14a = 0. Hence a = 0. ker r = {0}. /

e rissurjective: Letw: A— Abe an A-module:ynomorphism. Letw(l4) =wp€ A. Thenforany a€ A, w(a) =w(ala) =
aw(l4) = awy. Hence w = r(wg) €imr.
Hence r: A°? — End4(A) is an isomorphism of rings. / @ =
Question 2

(a) Suppose that |G| #0in k and let e:= ﬁ dec g € kG. Prove that e is a central idempotent.

(b) Let G = Cs = (x) be a cyclic group of order 3. Suppose that char(k) # 3 and that k contains a primitive cube root of unity
. Find an explicit isomorphism of k-algebras k x k x k — kCs.

Proof. (a) Fix h e G. Note that pj, : G — G given by py,(g) = h~! gh is a group isomorphism. Then

h hg=h
|G|5§0g |G|g€ZG rn(g) = |G| Y. hpn(@= |G|Z g=he

e / {“ *V -
Extending this linearly, we have ea = ae for any a € k[G]. Hence e € Z(k[G]). Q ‘_7L7 Na)

Next we notice that, for g € G, the left multiplication by g~! is a group isomorphism. Henc - \T <@
ay, ~ o u,\\
geG heG geG heG geG heG heG

We conclude that e is a central idempotent.

(b) Note that by Chinese Remainder Theorem we have

klx] _ klxl k] klx]
(B3-1) (x-1) (x-0) (x-o0?)

1R

k[C5] =5

To find the explicit isomorphism, we need to find e; € (x—1), e2 € (x—w) and e3 € (x - w2> such thate; +e;+e3=1¢€

k[x]. One choice is:
er= —%(x—l), e =—%w2(x—w), es =—%w(x—w2) PL\_ “m&‘ -b" O\(m
i ot

Then it is clear from the proof of Chinese Remainder Theorem that o : k*> — k[C3] given by \
e, l € Z) e 3
o(a, B,y) = (ae1 + fez +yes)

is an isomorphism of rings. It is clear that it is also an isomorphism of k-modules. Hence it is an isomorphism of

| (\L”\(\( ) @L\!V 04%4)(

C%oo)l ()péo)
7 ¥ |
f-‘f«@’ o) )
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Question 3
(a) Prove that every representation p : G — GL(V) extends to a k-algebra homomorphism g : kG — Endg (V).

(b) Let G = S3 and let p : G — GL(W) be the degree 2 representation from Example 1.20. Prove that p : kG — Endi (W) is
surjective, provided char(k) # 3.

(c) Assume that the characteristic of k is not 2 or 3. Using part (b), prove that there is an isomorphism of k-algebras

kS3 — k x k x My (k) . _
’ ’ W< Coomido Z(KGE)
Does such an isomorphism exist when char(k) =3? ,— p~ 5\5\\‘ FAVEVE U PR ey (K“ I3 Mzk E\\

Proof. (a) Define p: k[G] — Endy(V) by

ﬁ(z agg) =) agp(g)

geG geG
For Y ¢ec ag8 Xnec bnh € kIGl, a,f ek,

ﬁ(Z agg y. bhh) =P 2 agbhgh) =2 2 agbpp(gh) = (Z agp(g)) (Z th(h))

geG heG 8€G heG g€G heG geG heG

\é‘.»\ 5| Y agg|p| > buh

o \"\ ﬁ(a Y agg+p ), bhh) =p(> (aag+ﬁbg)g) =) (aag+Pbylp@=a ) agp@+p Y bpph)

geG heG geG geG geG heH

O{ZV‘)R \P\{r\‘ =aﬁ(2 agg)+ﬁﬁ(hz bhh) (‘Q,\Db 75 (C’(,\i W -

Il
i)

geG

€eG
Hence p is a k-algebra homomorphism with p|g = p. /

(b) We claim that dimker p = 2. We shall prove this by brute force. Let Z aso € ker p. We know that {e; — e, ex —e3} is a

0€S3
basis of W. Then we have

ﬁ(z ago)(el—ez)=ﬁ(z aao)(ez—es):o

0€S3 0€S3

which implies that

Z Ageg(1) = Z ageg(2) = Z g €q(3)

0€S3 0€S3 o€S3

Since S3 = {e, (12), (13), (23), (123), (132)}, we expand the expression above and equate the coefficients of e}, e, and es:

A% sk
\ 2 1@\ aet+ aps) = aaz) +aasz) = aas) + au2s);
A2
(M'> %\P o OQV% anz) + aaz3) = de + aas) = ae3s) +aasz);
)&v (/b \}\Wf‘q aas) +aasz) = Aes) +aazs) = de + aqz).

\r"*
Then a, must satisty a, = ag23) = aasz) and ag2) = aes) = aas). Hence the dimker p < 2. By firstisomorphism theorem,
dimim p = dim k[S3] — dimkerpg = 4. Since imp < End (W) and dimEndg (W) = 4. We deduce that im p = End(W).
Therefore p is surjective.

(c) We don’t know if k is algebraically closed, so we cannot use the Artin-Wedderburn Theorem.

The group S3 has irreducible representations on k: p; : S3 — GL(k) given by p;(0) = 14 and p : S3 — GL(k) given by

p2(0) = (-1)9 1%, where
(<) = —1, o0 € S3isan odd permtuation;
1, o € S3 is an even permtuation. /
The representations induce surjective k-algebra homomorphisms p7 : k[S3] — k and p3 : k[S3] — j/@ 01,02, p are
distinct sub-representations of the left regular representation k[Ss], we have the surjective k[S3]-module homomor-

'ehw?,
(ADV:FBO \&\/\ h'OU\) Svs

/¥
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N

T s °
phism: ‘/V—L_v_;'k ;M‘“‘?\‘h. )

TZk[Sg]*kxkng(k)

(T )
which is also k-linear. Notice that dim (k[S3]) = dimy (k x k x M»(k)) = 6. Then 7 is in fact a bijection. Therefore it is a

k[G]-module isomorphism, which is also a k-algebra isomorphism. @ O
Mo

Question 4

Find an example of a ring A that contains a field F such that A is not an F-algebra.

Proof. The ring of quaternions
H={a+bi+cj+dk: a,b,c,deR, i’ =j> =k? =ijk= -1}

contains the complex field C, but is not a C-algebra. The inclusion ¢ : C — H defines a C-module structure on H. Suppose
that it is a C-algebra. Then

~1=K =) =i =-1--1=1 /
which is a contradiction.

From a higher perspective, H is a simple ring in the sense that it has no non-trivial two sided ideals. If it is a C-algebra, then
by Artin-Wedderburn Theorem we have H = M,,(C) as C-algebras for some n € N. But

dime H = dimg H/ dimg C = 2 # n? = dime M,,(C)
for any n € N, which is also a contradiction. \/ :: Ds O

Question 5
Let V be an A-module, let D := End4(V) and let n > 1.

(a) Use the inclusion maps o : V — V" and the projection maps 7; : V" — V(j = 1,---,n) to construct an explicit ring
isomorphism M,,(D) = End4 (V™).

(b) Prove that M,(S)°P is isomorphic to M, (S°P) for any ring S.

Proof. (a) Letp:Ends(V") — M (D) given by p(f) = {f;;}, where f;j =m;o foo; da(V)=D.
 pisaring homomorphism: For f,g € End4(V"), let h = f o g. We have
n n
hij=miofogooj=miofoidynogoo;=3 (miofoor)o(miogoo) =) fikogk;
k=1 k=1
n

in which we used the identity idy» = Z oromy. Hence p is aring homor\ryph'sm.
k=1

I "
é\? Y t e p isinjective: Suppose that f € ker p. Write f(vy, ..., v,) = (w,..., wy). Then w; = Z fij(vj) =0. Hence f =0. p is
j=1

Old 1(I Wy injective.

. n
| MM}Q_Q * p is surjective: For {f;;} € M, (D), define f : V" — V" by f(u,...,v,) = Z(flj(vj),...,fnj(vj)). Then f € Ends (V).
j=1
Hence f is surjective.
We conclude that p : End 4 (V") — M, (D) is an isomo\r%.

(b) It suffice to check that the identity map 7 : M,,(S)°P — M,,(S°P) is a ring homomorphism. For A= {a;;} and B = {b;;} in
My (S),
T(A% B)= A% B=BA={bixai} -y = {aj * b} 1y = T(A) % T(B)

Hence 7 is an isomorphism.

(QA.» o E;c 6:'A—Chc‘ T T qw\j o Lju’k

/ "

/ (A@)u = Equ"e 6\_) Q
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Question 6
Let V be a finite dimensional kG-module.
(a) Let W be a one-dimensional kG-module. Prove that V ® W is simple if and only if V is simple.

(b) Prove that V is simple if and only if V* is simple.

Proof. (a) Ithink "W is a one-dimensional kG-module" in fact means that "W is a kG-module such that dim; (W) =1/, Ne.
Since W is one-dimensional over k, we have k-module isomorphisms Vo, W=V k= V.

"=—": Suppose that V ®; W is a simple k[G]-module. Let U < V be a sub-k[G]-module.‘ThyUQDk W is a sub-k[G]-
module of V®; W. Hence U = V or U = {0}. We deduce that V is a simple k[G]-module.

"<=": Suppose that V is a simple k[G]-module. Let U < V ®; W be a sub-k[G]-module. If U # {0}, then there exists
YiAivi®rw; #0in U (w; # 0). Note that W = (wy) as k-modules for some wy € W. There exists n; € k such that

w; =n;wp. Then .
JQ JQ\\Q\S
Z/lil}i®k wi = Z/linivi QrwoelU = Z/linil}i ®r (Wol kg €U -0 " .
i i i k(G] ﬁ\w N2
Both V and W are simple k[G]-modules. Hence U = V &, W. We dwk W is mple k[G]-module.

(b) We have the canonical isomorphism V = V" so it sugﬁces to prove one direction. Suppose that V* is a simple k[G]-
module. L kG - Mo \

&
Let U < V be a sub-k[G]-module. T(ﬁm U is a sub-k-module of V, and the annihilator

U':={peV' :Vue U(q;(u):())}g\y

is a sub-k-module of V'. It is also a sub-k[G]-module of V', because for ¢ € U% ue Uand Z agg € kIGl,

aeG

(Z agg)-qo(u): Y agp(g™-u)=0 /u€U=> g ' uel)

aeG acG

o) (Z agg) ‘pE U If V' is simple, then Ul = V’W SoU :V\/ot/{O}. Hence V is a simple k[(ﬂ/-m{dule. @ O
aeG

Question 7
Recall the maps a: V* ® W — Hom(V, W) and f: Hom(V, W) — V* ® W from Lemma 4.11.
(a) Provethat foa =1y+gw.

(b) Prove that a is a homomorphism of kG-modules.

Proof. (a) ARemainder:

n
alperw):v—pWw, BT =) vierT(v;)
i=1

Then

1

n
Boalp®rw) =) vieralp®rw)(v;) =
=1 1

n
v;®rp)w
-1

n n
Since w = Zl vi(w)vjand ¢ = _Zlq)(vj)v},
j= J=

n n n n n
Y vierpw)v; = Zi vi®rp(vi) (Z v}(w)vj) =)
1= =

i=1 j=1 =1

n n
v; ®k Vi (w)p(vy)vj = (Z (p(v,-)v;.) ® (Z vi(w) vj) —perw
i=1j

1 i=1 j=1

By linearity, we deduce that fo a = idyig, .


James
Pencil


(b) a is already k-linear. For g€ G, pe V/, we Wand ve V,

alg - (@erw) ) =alg @) erg w)W =g eW(g w=pg ' vg w-= (g~a(<pW
Hence a(g-(p®rw)) = g-a(p®rw). Extend\iWnearly on k[G], wede e that a is a k[G]-module homomorphism.
O
Question 8

Let U, V, W be finite dimensional kG-modules. Prove Hom(U ® V, W) is isomorphic to Hom(U,Hom(V, W)) as kG-modules.

Proof. For 0 € Homy(U,Hom(V,W)), o(u) € Homy(V,W). Thus o defines a k-bilinear map ¢ : U x V — W given by ¢(u,v) =
o(u)(v). By universal property of U ® V, there exists a unique k-linear map ¢ : U ® V — W such that ¢p(u®; v) = o(u)(v).
We claim that & : 0 — ¢ defines a k[G]-module isomorphism from Homy (U, Hom (V, W)) to Hom (U ® V, W).

We shall prove that & is a k[G]-module homomorphism. For 0 € Hom(U,Hom(V,W)), ue U, ve V and g € G,

g 0w =(g-o@g - w)w=g-o@g " wig' v
=g-ollg !t wer@ - v =(gPE wer)=(g P (usrv)

By extending g linearly in k[G], we deduce that  is a k[G]-module homomorphism.
Z is injective:
90 cgekerF = =0 = VuecUVveVpuev)=0 = VueUVrveVow)(v)=0 = VYuecUog(u)=0 = 0=0

\
sJJQ Hence ker & = {0}.

b \/6 . \_ F is surjective: Let ¢ € Homy (U ® V,W). Forue U, o, :v— @(u ® V) is k-linear. In addition o : u — o is also k-linear.

&‘- o Hence there is 0 € Homy (U, Homy (V, W)) such that # (o) =
We conclude that Homy (U, Homg (V, W)) Z Hom (U ® V, W) as k[G]-modules. \ )
Y w weed & shovo |
Remark. The functor — ® V is the left adjoint to the functor Homy (V, -). es, 0 Y w) h,o D

It seems to me that the definition of k[G]-module structure on k-vector spaces given in the notes can be formulated in a more
categorical way. For example, it may be defined as a faithful functor‘Trom k-Vect to k[G]-Mod such that it commutes with the tensor
functors.

R
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