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In these questions, I’ denotes the base field.

Question 1

(i) If we identify (x,y) € F? with the point [1 : x : y] € FP?, what is the point at infinity shared by all lines of the form
y = mx + ¢, where m is fixed?

(ii) Show that those projective transformations in PGL(3, F') which map the line at infinity to itself form a subgroup of
PGL(3, F') which is isomorphic to

AGL(2,F) ={x— Az +b: Ac GL(2,F), be F?}
Which of these mappings fix the line at infinity pointwise?
Proof. (i) The projectivization of the line {(z,y) : y = mx + ¢} C F?is given by {[zo : 21 : 23] : cwg + ma; — 29 = 0} C FP2,

The point of infinity corresponds to the case when xy = 0. That is, zo = mz;. So the point of infinity of the line
y=mx+cin FP?is[0:1:m].

(ii) Suppose that 7 € PGL(3, F) is induce by

1,1 C12 C1.3
T = C21 C22 C23 € GL(3, F)

€31 C32 C33

If 7 fixes the line of infinity, then for [0 : z; : 5] € FP?, we have:

€0,0 Co,1 €02 0 0
€10 Ci1,1 C12 Tl = |
C20 C2,1 €22 T2 Y2

)

In particular, c¢o 121 + co 2o = 0 for all 21, z5 € F. Hence ¢p1 = ¢ 2 = 0. Since T is invertible, ¢ ¢ # 0. By rescaling
we may assume that ¢y o = 1. We can write 7" as

1 0 0 10
T=1|b a1 ai2 :<b A>

bo az1 a2

For xz = (z1,72)T € F?, we embed in into FP? by identification with [1 : z; : x5]. We have:

1
1 0 1
T = =A b
)

Hence we identify = € PGL(3, F)) with the affine transformation « — Ax + b. The subgroup of all such projective
transformations is isomorphic to AGL(2, F).

If 7 fixes the line at infinity pointwise, then Az = « for all x € F2. Hence A = I,. The corresponding 7' € GL(3, F) is
given by



Question 2
(i) Let P(U;) and P(Us) be two non-intersecting lines in the 3-dimensional projective space FP3 := P(F*). Show that
Ft=UaU,

(ii) Deduce that three pairwise non-intersecting lines in FP? have infinitely many transversals, i.e. projective lines
meeting all three.

Proof. (i) IfP(U,) NP(Us) = @, then Uy N Us = {0}. We have dim(U; & Us) = dimU; + dimUs = 2 + 2 = 4 = dim F*. But
U, ® U, < F4. Hence F* = U; @ Us.

(ii) The statement is true only if F is an infinite field.

Suppose that P(U; ), P(Us) and IP(Us) are three non-intersecting projective lines. By (i) we have Uz C F* = U, @ Us.
For (uy) € P(Us), there exists (u;) € P(U;) and (uz) € P(Uz) such that ug = u; + ug. Take Uy = (uy,uz2). Then
(u1), {uz), (us) € P(Uy) and therefore P(U,) transverses all P(Uy), P(Uz) and P(Us). Moreover, for distinct (ug) €
P(Us), the projective line P(U,) is distinct. Suppose that (us) # (u4) and (us) , (u5) € P(Uy), then Uy = (us, us) =
U, = Us. This is impossible because P(Us) does not intersect with the other two projective lines. Since F is infinite,
so is P(Us). We hence constructed infinitely many transversals of the three projective lines. O

Question 3

Let L;, Ly be two non-empty projective linear subspaces of a projective space P(V'), corresponding to linear subspaces
Ui, Us C V. Show that the span

<L1, L2> = I[’D(Ul + UQ)

is the union of projective lines P, P, with P; € L;.

Proof. For P, = (v1) € Ly and P, = (vs) € Lo, the projective line P, P, is the projectivization of the linear subspace (v;, vs).
Since v; € Uy and ve € Us, {v1,v2) C Uy + Us. Therefore P({(vy,v2)) € P(U; + Us) = (L1, L2). In other words, the
projective line P, P lies in the span (L;, Ls).

Conversely, for (u) € (L, Ly), u € Uy + Us. There exists u; € Uy and us € Us such that u = u; + us. Let P, = (uq) and
Py = (ug). (u) C (u1,us) implies that (u) is a projective point on the projective line P; Ps.

We conclude that (L, L») is the union of all projective lines P, P, with P; € L,. O

Question 4
(i) List the elements of PGL(2,F5). What is the order of PGL(2, F) if | F| = ¢?
(i) By considering the action of PGL(2, F5) on FoP!, show that PGL(2,Fs) = S3. Is PGL(2,F3) = S,? Is PGL(2, F5) &
Se?

Proof. (i) The elements of PGL(2,Fy) = GL(2,F;) are

(0,0) +— (0,0) (0,0) +— (0,0) (0,0) +— (0,0)
(1,0) — (1,0) (1,0) — (0,1) (1,0) — (1,0)
(0,1) — (0,1) (0,1) — (1,0) 0,1) — (1,1)
(1,1) — (1,1) (1,1) — (1,1) (1,1) — (0,1)
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We first count the order of GL(2, F). Note that T : F2 — F? is uniquely determined by its action on the standard
basis {(1,0), (0,1)}. Suppose that T : (1,0) — (z1,x2), (0,1) — (y1,32). f T € GL(2, F), then {(x1,z2), (y1,y2)} is
linearly independent. Equivalently, z1y2 — 2231 # 0.

We shall count the cardinality of {(x1, x2,91,%2) € F* : 2192 — 2231 = 0}.
o Ifz; =0:
- Ifzo =0:
* y1,y2 € F are arbitrary. There are ¢> combinations.
- If g #0:
x y; = 0and yo € F are arbitrary. There are ¢(q — 1) combinations.
o Ifzy #£0:
- Ifxy =0:
* yo = 0and y; € F are arbitrary. There are ¢(q — 1) combinations.
- Ifzy #0:
x Ify; =0
- y2 = 0. There are (¢ — 1) combinations.
x Ifyp #£0:
- yo = 27 ‘@2y1. There are (¢ — 1)* combinations.
In total, the sethas ¢®> +q(qg—1) +q(g— 1)+ (¢ —1)2+ (¢ — 1)3 = ¢® + ¢*> — g elements. The cardinality of GL(2, F):
card GL(2, F) = card{(x1, %2, y1,92) € F* : 2192 — xoyn # 0} = ¢* — (¢* +¢* —q) = q(¢ = 1)*(¢ + 1)

Note that PGL(2, F) = GL(2,F)/ ~where S ~ T <= 3 X € F\{0} : S = AT. Each equivalent class of GL(2, F')
has exactly ¢ — 1 elements. Hence the order of PGL(2, F)is ¢(¢ — 1)(¢ + 1) = ¢® — q.

(ii) The elements of FoP' are

Ly = {(an)a (170)} Ly = {(0,0), (07 1)} Lz = {(0,0), (17 1)}

The projective transformations of F,P! are bijections of FoP!. Hence PGL(2,F2) < S3. But we know that | PGL(2, F)| =
|S5| = 6. Hence PGL(2,Fs) = Ss.

The case of PGL(2, F3) is similar. The elements of F3P*! are:

Ly = {(070)7(15())7(270)} Ly = {(070)7(()’1)7(072)} L; = {(070)’(171)7(252)} Ly= {(0,0),(1,2),(2,1)}

We have PGL(2,F3) < S;. By part (i) we know that | PGL(2,F3)| = 32 — 3 = 24 = |S4|. Therefore we have
PGL(2,F3) = Sy.

For PGL(2, F5), by part (i) we know that | PGL(2,F5)| = 5% — 5 = 120. But |Ss| = 6! = 720. Therefore PGL(2,F5) %
Se- O



Question 5

Let a, b, ¢, d be four distinct points in C. Show that a, b, ¢, d lie on a cirline if and only if the cross-ratio (ab : ¢d) is real.

Proof. By Proposition 7.2 in the notes, projective transformations preserve cross-ratio. From Part A Complex Analysis we know
that PGL(2, C) = Mob, the group of Mébius transformations, and that Mobius transformations preserves circles in CP*
(which are cirlines in C).

(z=b)(c—d)
(z —d)(c—b)

b—0,c—1,d— oo,a— (ab: cd).

Consider the Mobius transformation z . Under such map, we have

If (ab : cd) is real, then (ab : cd),0, 1,00 € CP' lies on the same circle in CP'. It follows that a, b, ¢, d € C lies on the same
cirline in C. Conversely, if a, b, ¢, d lies on a cirline in C, then (ab : ¢d), 0,1, 00 € CP" lies on the same circle in CP'. In
particular, (ab : ¢d), 0, 1 lies on the same line in C. It follows that (ab : ¢d) € R. O

Question 6

We say g, z1 and xo, z3 are harmonically separated if (zgx; : zox3) = —1, where the x; are distinct points in a projective
line FP!. Let a, b, ¢, d be four points in general position in the projective plane FP? and let e, f, g be the diagonal points,
i.e.e=acnNbd, f =abNecd, g = adNbe. Let ge meet ab at h. Prove that a, b and h, f are harmonically separated.

Proof. Since a,b,c,d € FP? are in general position, we can apply a projective transformation which maps them to [1: 0: 0], [0 :
1:0],[0:0:1],[1:1: 1], in which the cross-ratio is preserved. Hence without loss of generality we may assume that
a=11:0:0,b=[0:1:0,c=1[0:0:1],d=1[1:1:1]. Thenwehavee =acnNbd=1[1:0:1],f=abNed=1[1:1:0],
g=adNbc=1[0:1:1],andh = genab=[1:—1:0]. It follows that a, b, h, f lie on the same projective line, which is the
projectivization of ((1,0,0), (0,1,0)). We can compute the cross-ratio:

. - (a0h1 — hoal)(bofl — f()bl) . (1 . (—1) — 0)(0 —1- 1) _
b= 1) = Caofy — foan) o —hobr) ~ (L 1-0)0—1-1) '

Hence ab and & f are harmonically separated. O

Question 7

(i) Let 7 € PGL(2,C), other than the identity. Show that 7 fixes either one or two points. Show that this need not be
true over other fields.

(ii) If 7 fixes two points, show that there is an inhomogeneous coordinate z on CP! with respect to which
T(2) = Az, A#0,1
Is the same true over other fields?

(iii) Let Ay, Ao, A3 be three distinct points in CP* and let n > 3 be an integer. Show that there is 7 € PGL(2, C) such that
7(A1) = Ay, 7(A3) = Az and 7 has order n.

Proof. Throughout this question, we do not distinguish between CP* and C... We identify C as an open subset of CP' via the
embedding z +— [1 : z]. Then co = [0 : 1].

(i) The projective transformations in PGL(2, C) is uniquely determined by its action on three distinct points. Hence
if € PGL(2,C) fixes three or more points, then it must be the identity map. So it suffices to show that r fixes at
least one point in CP*.

az+b

We know that 7 is given by a Mobius transformation. Suppose that 7(z) = d
cz

(ad — be # 0). We consider the
equation with respect to z € CP':



b
Z:az+ — c2—(a—d)z—-b=0
cz+d
If ¢ # 0, by Fundamental Theorem of Algebra the equation has a finite solution, which corresponds to a fixed point
of TinC.Ifc=0,thend # 0and 7(z) = gz + 2 always fixes z = oo.

We conclude that 7 fixed either one of two points.

The statement does not hold for general fields. For instance, consider PGL(2,F5). In Question 4.(i) we have shown
that it is isomorphic to S3. There is a projective transformation L; + Lo, Lo — L3, L3 — L that has no fixed
points.

(ii) Suppose that 7 fixes z; = [a; : b1] and z3 = [az : bo]. Consider ¢ € PGL(2, C) induced by the matrix

al as

b1 by
We have 0(0) = 2; and 0(c0) = 23. Then o™ o 700 € PGL(2,C) fixes 0 and co. Suppose that o= o 70 0(2) =
az+b

cz+d
because 7 # ide. = 0~ ' o7 0 0(2) # idc_. We can write the action of 7 explicitly as follows: for [1 : z] € CP*,

T([a1 + a2z : by + baz]) = [a1 + Aagz : by + Abaz].

Thenb = 0,¢c = 0. Soo loTo0(z) = %z. Moreover, % # 0 because o' o 7 o ¢ is invertible; % £ 1

2mi 4mi 2

(iii) Let p € PGL(2,C) such that p(A4;) = 1, p(A2) = e™», and p(A3) = e» . Let o,(2) = e
7:=p toa,opc PGL(2,C) satisfies the desired properties:

> 2. We claim that

T(A)) = ploouop(Ar) =ptoo,(l) =p! (62?) = As.
T(A2) =p~too,0p(As) =ploa, (egi> =p! (e45i) = As.
" =(ptoa,op)t =ptoogpop=ptoidop=id O

Question 8

Use the strategy outlined in the lectures to prove Pappus’ Theorem: Let A, B, C and A’.B’, C' be similar collinear triples
of distinct points in the projective plane FIP?. Then the three intersection points AB' N A'B, BC' N B'C and CA’ N C' A are
collinear. Proceed by the following steps.

(i) Prove the theorem in the degenerate case when A, B, C’, B’ are not in general position.
(ii) If these 4 points are in general position, explain why without loss of generality we may take them to be
A=][1,0,0], B=]0,1,0], C"=]0,0,1 B =][1,1,1].
Proof. (i) If A, B,C’, B’ are not in general position, we may consider the case that C’ lies in the projective line ABC. The
other cases are similar.
If C" € ABC,then BC'NB'C = CA'NnC'A = C. Then C and AB’ N A’ B are of course on the same projective line.
(ii) It follows from general position theorem that there exists a unique projective transformation such that
A+ [1,0,0], B [0,1,0], C'+10,0,1 B ~[1,1,1].
Clearly projective transformations preserve projective lines. So without loss of generality we can take
A=11,0,0, B=10,1,0], ¢’ =][0,0,1] B’ =[1,1,1].

Since C' € AB, C = [a,b,0] for some a,b € F. Since A’ € C'B’, A’ = [¢: ¢ : d] for some ¢,d € F. A direct calculation
shows that:

(x)y =AB'NA'B=|c:d:d] {(yy=BC'NB'C=[0:b—a:-a] (z)=CANC'A=][(a—0b)c:0:—bd]



Then we have (b — a)z — dy + z = 0. Hence AB'N A’B, BC' N B’C and CA’ N C’ A are collinear. O

Question 9

Every line in the real affine plane R? can be written in the form ax + by + ¢ = 0 where a, b are not both zero. Of course,
Aaz + Aby + Ac = 0 is an equation of the same line where A # 0. Hence the space of lines can be identified with

~ R2{(0,0)} xR
M=—""% —

Identify M as a subspace of RP2. What is the topology of M?

Proof. We know that a1z+b,y+c¢; and asz + by + o = 0 represents the same line if and only if there exists A € R\{0} such that
(a1,b1,c1) = Aag, b, c2). Therefore the identification {(z,y) € R? : ax + by + ¢ = 0} > [a : b : ] gives a well-defined
embedding of M into RP?. More specfically, M = RP*\{[0: 0 : 1]}.

To determine the topology of M, we consider RP* as S?/{z ~ —z}, the 2-sphere with antipodal points identified.
Then M = S?\{£(0,0,1)}/{z ~ —x}. We can use the Mercator projection that projects S?\{+(0,0, 1)} onto an open
cylinder S x (—1,1). The equivalence relation (,¢) ~ (—6, —t) induces the quotient topology on S* x (—1,1), which is
homeomorphic to an open Mobius strip. In other words, M is homeomorphic to an open Mobius strip as a subspace of
RP?. O



