ToroLOGY & GROUPS
MICHAELMAS 2016

QUESTION SHEET 5

Questions with an asterisk * beside them are optional.

1.
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(i)
(i)
)
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. Prove that the push-out of

If Gy = (X1 | R1) and G2 = (X5 | Ra), supply (with proof) a presentation for
G1 X G3. Deduce that if G; and G5 are finitely presented, then so is G X Gs.

. Show that (a,b | aba=tb=1 a®b?, a?b) is the trivial group. [Hint: don’t try to use

Tietze transformations.]

. Show that the group of symmetries of a regular n-sided polygon is (a, b | a™, b?, abab).

[Hint: you will find it useful to show that {a,b | a™, b2, abab) has at most 2n elements.]

. Show that (a,b | abab™1) = (c,d | c®>d?), by setting up an explicit isomorphism

between them. [Hint: Note that in the first group, (ab)(ab) = (aba)b = b*.]

7, id

l><2

Z

Z

is isomorphic to Z.

. Show that the group (z,y | xyx = yay) is isomorphic to the push-out of

7z X% 7
l><3
7

[Hint: consider the elements xy and yxy.] Is this an amalgamated free product?

. A group-theoretic property P is known as semi-decidable if there is an algorithm

that starts with a finite presentation of a group G and either terminates with a ‘yes’
answer if G has property P, or does not terminate if G does not have property P.

Prove that the following properties of a group are semi-decidable:

being abelian;
being free;
being a specific finite group (which is given by its multiplication table);

being finite.
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Let IXi, X7 := {aba'b” €eF(X,UX2) i A€ X1, beX.§
We claim thet GixGr=<XiU Xz [RIUR2ULX,, Xa] /
Lec H be the group with presentation or the RHS .

We shodl show thaet H/"Gu x Qa1 :

Gl*Gz
/
Tw Gz
/’acpz
[etf X:UX1—>G: be o function 5uala thot °
f(a) fi(b) —'&el,%vaf){l Vbé X;_ . /

£ moluces a growp. IWWAM»)%DIM g F(Xux)) = G,

For r€R : Gi(r) =1 =8, gien that Gi=<Xi IR (>
For r€R: : Gu(r) =@, by oefinition of fo .
L aba-helX, X2] : o (aba”'bT) = aea'e, = e,

Thw by Lewma 5.11, @ incluces a_group- W/

: H> Q1. Moreover:. Y. is. 5w(}ectwe .

IWKJDWEB, we 049[51\1'\2-1(\2 s XU X _'._’Gz_b‘j RS

faler=e,, fathr=b  VacXi, VbeXa

TIM‘SQJW/S om ef\in«wvrjuisw $: : H—= G .

Let P : H=GixGr guen by @ = (@ €2)
It suffices to show that P is bijective /
- Swyjectivity . For (§1.92) € Gy xGa

9.9 H . Avl ©(9:§:) =(@i(9:9:) . ¥2(§:§2)

= (@ (9], alg) = (91, 92)
Heuce @ s Suﬂeo(gve / _
aectﬂwtg .S;A—PVOSG’/ hGKP/Y'(P . T;IBM Yith) =e., C&(h).=91 .




Since [Xi, %] (s a relation i H . we howe
X1 X2=%2%x €EH I%romﬂ x,eXi . x.€Xa .
hé H s a finte string in XiLJ Xz . We con msert the
rd@»ﬁm X1 Xy X2 X, B bebween each XaXi with xc€ X
omol X2€ X7 | Therefore we howe hrgngz. with g beﬁuﬁ &
Sh’ih‘al'm Xt ool B bed«ga 3‘,74:4,3_ m Xy .
Puh) e D Vg9 =) e DG =g
Path) 202 S @i(§152) = 0(g) =2 D Grzen.
> h-= CH . Ker = {eHj
Hence @ (s mdeohve P H GixGa s an lsom%sm
GixGy X H=<X0X R UR UL X1

.If Gi. G2 are ﬁmw@a- pmmo( thon X1, Xo. Ri Ry ave.

| aﬂ,flmbe,sets._1\_7h*_.,_,7, o

— Then card IXi, Xo] = corol (XixX2) R _is finite.
= XU X2 is finite s RiURL ULX, X ] is fnite

i_ = GixGy 13 fmda% /«J%Wea( /
/7L

2. The relations iclcote that : -
| _abohT'=e 0  aSh’se -® ab=e -0
0 implies thet ab<=bo or a owd b commutes .

& implies thet b=a"? or b0 =e.

| Then ash’=e > a b b a’b"at = ¢ |
. 2a’ba2bTal=e S gSa'ban-b'at ze

il oLt
i
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> a%ba-tba"tze = a%atbaa'batr=e
2a3bba-?-e =2 a2a"’=e S a=e
Then b=a"t-g"? =€ .
Then <a:blaba-'b™, ash* ., a’h> |
 =<o.bla.b,aba"b” . a%h atb> = fe]

3. Let Dan be the grop ‘870 Weaﬂ“% of o mgw(MM‘Sr'o{eaﬁ

polygon . Lat—z—be~ We use. {o.1.-.n-t} to odlenote the

vertices of the ,W@,W Let a be {:he okt -clocbirse

rototion by 27/n omol _Let b be the I\efjewm z‘:/vaJJ

frxes vertex 0. We sholl shovo thete
Dan=<a.bla”. b abab> ( _— B

O Don has 2n_elements :

The. position of vertex 0 ( n choices) anol - tiw poszhmaof f,

vertex 1 (either et LHS or RHS of o) Muﬁ‘ue%

cletermines the symmetry . So there ore 2n sgmw,tn&s

in totod . |

® Dzn is gehem,tecﬂ by foa.by : /

In o ngwwrﬂ , if 0 kefo, -, 1-n) and the orientoion

oloes pot a’hamge then it [s giwm b% F= gk ;

| :f 01— kefo, . 1-nh aund the orentation (s reversed

_ then (it s veu b )ié"a g

_ ?Dzn~feg1a ‘& b, ab -, a"'bt. /

@ From geometry we see thot a"=e¢ (rotatim by 2m),

A
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b’=¢ (refﬂem'm.mfce) , abab=e /
 Then we hwe Dan < <o bla" b’ , abab >

& /<a bla”, b, abab‘>l

Cohﬂoler o wordd of the form :

6"b"a'2b%2 € <a.bla". b, abab>

_ Since a" =b'=e, WemudMSumeM g1 -je€do. 1]
Camd] B o€ fo. -, 1-n)

Since abab=e , b =e, we hume ab = ba"

"o
Inoluctively a™b=ba™" for me Z T
Sr———— o
T —( =
"'(l‘t"l.l) g
H=5 £h =glitiagde | @
- Jit ]?a B g 7
B f i 4
~ We CanJ‘nbfmot,shuw_tha\t_aibﬂaﬁb o equa[s to . @
| J» = O 57':"" . *f,'e,,
B i' E B acanfz_ auﬂ,zb L ) @
thol u-tzb 1 au lz . | \? |
lwoluotwe&a fwwﬁmswﬁ a"b"' =ab” e
~_in the alphoket fo, by, we can resluce it to o
at.b‘) (l'.E{‘or'-'-,"hj;J.'Elro"‘;) -
-
4______Hemce,l<a,bla_“, b*, abeh>| s2n . |
| But D] =21 . We conchude that .;_/LT‘ -
D =<a0, bl a" b abab > | /| v
| | c
e ¢
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5 4 Let G = <e.ol|c?d?> , G2 = <o, blababT!>

Deﬁ‘ne f: fe. o) = G- b'c’)‘ ' Lt /
fer=ab ., feo)=b7"". |
This tholuces a group /wmafmorfnﬂwsm o: Flic.d}) = G-.
Colerol?) = (abcbh? = ababb  zabab™ =e.

Btg Lewma &.11 , it moluces a grovp hcmmumyxﬁusw-

r

P : G — G .
Since Gz is ge,hemtecl by a = LP(CO{W(PU}(-') ,
Qas'sswg'ec(::'ue._ a0 N4 S ST S
%y:g@t‘gzd&, IR I BY P LA L

Ccnva'saﬂ? We com_Construct e/unwr}alusm ¢~ GG
 such that ) =col, Yeb)y=0ol"". {aL Aoalt qeocd

D peth = idgr, Yo pziolg, .. 17 ko These e
D (- GG~ 15 am. rscmwrjvsw.____ ;’T‘*””
<ed|ethrs & <cablabab!> 0

Or
=k
T
‘?
<
.
g,

Wmﬂreleﬂ s Gi:=Z=<x] > where x= 1

Thewmtﬁc%fs 2= Z= <gjl> wherey 2
Wpusladwt:&n“zzéz bglenm V.20. 1s tsonwlymﬂ«cto
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. <x, tdI{ml(j) =29 : 3€25> -] NETISPTAPR Eafsi
,f—-<x ylax=3y> or <x. Lo;l:rg:;z=='> ‘7?*“ st o
| A_-,<%l > }7% Tietze t’}’D(MSfDYMabW S C /h"/"-f(“’ﬁ\j( Tay
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6. Consioler the push -owt
G132 25 G, |
where Gi=<B[>,Gy:<bl> . (a=3,b=2)
" Then Gi*z Gy =<a.b|f2a=3b> =<a.bladh®>
We show that G(*z G2 fs ISUWP{IAC to (ac,y zgrryﬂj> :
by & sauence of Tietze transfirmations -
o <x,3|xgx:gwj> -<x,tj1xgxg“x"g“’> o _
o Eoayoanb]xyxyTx Ty xyasl yxyb™!'>  (TE)

. =KLxY.a. blxgx(gxy)(gmj)__,xga" Yxyb™> (T o
= Ya, blash-2, xyal yxyb™ > _0r4)

Q

— = <¢x, Y0 blasb™2, xXya~l. Hab > (T4)
S Zx. Y bla*b™", xba-2, 5ab > (T4)
Fexoyoachla3b, atb T baTyT > (TH)
 Zc¢a.blazb7t> | (rs) o
| whah GGW»}LE@%S‘L‘L&M . O
. Thisisan W/Wmlﬁu/m»act becowse O
hth Z3 7 and 233, 7 mmjecave bLirda i~ B,
- N 1 e o
] e
,_hj;_ . —
0 =
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