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Section A: Introductory

Question 1

Let
n
1 2 2
H" = ($1,...,I’n+1)€Rn+ : E l'j—l‘n+1:—1,l'n+1>0
7=1

and let g be the restriction of

h=>Y daf—da},,
j=1

on R™1! to H™.
(a) Show that ¢ is a Riemannian metric on #H".

(b) Let f(z) = Az be a linear map on R"™! given by A = (a;j) € My,11(R) and let

I, O
G = "
(5 5)
where I, is the n x n identity matrix. Show that f defines an isometry on (H", g) if and only if

ATGA=G and  appins1 > 0.

(c) Nowletn =2,L > 0and «: [0,L] — H? be given by a(t) = (sinht,0,cosht). If 7, : Ta(o)’HQ — TO[(L)’H2
is the parallel transport map, compute 7, (01) and 7, (02).

Proof. (a) It is clear that h defines a symmetric type-(0,2) tensor field on R™*! and therefore the restriction g
is a symmetric type-(0,2) tensor field on H™. It remains to show that g is positive definite.

We can define a diffeomorphism ¢ : R™ — H" is given by

@(yla‘"ayn) = Yty -5 Yn,

n
S+
j=1

Then

n
prg =" dyi — (¢ dzps)?
j=1

2
n

n
Y;
S NI pp——
. ; n 9
j=1 i=1 /i y; 1

n

1 n ) ) ) n—1 n
BN RS > (1 +D_ui —yj> dyf =23 > yiuedy;dys
i=1i i=1

j=1 j=1 k=j+1
We need some linear algebra to show that this is positive definite...

(b) From on now we adopt Einstein’s convention on summation of repeated indices from 1 to n+ 1. But
we do not distinguish covariant/contravariant indices by lower/upper indices.



Note that f*dx; = ajrdzy. Since h = Gijdxida:j, we have
[ h = Gijaipajdagde, = (ATGA)kgd:L‘kdxg

If f is an isometry on R™*!, then f*h = h, which is equivalent to ATGA = G.

Moreover, p4+1 © f(Znt1) = antin+1- f maps the half plane {x,41 > 0} into itself if and only if
Gp4-1,n+1 > 0.

We deduce that f defines an isometry on H™ if and only if ATGA = G and An+1,n4+1 > 0.

(c) We can parameterise H? by the “hyperbolic spherical coordinates”. Let 1 : (0,27) x R — H? given by
(0, ¢) := (cos fsinh ¢, sin O sinh ¢, cosh ¢)
Then
Y*g = (—sin @ sinh ¢df + cos 0 cosh ¢d)? + (cos 0 sinh ¢df + sin @ cosh ¢dg)? — sinh? pdp?

= d¢? 4 sinh? ¢ d6?

Note that a(t) =1 o B(t), where 5(t) = (0,t). Therefore &(t) = .5(t) = 0p. The Christoffel symbols

1 1
Ty = ggm (2039a¢ — Daggy) = §9¢’¢’3¢9¢¢ =0

1
Ty = 59" (205900 — Dagos) =0

1
Fie = §9¢a (0p9ap + 89ap — Ougpg) = 0

1 1
FZSH = 599(1 (8¢ga0 + 809(1(1) - aageqs) = igeead,ggg = COth¢

Suppose that X (t) is a parallel vector field along . Then VX (t) = 0. In local coordinates we have

dx¢ dx? p dXx‘ 0
W—O, E‘FCOthgf)(t)X _F—FX cotht =0

The solution is given by X (t) = ady + 0Oy. The push-forward of tangent vectors:

sinh ¢

0p = cosh ¢(cos 00 + sin 00,) + sinh ¢03
0p = sinh ¢(—sin 60, + cos 60s)

Hence X (t) = a(coshtd; + sinhtd3) + bdz. Hence

To(01) = cosh L 9 + sinh L 03, Ta(02) = 0o 0

Question 2

Let (M, g) be a connected Riemannian manifold and let M be the universal cover of M.

(a) Show that there exists a unique Riemannian metric g on M such that the covering map 7 : (M ,g) —
(M, g) is a local isometry.

(b) Show that the fundamental group of M acts on (M ,g) by isometries.

Proof. (a) The covering map 7 : M — M is a local diffeomorphism and hence is an immersion. By Proposition



1.3, the pull-back g := 7 o g is a Riemannian metric on M, and therefore 7 : (M, g) — (M,g) is a
local isometry. Suppose that h is another Riemannian metric on M such that = : (M, h) — (M, g) is
a local isometry. Then locally h = n*¢g = ¢. This holds for any point on M. Hence g = h globally,

and g is unique.

(b) For a € m (M), a acts on M by a Deck transformation fo : M — M. That is, 7 o fo = . Then

*~

g="m"g=forg =[5

Hence f, is an isometry. O

Section B: Core

Question 3

Let (M1,¢91) and (Mo, g2) be Riemannian manifolds with Levi-Civita connections Vi and Vg respectively.

Recall that T(

p1,p2) (Ml X MQ) = Tlel X Tp2M2 for all (pl,pg) € My x Ms. Define g on My x M, by

I(p1 o) (X1, X2), (Y1, Y2)) = (91),, (X1, Y1) + (92),, (X2,Y2).

(a) Show that g is a Riemannian metric on M; x Ma.

(b) Show that the Levi-Civita connection V of g on M; x M, satisfies

Proof.

Vix,x2) (Y1,Y2) = (Vi) x, Y1, (V2) y, Y2)

for all vector fields X7,Y7 on M7 and X5,Y5 on Mo.

(a) Note that the fibre-wise isomorphism of vector spaces implies the global diffeomorphism of bundles

T(My x M) = TM; xTM,. Soany X € I'(T(M; x Mz)) must take the form (X1, Xo) for Xy € I'(TM;)
and Xo € I'(TM>). Let m; : My x My — M; be the projection map. Then g : T(M; x Ma) x T(My x
Ms) — C*(M; x My) is given by N yov mean Hor X €\ (W,‘* ™;) .'"4“?
OH\rwi St Tuer congider
9((X1,X2),(V1,Y2)) = g1(X1, Y1) o m1 + g2(X2, Vo) 0™ Xz (hxyxp) % @)
4or some X, € [(TH,).

We need to show that g is a symmetric type-(0,2) tensor field. The symmetry is immediate from
definition. To show that it is a tensor field, it suffices to show that g is C°°(M; x Ms)-linear in each slot
(by Question 1 of Sheet 1, C'7.6 General Relativity II). It is tautological. Let (fi, f2) € C*°(M; x Ms).
Then

9((f1, f2) - (X1, X2), (Y1, Y2)) = g1 (/1 X1, Y1) o m1 + g2(fo X2, Ya) o 72
= f191(X1,Y1) o m1 + fag2(X2,Y2) o ma
= (f1- f2) - (1(X1, Y1) o T1 + g2(X2, Y2) 0 m2)
= (f1- f2)9((X1, X2), (Y1,Y2))

So g is C*°(M; x Ma)-linear in the first slot. By symmetry it is C*°(M; x Ms)-linear in the second
slot. Hence g € T'(S*T*(M; x My)).

Finally we need to show that ¢ is positive definite. This is also tautological:
I(p1po) (X1, X2), (Y1,Y2)) = (91),, (X1, Y1) + (92),, (X2,¥2) 20+0=0

for (X1, X2),(Y1,Ys) € T'(T(M; x Ms)). Hence g is positive. If the equation above is equal to zero,
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by positivity of g1 and g2, we must have

(91)p, (X1,71) = (g2),, (X2,Y¥2) =0

Hence X1 =Y; =0 and Xo = Y5 = 0. Hence g is definite. We conclude that g is a Riemannian metric
on Ml X MQ.

It suffices to show that V : T'(T(M; x Ms)) x I'(T(My x My)) — T'(T(My x Mz)) defined by

Vix1,x2) (Y1, Y2) = (V1) x, Y1, (V2) x, Y2)

satisfies the conditions of a Levi-Civita connection. Then we can invoke the fundamental theorem of
Riemannian geometry to deduce that it is the unique Levi-Civita connection on M; x Ms.

The verification that V is an affine connection on M; x M, is entirely tautological and I would just

assume this. The torsion tensor T of V is given by = yeu weed todefiue it* €or vetTor fieldg ke
Xz 0x)X) wily X ¢ w.l"TH:):Nl' s Hee v‘f. X
epe de on bakW
T((X1,X2), (Y1,Y2)) = V(x, x5 (Y1, Y2) = Vv ve) (X1, Xa) = [(X1, X2), (Y1, Y2)] e emdwates
= (VO)x Y1, (V2)x, Y2) = (V1)ys X1, (V2)y, Xo) — (X1, Y], [Xs, Vo] ) e €Mty
= (T1(X1, Y1), Ta(X2,Ys)) =0 Thea yov Huaus Haat Leibug vole iy reliaed.
Or to ‘extend Hhe Yefui Hon' via Lelbnizrule
Hence V is torsion-free. Finally, i€ you wnnl~

(21, Z2)(9((X1, X2), (Y1,Y2))) = Z1(91(X1, Y1) 0 T1 + Z2(g92(X2, Y2)) o 72
= (Vi) X1, Y1) omi + g1( X1, (V1) z, Y1) om
+ 92((V2) 2, X2, Y2) o m2 + g2(X1, (V2) z,Y2) o ma
= 9((V1)z, X1, (V2) 2, X2), (Y1, Y2)) + 9((X1, X2), (V1) 2, Y1, (V2) 2,Y2))
= 9(V(21,25) (X1, X2), (Y1, Y2)) + 9((X1, X2), V (2, 2,) (Y1, Y2))

Hence V : T'(T2 Y (My x My)) — T(T%(My x Ms)) satisfies Vg = 0. It is compatible with the metric
g. We conclude that V is the Levi-Civita connection on My X M. \, O

Question 4

Let (H 2 h) be the upper half-space with the hyperbolic metric

_ da? + da3

2
)

h

(a) Calculate the Christoffel symbols of h in the coordinates (x1,z2) on H? using the definition or formula

for the Christoffel symbols.

Let o : [0, L] — (H?, k) be the curve a(t) = (t,1) and let 7o be the parallel transport along c.

(b) Let Xo = 92 € T(p1)H?. Calculate 7o (Xo) and show that, viewed as a vector in Euclidean R?, it makes

an angle L with the vertical axis.

G={u:R—=>R:u(x,z2)(t) =21 + tag,z1 € R,xs >0}

and define a manifold structure on G so that f : G — H? given by f (u (21, 22)) = (21, ¥2) is a diffeomorphism.
Define a Riemannian metric g on G by g = f*h.
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(c) Show that, for all v € G, the map L, : G — G given by L,(u) = v ou is an isometry of g.
Proof. Throughout this question, the Einstein’s convention is abopted. And we carefully distinguish between covari-
ant/cotangential and contravariant/tangential indices.
(a) If h = h;;da’da?, then we have hyj(z) = (22)725;;. The inverse matrix is h%(z) = (22)%6%. The
formula for the Christoffel symbols in terms of the metric (Koszul formula) is given by
i _ Lo
ik = ih (8jh¢k -+ akhgj — aghjk)
1

= §($2)25M(8j($2)_25£k + O(x?) 7260 — Op(2®) "*65k)

Note that 83((1'2) 2) = —2($2) 3(52]'. Then
) 1 ] ] 1
gk = _ﬁ (5k(52j + 5j52k — 5jk52)

The six Christoffel symbols are given by

1
z2’

2 1

22 72 /

(b) Let X(t) be the parallel vector field along a(t), that is, V4 X (t) = 0. In local coordinates we have

1
F%ZZOa F%1:* F%ZZF%IZOa r

1 1 _ 1l _
Fll_oa F12_F21__ .7,'27

ax: .
o T T X5 =0, X(0)=0,

Note that &(t) = (1,0). We have the system of first-order ODEs

dx?
= ~X® =0, ——+X'®H)=0, (X'(0),X*0))=(0,1)
dt dt
By inspection we can write down the unique solution (X!(t), X?(t)) = (sint,cost). Therefore the
parallel transport of X is 74(Xo) = X (L) = sin L0y + cos L. It makes an angle L with the vertical
axis x2. \/
(c) Suppose that v € G is given by v: t — y* +ty?. L, : G — G induces the map F, : H?> — H? via the
commutative diagram

G%G

f] \f
H2 FU H2
By construction L, is an isometry of (G, g) if and only if F, is an isometry of (H2,h). For u:t
1, 4.2 ) Ty (ol g2y, 2 oy 1,2 4022 122y — (o 22Y e (1,2 202
x4tz vou: t — y' +(x +ta®)y® =y +a y*+tzy®. Hence Fyy(z', %) = (u,u®) := (y +x "y, 2°y*).
The pull-back of the metric is given by
(dx!)? + (dx?)?

(22)?

Hence F), is an isometry. \/ O

=h

(Fo)*h = hij (F; (@) (Fy)* (dae') ()" (da?) = hij (FyH (2))(y%) H(y?) "M da'da? =

Section C: Optional
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Question 5

Let S? be the unit sphere in R? endowed with the round metric g, let U = S%\ {(0,0,1)} and let ¢ : U — R?
be

(21, 19)
(P(x1,l'2,x3) - 1_:1:_3
so that
2 2
-1 (2y172y2ay1 +y2 - 1)
0 (y1,y2) =
yvi+ys+1
(a) Show that
Cive o A(dyt +dys
(90 1) g= ( 1 2)

(1)

Let 8 : [0,27] — R? be given by S(t) = (cost,sint).

(b) Using the fact that ¢! : (82 \ {0,0, 1},g) — (RQ, (¢*1)* g) is an isometry or otherwise, show that the
restrictions of the vector fields

Y101 +y202  and  —y201 + Y102

to B are parallel along 8 with respect to the metric (go_l)* g.

Proof.



