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Preliminaries
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0.1 Complex Numbers
( 3\

Definition 0.1. Field of Complex Numbers C

The field of complex numbers C := R[x] [(x?+1) =R(V/=1) is a quadratic extension of the field of real numbers. For
convenience we write /—1 = i. Any complex number can be represented as z = a + bi where a, b € R, or as z = r el where
reRand 0 € R/2nZ. The addition and multiplication are as follows:

(a+bi)+(c+di)=(a+c)+ (b+d)i

(a+ bi)(c+di) = (ac— bd) + (ad + bo)i

Remark. It is natural to identify C as R? with extra multiplication structure. We can define the modulus, distance, and all
associated concepts for metric spaces on the complex plane.

[ Definition 0.2. Norm ]

[ For z = a+ bi € C, we define its norm (modulus) to be |z| := Va? + b2. J

Remark. Itis easy to check that (C,|-|) is a normed vector space.

[ Definition 0.3. Complex Conjugation ]

[ For z = a+ bi € C, we define its complex conjugation to be z = a — bi. J

Remark. |z|? = zZ.
Remark. The complex conjugation is the only non-trivial R-module automorphism in C, as Gal(C|R) = {idc, z}. See Galois
Theory for detailed discussions.

I am not going to repeat the definition of exponential / trigonometric functions or the closed / compact / connected sets on
the complex plane, because they have been thoroughly studied in the preceding courses.
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[ Definition 0.4. Domain. 1

[ We call U < C a domain, if U is open and connected. J

Remark. A path-connected subset U < R” is said to be simply-connected, if its fundamental group is trivial. That is, any
closed path in U is homotopic to a constant path (a singleton) in U. See Section 1.2 for discussion of homotopy.

Theorem 0.5. C is algebraically closed.

Any non-constant polynomial has a root in C.

Remark. This is the famous Fundamental Theorem of Algebra. We can use Extreme Value Theorem (continuous mapping
between metric spaces preserves compactness) and some elementary estimation to proof this. An more elegant proof of this
theorem makes use of Liouville’s Theorem in Chapter 1. See Corollary 1.18.

( )

Definition 0.6. Extended Complex Plane.

We introduce oo into the complex plane: Co, := C U {oo}. The arithmetic of co is as follows:

VzeC:z+00=00+2=00

VzeC\{0}:z-00=00-2=00; 2/0=00; z/co=0.

This is an example of one-point compactification of the complex plane. See Section 4.1 for detailed discussion of the

extended plane.

0.2 Complex Differentiation

( )

Definition 0.7. Complex Differentiability, Holomorphicity

f(2) = f(zo)

Suppose U < C is a domain. f:U — C is (complex) differentiable at zy € U, if lim ————— exists. We denote the

zZ—2) z— ZO
derivative f'(zg) = Zlmzl M.
—20 zZ—2

If f is differentiable at every z € U, then we say that f is holomorphicin U.

| J/

Remark. We will present a necessary condition for complex differentiability, namely the Cauchy-Riemann Equations.

Theorem 0.8. Cauchy-Riemann Equations.

Suppose U € C is a domain. Let f: U — C be a complex-valued function. We can treat it as a mapping from R? to R?,
f:(x, ) — (u,v). If f is complex differentiable, then u and v are real differentiable, and the partial derivatives satisfy:

ou 0v Ou  0dv
ox 4y 90y  ox
Proof. The standard basis of C as a vector space over R is {1,i}. The Jacobian matrix of f with respect to this basis is:

Oul/dx Ouldy
0v/dx Ovldy

But with respect to the standard basis, multiplying a complex number w = r + si is equivalent to left multiplying a

matrix:
r -s
s r
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0 ov 0 0
Hence we must have a_ —U, a__ % by the complex differentiability. O
0x 0y 0y 0x

Corollary 0.9
of _1of

The Cauchy-Riemann Equations is also equivalent to —— = - —.
0x ioady
Corollary 0.10

If f: U — Cis complex differentiable, then the derivative is given by:

fl(2) = %(Z) +i@(z) = —ia_u(z) + @(z)
~ ox O0x B 0y ay

Remark. We know from introductory analysis that a mapping f : U — R? is (real) differentiable given that the partial deriva-
tives are continuously differentiable. Next proposition provides a sufficient condition for complex differentiability similar to
this.

Proposition 0.11

Suppose U € C is a domain. Let f: U — C be a complex-valued function. Write f: (x,y) — (u, v). If u, v are continuously
differentiable on U and satisfy the Cauchy-Riemann Equations, then f is holomorphicin U.

Proof. Trivial. O

Remark. Actually we only require the continuity of either of the partial derivatives.

( )
Definition 0.12. Laplacian, Harmonic Functions.

0 o
The differential operator V2 := Fre) + 6_y2 acting on twice differentiable functions in R? is called the Laplacian. f: U — R
is called a harmonic function if f € ker V2.

\ N J/

( N\
Definition 0.13. Wirtinger Derivatives.

The Wirtinger derivatives are defined to be:

2. 122) 2
0x Oy

Oz:_z

Remark. If we factorise the Laplacian, we will obtain:

5 02 02 (6 ,6)(0 .0) 0 0 0 0
=t — =i || — i |4 = =4 ——
oxz  ay*? \ox adylJ\ox dy 0z90z 0z0z

Proposition 0.14

Suppose U € C is a domain. Let f = u+ vi: U — C be holomorphic on U. Then:

of ou
!

— =0, = ——=2—
0z 0. f 0z 0z

Sketch of Proof. It directly follows from the Cauchy-Riemann Equations and the definition of Wirtinger derivatives. O
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Proposition 0.15

Suppose U € C is a domain. Let f = u+ vi: U — C be holomorphic on U. If u, v are twice continuously differentiable on
U, then they are harmonic on U.

Proof.

a9
2., _ 2 — 2 — —_— =
V2u=V?[Ref) =Re(V f)—Re(4azaZf 0

~——

2. w2 — 2 — N =
V2y = V3 (Imf) = Im(V f)_Im(40z62f) 0

Hence u, v are harmonic. O

Proposition 0.16

Suppose U € C is a domain. Suppose that g: U — R is a twice continuously differerntiable function and dg/dz is holo-
morphic. Then g is harmonic on U.

0 00

Sketch of Proof. % is holomorphic = — % o= V2 g =0= gisharmonic. O
0z 0z 0z

( Definition 0.17. Harmonic Conjugate. 1

Suppose U € C is a domain. Let u : U — R be harmonic. Then v : U — R is said to be a harmonic conjugate of u, if
f =u+viis holomorphic on U.

0.3 Branch Cuts

Definition 0.18. Multifunctions, Branches.

A multi-valued function or a multifunction on U < C is a mapping f : U — 22(C). That is, every point of U is assigned to
multiple points in C.

A branch of f on V € U is a function g : V — C such that g(z) € f(z) for z € V. We will be interested in the holomorphic
branches of a multifunction.

Remark. In order to distinguish multifunctions and their branches, we use [f(x)] to emphasize that the image of x is a set
instead of a number. This notation is not generally accepted.

Remark. We will see that the complex analogues of some real functions, such as power and logarithm, are in nature multi-
functions. The many-valuedness often arises from the argument function.

Example 0.19. Argument.

The argument is a multifunction arg: C\ {0} — 22(R) such that for z€ C,
larg(2)] := {0 € R: z = |z| !}

We know that [arg(z)] is in the form of {0 + 27k : k € Z}.

We can restrict the image to a 27 segment on R to eliminate the many-valuedness. For example, the choice (-, 7] gives
a single-valued function, namely the principal argument:

Arg(z) € [arg(2)] N (=, 7]

However, Arg: C\ {0} — (-, 7] is not continuous on C \ {0}. It has a jump discontinuity across the negative real axis. In
fact, we can never impose a restriction on the image which make the argument into a continuous function.
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Proof. Suppose that 8 : C\ {0} — R is such a continuous function. Define k: R — R by:

_ L —ir
k(0= (6 +0™)

Then k is continuous on R. Moreover, there exists m, n: R — Z such that

k(t) = %((t+ 2m()n) + (=t +2n(H)m)) = m(t) + n(r)

We can see that k is continuous and takes integer values. Hence k is constant on R. But for ¢ =, 0(e™) = 6(e~'"). Hence

2(m+2m(m)m) _

k(m) = 2m@m) +1

is odd. On the other hand, for t =0,

k(0) =

2(0+2m(0)m) —2m(0)
27

is even. Contradiction. O

Example 0.20. Logarithm.

We know that the exponential function exp : R — (0, +o0) is differentiable and bijective. So we can define its inverse
function, namely the logarithm, on (0, +00), which is also bijective and differentiable. However, the exponential function
on the complex plane is not injective, so its "inverse" would be a multifunction.

We define the complex logarithm for z # 0:
logzl:=exp ({z) = {weC:z=e"}

If we write z = |z|el? and w = a + bi, then

e’ =z = e%e’ =zl = a=In|z|, beh+2nZ

That is,
[logz] ={ln|z|+i0: 0 € arg(z)} =In|z| +i-arg(z)

The imaginary part of the complex logarithm is exactly the argument. So by Example 0.19, there is no continuous branch
of the complex logarithm.

When we pick the principal argument, the corresponding single-valued logarithm is called principal logarithm:
Logz:=1In|z| +iArg(z)

The principal logarithm is holomorphic on C\R~, with (Logz)’ = 1/z. The question that on which domain does the
complex logarithm have a holomorphic branch is fully addressed in Corollary 1.39.

Example 0.21. Power Functions.

Similar to real functions, the complex power function is defined in terms of logarithm:
(2] := [e¥1°8%] for z € C\ {0}

Therefore power functions are also multifunctions. Especially, the rule [2%2zP] = [2%%F] still holds, whereas [(z122)%] =
[z{ z3'] does not hold generally.

For fractional powers, [z!/"] (n € Z*), the image generally contains n points and can be described by the n-th roots of
unity. Let w,, := e?™/", Then [1'"] = {1, 0y, w2, ..., 071}

1/ iArg(z)/ 2 -1
= [z!/"] = ¥/|z| €83 "{Lwp oy, .08}

Remark. Given a multifunction f, suppose the many-valuedness arises because the definition of f depends explicitly or
implicitly on the argument of one or more points a. Such points are usually excluded from the domain of definition. But from
the reasoning in Example 0.19, we can never choose a continuous branch of f in the neighbourhood of a. Such points are
called branch points. The formal definition is presented below.
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Definition 0.22. Branch Points, Branch Cuts.

Suppose f : U — 2(C) is a multifunction defined on open set U < C. zj € U is said to be a branch point of f, if for r > 0,
there is no continuous branch of f defined on B(zy, r) \ {zo}.

It is also useful to work in the extended complex plane. If U is unbounded, we define f(1/z) = f(z). We say oo is a branch
point of f, if 0 is a branch point of f. Equivalently, co is a branch point of f if only if for > 0, there is no continuous
branch of f defined on U n (C\ B(0, r)).

A branch cut of f is a curve in C on whose complement we can choose a continuous branch of f. A branch cut must
contain all branch points.

Remark. The argument function and complex logarithm both have branch points at 0 and co. When we pick the principal
argument, we are in fact performing a branch cut at the negative real axis R~ = (—o0,0]. Generally we may only consider cuts
that are between branch points (or infinity).

Example 0.23

Consider the multifunction [(z? — 1)1/2]. We observe that 1 and —1 are two branch points. If we shift to the polar coordi-
nates and write:

0

z=1+reY =-1+se"?

Then [(z% —1)1/?] = [VTs el@+p)/2) If f(z) = F(r,s,0, ) is a holomorphic branch of [(z2 - 1)V?], then F(r, s,0,¢) should
be uniquely determined by z. More explicitly, we require that ei*%#)/2 stays unchanged after f(z) goes along a closed
path y in the cut plane. The branch cut is chosen to restrict the movement on the plane such that all inadmissible closed
paths are outlawed.

The idea of winding number introduced in Section 1.4 can help determine the admissibility of closed paths. In this case,
suppose (1) = 1+ r(1) €% continuously parametrises the closed path. Then the value of # remains unchanged if 1 is in
the exterior of y, and the value increases by an integer multiple of 27 if 1 is in the interior of y. This is similar for —1. If
we want e®*%)/2 e unchanged, then the closed paths that go around either (but not both) of the branch points should
be outlawed. We conclude that a holomorphic branch of [(z? — 1)!/?] exists if we perform the branch cut at [-1,1].

In this cut plane, there are two holomorphic branches:

fi(2) = 122 —1|M2el 0972 g e [arg(z—1)] N (—7, 7], @ € [arg(z + 1)1 N [0,27)

Im

) cut

Figure 1: Branch cut along [-1,1].

Example 0.24

Consider the multifunction [log(z> — 1)]. The branch points are +1 and co. The polar form:
llog(z®> — 1] = [In(rs) +i(@ +¢)] forz=1+rel = —1+sel®

In this case, any closed path that encloses either or both of +1 is outlawed. We can achieve this by performing a branch
cut at (—oo,—1] U [1, +00). Holomorphic branches are given, for k € Z, by:

fx(2) =In(rs) +i(@ + @ +2km), 0 € [arg(z—1)]N[0,27), ¢ € [arg(z+ 1)] N (-7, 7]
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0.4 Paths and Integration

0.4.1 Paths.

Recall that a path in R” is described by a continuous parametrisation y : [a, b] — R". We adopt this concept in C. We say that a
pathy:[a,b] — Cis:

1. closed, if y(a) = y(b);

2. simple, if Vx,y € (a,b): y(x) #y(y);

3. C! or smooth, if y is continuously differentiable on (a, b);

4. piecewise smooth, if there exists a partition of [a, b]: a = xp < X} < ... < X, = b such that Yl[xi—l,xi] isCL. A piecewise-

smooth simple closed curve is also called a contour.

Sometimes we denote the image of the path y* :=y([a, b]).

Remark. A smooth path does not necessarily have a well-defined tangent at every point, especially where y/(£) = 0. Some texts
insist that a smooth path must have non-vanishing derivative everywhere. We shall not adopt this convention.

( )
Definition 0.25. Length, Rectifiability.

Suppose v : [a, b] — C is a path. Given a partition of [a, b], Z:a=t) < t; <... < t, = b, we define:
n
A 2) =) |y (t) =y (i)
i=1

We say that y is rectifiable, or is of bounded variation, if supg A(y;2?) exists, where the supremum is taken over all
partitions & of [a, b]. We denote L(y) := supg A(y; %) the length of the path y.

. J/

Proposition 0.26

Suppose y : [a, b] — C is a smooth path, then it is rectifiable and its length is given by:
b
uw=flﬂ
a

Proof. Please refer to the real analysis for the proof. O

Theorem 0.27. Jordan Curve Theorem.

Suppose that y : [0,1] — C is a simple closed path. Then C\ y* has two connected components, one bounded and one
unbounded. Each of the components has y* as its boundary.

A simple closed curve on the plane is also called a Jordan curve.

Proof. See Section 1.A for a complete proof. O

Remark. Without Jordan Curve Theorem we can still define the interior and exterior of a piecewise-smooth closed path. But
we do not know whether the interior is non-empty, nor do we know the connectivity of it. See Section 1.4 for detail.

( \
Definition 0.28. Oriented Curves.

Let y; : [a,b] — C and Y3 : [c,d] — C be two paths. We define y; ~ y», if there exists a diffeomorphism (continuously
differentiable bijection with continuously differentiable inverse) ¢ : [a, b] — [c¢,d] such that V ¢ € [a,b] : ¢'(¢) > 0 and
Yi=7Y2009.

It is easy to check that this defines an equivalence relation. We denote the equivalence class of y to be [y] and call it an
oriented curve.
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Remark. The condition that ¢'(#) > 0 ensures that the curve is traversed in the same direction for every parametrisation.

( Definition 0.29. Circles. W

For a circle centered at a with radius r, the parametrisation y(f) = a + re?™ is said to be positively oriented and is

denoted y(a, r). We denote by y* (a, r) the upper semicircle of y(a, r) and y~ (a, r) the lower semicircle of y(a, r). On the

other hand, the parametrisation y(f) = a+ r e 2"’ is said to be negatively oriented.

0.4.2 Integration.

Next we define integration on the complex place and investigate the line integral along paths.

( )
Definition 0.30. Integrability of Complex-Valued Functions.

Complex-valued function f = u+vi: [a, b] — Cis Riemann (resp. Lebesgue) integrable if and only if # and v are Riemann
(resp. Lebesgue) integrable. Moreover we define:
b b b
f f:= f u+i f v
a a a

Proposition 0.31. Triangular Inequality.
b b
o<1
a a
o,

b . .
Proof. Supposef f=z=|z| e'? where 6 = Arg(z). Decompose f with respect to the orthonormal basis {e'?,ie?}:
a

Suppose f:[a, b] — C, then

) = u)e? +iv(r) e

fabfzeig(fabuﬂf:v)zlzleig

fabvzo,fabuzlzlzfabf Lbf:fahusf:\/m:jjlfl O

Remark. We shall give a definition of line integral, which is a special case of the Riemann-Stieltjes integral.

where u, v: [a, b] — R. Integrate:

Then we have

—

( )
Definition 0.32. (Riemann-Stieltjes) Line Integral.

Suppose U < C. f:U — Cis a complex function and y : [a, b] — U is a path. Given a partition of [a,b], P:a =1ty < t; <
... < ty = b, we consider the following Riemann-Stieltjes sum:

2(f,136,2) =) foy@d (v(t) —y(ti-1)
i=1

where & := (&4,...,¢p) and &; € [t;_1, t;] foreach i =1,...,n.

If for all € > 0 there exists § > 0 such that for all partitions &2 with max|#; — t;_1| < § and all intermediate points &, we
1<i<n

have |Z(f,7;¢,27) — Al < ¢, then we say that the line integral of f along y exists. The limit A € C is the value of the line
integral of f along y. We denote:

[r@ae=| r=a=_tim sy
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Proposition 0.33

If f: U — Cis continuous and y : [a, b] — U is rectifiable, then the line integral f f exists.
Y

Proof. Please refer to the real analysis for the proof. O

Remark. The definition of line integral is purely conceptual and we shall never use it in these notes. We are only interested in
smooth or piecewise smooth paths. In such case the line integral can be computed as follows:

Proposition 0.34

Suppose y: [a, b] — C is a smooth path and f: C — C is integrable. Then we have:
b
ff:=f (for)-y'
Y a

Remark. If y is only piecewise smooth, we can find a partition a = xy < x; < ... < X, = b such that each ﬂ(x-,l x,) is smooth.
Then the line integral is given by

fyft=i ) (for)-y

i=1Y%i-1

Proposition 0.35

Ify:[a,b] — Cand ¥ : [c,d] — C are two piecewise smooth equivalent paths, then for continuous function f:C — C, we

have f f= f f. Thatis, the line integral only depends on the oriented curve [y].
Y ¥

Proof. Suppose ¢ is a diffeomorphism such that y = ¥ o ¢. Then:

b
ff=f (fon)-y'
Y a
b
= [Cirerem- oy
a
b
= [Cirerem- oo
a

d
= [ (fop)-¥ (change of variable)
C

:f?f 0

Proposition 0.36. Properties of Line Integral.

Suppose f, g : C — C are continuous functions. y,7: [a, b] — C are piecewise smooth paths. Then:
(i) Linearity.V a,feC: f(af+ﬁg)=aff+ﬁfg
Y Y Y

(ii) Opposite Path. The opposite path of y is defined by y™ : [a, b] — C, Y~ (t) = y(a+ b — t). Then we have:

Jor=ls

(iii) Additivity. Suppose y(b) = n(a). We define the concatenation of y and n to be: y xn:[a, b] — C,

y@2t—a), tela,(a+b)/2]

* 1) =
v {n(Zt—b), te(a+b)/2,b]
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We have:

(iv) Estimation Lemma.
<sup|f(2)-L(y)

zey*

|1

Proof. (i) follows from the linearity of Riemann integral.

where L(y) is the length of y.

b
(ﬁ):f f:f Foyr () (Hdt
'y_ a
b
:f —foyla+b-1t)-y'(a+b-1)dt
a

a b
:fb foy(t)-y'(t)dtz—f foy@® -y (ndr

[

b
(iii):f f=f Folyxm(@®)-(yxm)'(1)dt
Y*n a
ab b
=f foy(2t—a)-2y'(2t—a)dt+f bfon(Zt—b)-zn’(zt—b)dt
a “7

b b
:f foy(t)-y’(t)dt+f fon(®)-n'(ndt
a a

“frefs

(iv) Since [a, b] is compact and vy is continuous, y* is compact. f is continuous so that |f|(y*) is also compact. Hence
sup | f (z)| exists. We have:

zey*
ﬁf

b b
= ‘f (fop)-y' <[ [(for)-7| (by Proposition 0.31)
a a

b b
=f |(Fon]-|y'| < sup |f°Y(t)|'f |Y'| = sup|f(2)]-L(y) O
a tela,b] a zey*

Corollary 0.37

If a sequence of continuous functions { f;;} converge uniformly to f on y*, then we have:
tim [ fu=

Proof. By uniform convergence, we have sup(f;,(z) — f(z)) — 0. By the Estimation Lemma, we have:

zey*
L%—ﬂ

-] 1]=

as n — oo. Then the result follows. O

< sup(fu(2) - f(2)-L(y)—0
zey*

[ Definition 0.38. Primitive. W

Suppose U < Cis a domain. f:U — Cis a complex function. If there exists a holomorphic function F : U — C such that
F' = f, then we say that F is a primitive of f.

Remark. The existence of primitive on C is analogous to the existence of scalar potential on R?.
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Theorem 0.39. Fundamental Theorem of Line Integral.

Suppose U < Cisadomain. f: U — Cis continuous and F : U — C is a primitive of f. y: [a, b] — U is a piecewise smooth
path. Then we have:
ff =Foy(b)—Foy(a)
Y

Proof. Suppose there exists a partition a = xp < x] <... < X, = b such that each y|( XL is smooth. Then:

n Xi n Xi n Xi
ff:Zf (foy)-y’:Zf (F’oy).y’:Zf (Foy)' by chain rule.
Y i=1Y%i-1 i=1Y%i-1 i=1Y%i-1
By the second Fundamental Theorem of Calculus, we have:

ff: Y (Foy(x;)) = Foy(xi-1)) = Foy(b)— Foy(a) O
Y =l

Corollary 0.40

Suppose U ¢ Cis a domain. f: U — C is integrable and has a primitive. y : [a, b] — U is a piecewise smooth closed path.

Then we have ¢ f=0
Y

Example 0.41

f(2) =1/z does not have a primitive on C\ {0}.

Proof. Let the unit circle be parametrised asy:[0,1] = C, t— €™ Then
1 . d . 1
f f= f e 2l (g2 dr = f 27idt =271 #0
y 0 dr 0

Hence 1/z cannot have a primitive.

Corollary 0.42
Suppose U c C is path-connected. f : U — C is holomorphic and satisfies f' =0 on U. Then f is constant on U.

Theorem 0.43

Suppose U < C is a domain. f: U — C is a continuous function. The following statements are equivalent:
(@) f has aprimitive on U;

(ii) f f =0 along any piecewise smooth closed path y : [a, b] — C.
Y

(iii) The value of f f =0 only depends on the endpoints of y.
Y

Proof. ()= (ii): This is just Corollary 0.40.
(ii)=(iii): Suppose y,n: [a, b] — are piecewise smooth paths such that y(a) = n(a) and y(b) =n(b). Then y *xn~ is a
closed path. Moreover by (ii) we have:
[r-[r=¢ r=0
Y 7 Y7

Hence fY f= fn f- The value of the integral only depends on the endpoints of the path.

(iii)=>(i): Fix zp € U. Let y : [a, b] — C be a piecewise smooth path such that y(a) = zp and y(b) = z. Define F(z) := fy f-
We shall show that F' = f.
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Fixze U.3e>0 (B(z,€) < U). For w € B(z,¢), consider a line segment y starting from z to w given by s: [0,1] — U such
that s(#) = z+ t(w — z). For a path y; from zj to z, ¥, := ¥ * s is a path from z, to w. We have:

F(w)—F(z):fyzf—ﬁlfzfsf

1
=f flz+t(w—-2))-(w-2z)dt
0

_ 1
—|[*2=ED - pia)| = | [ sk - 2par- @

w-z
s[ollf(z+ t(w—2)) - f(z)ldt
< sup |f(z+t(w—2) - f(2)| =0
te[0,1]
as w — z, by the continuity of f. Hence by definition F’' = f. F is a primitive of f. O

0.A Appendix: Background in Metric and Topological Spaces

Definition 0.44. Metric Spaces.

Suppose that X is asetand d : X x X — R is a map satisfying
1. Symmetry: Vx,yeX: d(x,y)=d(yx);
2. Positivity:  Vx,yeX: d(x,y)=20;, dx,))=0 << x=y;
3. Triangular Inequality: Vx,y,ze X: d(x,y)<d(x,2)+d(y,2).

(X, d) is called a metric space.

Definition 0.45. Open Balls, Closed Balls.

Suppose that (X, d) is a metric space. We define
B(xg,r):={xe X: d(x,xo) <1}, B(xo,r):={x€X: d(x,x) <r}

which are the open ball and the closed ball centered at xy with radius r, respectively.

Definition 0.46. Interior Points, Open Sets, Neighbourhoods.

Suppose that (X, d) is a metric space and U < X. We say that x € U is an interior point of U, if:
Ir>0: Bx,rcU
The set of interior points of U is denoted by U. U is called an open subset of X, if U = U.

For x € X, an open set U < X such that x € U is called a(n open) neighbourhood of x.

Proposition 0.47. Properties of Open Sets
Suppose that (X, d) is a metric space.
1. @ and X are open sets in X;
2. If Uy, U, < X are open, then so is U; U Uy;
3. If {Uj}ie; € P(X) is a collection of open subsets of X, then ﬂ U; isopenin X.

iel
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Definition 0.48. Limit Points, Isolated Points, Closed Sets.

Suppose that (X, d) is a metric space and U < X. We say that x € X is a limit point of U, if
Vr>0: B, rnNnU\{xl#9
The set of limit points of U is denoted by U’. U is called a closed subset of X, if U’ < U.

If x € U is not a limit point of U, then it is called an isolated point of U.

Proposition 0.49. Closed Sets are the Complement of Open Sets.

Suppose that (X, d) is a metric space and U < X. U is open in X if and only if X \ U is closed in X.

Proposition 0.50. Open/Closed Balls are Open/Closed Sets

Suppose that (X, d) is a metric space. For x € X and r > 0, B(x, r) is open in X and B(x, 1) is closed in X.

Definition 0.51. Topology.

Suppose that X is a setand 5 < 2 (X) is a collection of subsets of X satisfying
1. 9,XeT;
2. Ul,Uzey - U1UU2€g;

3. {UliercT = [ UieT.
iel

Then (X, 9) is called a topological space. I is called a topology on X. The elements of 7 are called open sets in X.

Proposition 0.52. Metric Spaces induce Topology.

Suppose that (X, d) is a metric space. Then the open sets in X form a topology on X.

Definition 0.53. Closure.

Suppose that (X,J) is a topological space and U < X. The closure of X is the intersection of all closed sets in X that
contain U:
X= N V

V closed,
ucveX

Proposition 0.54. Closure are Closed Sets.

Suppose that (X, J) is a topological space and U < X. Then U is closed. In particular, U = U if and only if U is closed.

Definition 0.55. Denseness, Separability.

Suppose that (X, J) is a topological space and U < X. U is called a dense subset of X if U = X. X is said to be separable,
if it has a countable dense subset.

Definition 0.56. Boundary.

Suppose that (X, d) is a metric space and U € X. The boundary of U is defined by 0U := U\ U.
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Definition 0.57. Subspace Topology.

Suppose that (X, ) is a topological space. For Y € X, we define 8 :={Y NnU: U€ J}. Then &§ is a topology on Y, called
the subspace topology.

Definition 0.58. Convergence in Topological Spaces

Suppose that (X, ) is a topological space and {a;};en is a sequence in X. We say that {a;} converges to q, if for any open
neighbourhood U of g, there exists N € N such that {a;}32 \, isin U.

Definition 0.59. Continuity.

Suppose that (X, dx) and (Y, dy) are metric spaces. f : X — Y is a map. The following statements are equivalent:
1. Vxpe X Ve>030>0 Vxe X: dx(x,x)<d = dy(f(x), f(x)) <¢&;
2. YUCY: UisopeninY = f~!(U)isopenin X.

Any map satisfying the properties are called continuous functions from X to Y.

Remark. If (X,5) and (Y, &) are only topological spaces, then we take the second statement as the definition of a continuous
function f: X - Y.

( )
Definition 0.60. Uniform Continuity.

Suppose that (X, dx) and (Y, dy) are metric spaces. f: X — Y is said to be uniform continuous, if

Ve>036>0Vx,yeX: dx(x,y)<déd = dy(fx),f(y) <e

Definition 0.61. Homeomorphisms.

Suppose that (X,J) and (Y, S) are topological spaces. f: X — Y is called a homeomorphism, if f is continuous and
bijective, with a continuous inverse f~!: ¥ — X. X and Y are said to be homeomorphic if there exists a homeomorphism
f:X—-Y.

Theorem 0.62. Invariance of Domain.

Suppose that U < R” is open. If f: U — R”" is continuous and injective, then f(U) is open, and f: U — f(U) is a
homeomorphism.

Remark. A similar theorem holds for holomorphic functions on C. See Open Mapping Theorem 2.8 and Inverse Function
Theorem 2.9.

( Definition 0.63. Completeness. 1

l Suppose that (X, d) is a metric space. It is said to be complete if every Cauchy sequence in X converges. J

Remark. C and R” are complete metric spaces.
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Theorem 0.64. Cantor’s Intersection Theorem.

Suppose that (X, d) is a complete metric space. {U;};cn is a descending chain of non-empty closed sets in X. Then [ U;
ieN

is non-empty.

Theorem 0.65. Contraction Mapping Theorem.
Suppose that (X, d) is a non-empty complete metric space. Let f: X — X be a map such that
dKe[0,1) Vx,yeX: d(f(x),f(y)<Kd(x,y)

f is called a contraction mapping. There exists a unique xp € X such that f(xg) = xo.

Definition 0.66. Compactness.

Suppose that (X, ) is a topological space. X is said to be compact if for any open cover {U;} ;¢ (a collection of open sets
that covers X), there exists a finite subcover {U;,, ..., U;, }.

-

Definition 0.67. Sequential Compactness.

Suppose that (X, J) is a topological space. X is said to be sequentially compact if any sequence in X has a convergent
subsequence.

Definition 0.68. Boundedness, Total Boundedness.

Suppose that (X, d) is a metric space. X is said to be bounded if {d(x, y) : x,y € X} is bounded. X is said to be totally
bounded if

n
Ve>0 3xy,.,x,€X: X=|JB(x;,€)

i=1

Theorem 0.69

Suppose that (X, d) is a metric space. The following statements are equivalent:
1. X is compact;
2. X issequentially compact;

3. X is complete and totally bounded.

Theorem 0.70. Heine-Borel Theorem.

Suppose that X < R” is equipped with the Euclidean metric. Then X is compact if and only if X is closed and bounded.

Theorem 0.71. Continuity Functions preserve Compactness.

Suppose that (X,7) and (Y, &) are topological spaces. Let f : X — Y be a continuous function. If X is compact, then
f(X) is compact.

Theorem 0.72. Heine-Cantor Theorem.

Suppose that (X, dx) and (Y, dy) are metric spaces. Let f : X — Y be a continuous function. If X is compact, then f is
uniformly continuous.
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Definition 0.73. Equicontinuity.

Suppose that (X, d) is a metric space and & is a collection of functions from X to R. & is said to be equicontinuous on
X, if

Ve>036>0VfeF Vi, x2€X: dx,x)<d = |[f(x)—flx)l<e

Definition 0.74. Uniform Boundedness.

Suppose that (X, d) is a metric space and & is a collection of functions from X to R. & is said to be uniformly bounded
on X, if there exists M € R such that | f(x)| < M forall x€ X and f € &.

Theorem 0.75. Arzela-Ascoli Theorem.

Suppose that (X, d) is a compact metric space and & is a collection of continuous functions from X to R which is
equicontinuous and uniformly bounded. Then any sequence {f;};en in & contains a subsequence {f;, }ren that con-
verges uniformly on X.

Remark. The theorem can be generalized to complex-valued functions without difficulty.

( )
Definition 0.76. Connectivity.

Suppose that (X, ) is a topological space. X is said to be disconnected if there exists non-empty open subsets A,B < X
suchthat AuB=Xand AnB=0.

L X is said to be connected if it is not disconnected.

Proposition 0.77

Suppose that (X, ) is a topological space. The following statements are equivalent:
1. X is connected;
2. Any continuous function f: X — {0, 1} (with the discrete topology) is constant;

3. The only subsets that are both open and closed are & and X.

Proposition 0.78. Connected Subsets of R.

I < Ris connected if and only if I is an interval.

Theorem 0.79. Continuity Functions preserve Connectedness.

Suppose that (X,J) and (Y, S) are topological spaces. Let f : X — Y be a continuous function. If X is connected, then
f(X) is connected.

( Definition 0.80. Path-Connectivity. W

Suppose that (X, 5) is a topological space. X is said to be path-connected, if for any x, y € X, there exists a continuous
pathy:[0,1] — X such that y(0) = x and y(1) = y.
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Theorem 0.81
Suppose that (X, ) is a topological space.
1. If X is path-connected, then it is connected;

2. If X is anormed vector space, then X is path-connected if and only if it is connected.

Theorem 0.82. Continuity Functions preserve Path-Connectedness.

Suppose that (X, 7)) and (Y, &) are topological spaces. Let f : X — Y be a continuous function. If X is path-connected,
then f(X) is path-connected.

Definition 0.83. Connected Components, Path Components.

Suppose that (X, ) is a topological space.
The equivalence relation given by
X~y <= dconnectedsubsetUc X: x,yeU
partitions X. The equivalence classes are called connected components of X.
The equivalence relation given by
X~y <= dcontinuous pathy:[0,1]1 - X y0)=x, y()=y

partitions X. The equivalence classes are called path components of X.

Proposition 0.84
Suppose that (X, ) is a topological space.
1. The connected components of X are connected;

2. The path components of X are path-connected.

[ Definition 0.85. Local Connectivity, Local Path-Connectivity. ]

Suppose that (X, 5) is a topological space. X is said to be locally connected (resp. locally path-connected), if any point
x € X is contained in a connected (resp. locally path-connected) neighbourhood of x.

Proposition 0.86
Suppose that (X, ) is a topological space.
1. X islocally connected if and only if for any open subset U < X, the connected components of U are open in X;

2. X islocally path-connected if and only if for any open subset U < X, the path components of U are open in X;



Chapter 1

Cauchy’s Integral Theorem

Informally stated, Cauchy’s Theorem says that, if f: U — C is holomorphic on U and y is a simple closed curve contained in

U, then jg f =0 under some conditions. We shall build up this theorem by a sequence of lemmata and propositions. There
Y

are three tracks of proving the theorem. We will develop them respectively in Section 1.1, 1.2 and 1.4. Here is a dendrogram
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1.1 Proof of Cauchy’s Theorem, Basic Track

Theorem 1.1. Cauchy’s Theorem, 1846

Suppose U < C is simply-connected. f: U — C is holomorphic on U and its derivative f’ is continuous on U. ¥ is a
piecewise-smooth simple closed curve contained in U. Then we have:

fre

Remark. This is the original form of Cauchy’s Theorem when it was first proposed. The extra condition that f’ is continuous
on U make it a direct corollary of Green’s Theorem for the plane.

Proof. Consider f as a mapping in R?. f: (x, y) — (&, v). The line integral on the complex plane has a corresponding form:

ff(z) dz =f(u+iv)(dx+idy) =f(udx— vdy) +ij§(vdx+ udy)
Y Y Y Y

ou
ff(a—a)dxdy f(udx+udy)
(-5 - 55 asar=f war-van
Y y= ¢ (udx—vdy

where S is the region enclosed by y (this is well-defined by Jordan Curve Theorem).

0 0 0 0
But from Cauchy-Riemann Equations we know that u_dv and v _u. Hence f f(2)dz =0 as claimed. O
0x Oy 0x oy ¥

Apply Green’s Theorem to f alongy:

Remark. Next we shall loosen the condition on f, of which the holomorphicity on U is sufficient. The result is given by
Goursat in 1900. The following proof is adapted from Pringsheim’s work published a year after Goursat’s.

Lemma 1.2. Cauchy’s Theorem for a triangle.

Suppose U < Cis a domain. f: U — C is holomorphic on U. Let T be a triangular path whose interior is contained in U.
Then we have:
fir=o
T

Figure 1.1: Bisecting a triangle.

Proof. "Divide and Conquer". Suppose that

f f' = M. We are going to prove that M = 0.
T

As shown in Figure 1.1, the image of T is a triangle, which can be divided into four congruent sub-triangles, denoted by
Ty, T», T3, T4. Notice that the integral along the boundary of the inner sub-triangle is cancelled. Hence we have:

R AN S N B
f

or:

fsi;ilfT
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J, !

repeat the process, we will inductively obtain a sequence of triangles T such that:

M
Then 3i € {1,2,3,4} : > - We denote this sub-triangle TW and the original triangle TO . Start from TW and

1. AOc AW ¢ <A™ where A" denotes the region enclosed by T;
2. diam(A™) = 27 "diam(A®);
3. L(TM)=27"L(T);

ﬁ*(ﬂ) f

(e 9)
By Cantor Intersection Theorem, the first and the second properties imply that there exists a unique point zg € ") A,

=4""M.

n=0
Since U is simply-connected, zp € U. Hence f is differentiable at zy. For € > 0 there exists 6 > 0 such that for z €
B(z9,6)nU:
f (@)= f(z0) —fle)| <e
Z— 2

Choose 7 € N such that A" € B(zy,8) N U. Then:
1f(2) = f(20) - f'(20) (z— 20)| < £z — 20) < & - diam(A")

Now perform the line integral along T":

f L@ = flz0) - f'(20)(z— 20))dz < £ -diam(A™) - L(T"™)
T n

=4""¢.diam(A?) - L(T?)

But notice that:
fm (f(2) = f(z0) = f'(20) (2 — 29)) dz = fT , f@dz= 47" M

Hence

M<4" A g-diam(A?). L(T?)
T}l

Since ¢ is arbitrary, we conclude that M = 0 as claimed. O

Corollary 1.3. Cauchy’s Theorem for a polygon.

Suppose U < C is a domain. f:U — C is holomorphic on U. Let P be a piecewise linear closed path whose interior is

jP

Proof. First we can prove that every simple polygon admits a triangulation by induction on the number of vertices, as shown
in Figure 1.2. If P* is not simple (i.e. it intersects itself), it can be expressed as a finite union of simple polygons, the
union of interior of which is the interior of P*.

After triangulation, the integral of f along the paths in the interior of P* will be cancelled. What is left is the integral
along P. Hencef f=2jg f=o. O
P T

Figure 1.2: Triangulation of a polygon.
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Remark. We use the interior of a (not necessarily simple) polygon without defining this concept properly. One way is to invoke
the Jordan’s Curve Theorem for polygons, which is an elementary fact. The other way is using the winding number introduced
in Section 1.4.

Lemma 1.4

Suppose U < C is a domain. f: U — C is continuous on U and y is a piecewise smooth path in U. Then for € > 0 there
exists a polygonal (piecewise linear) path P in U such that:

(i) The vertices of P* are ony*;
Jor- 1
Y P

Proof. We shall make use of the uniform continuity of f. Since U is open and y* is compact, we can find a compact set G such
that y* € G< U. Then f is uniformly continuous on G by the Heine-Cantor Theorem. Hence:

(ii) <Ee

Ve>03An>0 Vz,weG: |z—wl<n=|f(z)-f(w)|<
n n=1f@-f L)

n
Let p := dist(y*,0U) > 0 and § := min{n, p}. Since y* is compact, there is a finite open covering: y* < |_J B(z;,6) where
i=1
z1,..,2n €. Let the endpoints of the path be zy and z,,+1. Now {z, 21, ..., z2+1} partitions the curve y into n + 1 parts.
We connect these points by line segments and denote the corresponding path by P. Since |z;_] — z;| < § < p, the line

segment P; between z;_; and z; is contained in U. For the curve y; and line segment P;, we estimate the difference of

the integral:
f f f f <
i P;

f(@)dz—- f(z;)(z; — zi-1)
Yi

+ fp Fl@)dz— f(z) (2 zin)

(f(2) = f(z:))dz| +
Yi

fp @~ f) de

€
2L() Ly + 2L(y)'|zi_zi—1|

L(Y) L(y;)

Hence we have:

n+l1
<)
i=1

n+1
= O
f, fpf’ llL(y) Ln=e

Remark. Combining Corollary 1.3 and Lemma 1.4 we finally reach the landmark theorem:

Theorem 1.5. Cauchy-Goursat Theorem.

Suppose U < Cis a domain. f: U — C is holomorphic on U. y is a piecewise smooth simple closed curve whose interior
is contained in U. Then we have:
7=
Y

Proof. Fix € > 0. By Lemma 1.4 we can find a closed piecewise linear path P such that

$r

Remark. The Cauchy-Goursat Theorem can be also stated using the concept of primitives: a holomorphic function on a
simply-connected domain has a primitive on the domain.

< g. By Corollary 1.3 we

L)1

< ¢. But ¢ is arbitrary, we can conclude that f f =0as claimed. O

havef f =0, Hence
P

Remark. Again we use the concept of the interior of a simple closed path. In general, Jordan Curve Theorem addresses
this problem (see Section 1.A for a complete proof). However, as we are only interested in piecewise smooth paths, we may
use winding numbers to define the interior of such closed paths. The discussions are in Section 1.4, where another proof of
Cauchy’s Theorem is presented.
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1.2 Homotopy and Cauchy’s Theorem

In this section, we shall develop an alternative way of formulating Cauchy’s Theorem. First we introduce the homotopy of
curves. Informally, we say that two paths are homotopic in a domain, if one can continuously deform to another.

( )
Definition 1.6. Homotopy.

Suppose U < C is a domain and y,7n: [0,1] — U are two paths in U with the same endpoints, i.e. y(0) =1(0) = zp, y(1) =
n(1) = z;. We say that y and i are homotopic, if there exists a continuous function % : [0,1]> — U, (¢, s) — z, such that:

Vte[0,1]: h(0,s) = zg, h(1,8) =z,
Vse[0,1]: h(t,0) =y(1), h(t,1) =n(r)

One should think of £ as a family of paths in U indexed by the second variable s which continuously deform y into 7.

.

Remark. It follows immediately from the definition that homotopy is an equivalence relation. We call the equivalence classes
the homotopic classes.

( )
Definition 1.7. Constant Path, Null Homotopy.

If a path v : [0,1] — U is a constant function, then the image y* is just a point and we call this a constant path, denoted
cq asitsimageisac U.

A closed path y starting and ending at a € U is said to be null homotopic, if it is homotopic to the constant path c,.
\ J/

( )
Definition 1.8. Simple-Connectivity

A domain U c C is simply-connected, if Vz, w € U, any two paths starting at z and ending at w are homotopic.

| J/

Remark. Equivalently, a domain U is simply-connected if all closed paths starting and ending at a given point zy € U are
null-homotopic.

Remark. In the next theorem we shall prove that the line integral only depends on the homotopic class given that the function
is holomorphic.

Theorem 1.9. Deformation Theorem.

Suppose U < C is a domain. y,n:[0,1] — U are piecewise-smooth paths in U which are homotopic. f: U — C is
holomorphic on U. Then we have:
Jor=ly
Y n

Remark. We need some form of Cauchy’s Theorem before we prove Theorem 1.9. For now we forget Corollary 1.3 and Theorem
1.5, which depend on some forms of Jordan Curve Theorem. We shall begin with Lemma 1.2 and generalize it to a broader
class of domains.

( Definition 1.10. Star Domain. 1

A domain U ¢ C is a star domain, if there exists z € U such that for all w € U, the line segment [z, w] is entirely contained
inU.

Remark. Notice the following inclusion relation for concepts:

Convex Domain < Star Domain < Simply-Connected Domain € Domain.
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Figure 1.3: Dissecting the homotopy.

Lemma 1.11. Cauchy’s Theorem for a star domain.

Suppose U < C is a star domain. f: U — C is holomorphic on U. y: [a, b] — U is a piecewise-smooth closed path. Then

we have:
¢ f_ 0
Y

Proof. Tt suffices to prove the existence of the primitive of f on U. Suppose zy € U is th point that satisfies the definition of star
domain. For every z € U, consider the line segment parametrised by y,(f) = zp + (2 — 2p). We claim that F(z) = f
Yz

is a primitive of f(z). To show this, we fix z € U. 3 € > 0 (B(z,&) < U). For w € B(z,¢), consider the line segment
parametrised by 71(#) = z+ t(w — z). Notice that the interior of the triangle T with vertices z, z, w is entirely contained

in U. By Lemma 1.2 we have f f=0.But T is the concatenation y, 1 % y;,. Hence:
T

fnf=fmf— [ r=rw-ro

And we have:
'F(w) —F(z)
w-z

—f(@'='ﬁfnf(()d(—f(z)

1 1
= 'Efo flz+t(w—-2) - (w-2)dt- f(2)

< sup |(f(z+t(w—-2) - f(2))| =0
te[0,1]

as w — z by the continuity of f. Hence F' = f on U. By Corollary 0.40, we have f f =0 for any piecewise-smooth
Y
closed path y in U. O

Proof of Theorem 1.9. Let h:[0,1] x [0,1] — U be a homotopy of y and . Since [0, 11%is compact and h is continuous, & is also
uniformly continuous so that we have cover the image h([0, 11?) with finitely many disks.

Ve>036>0V(ty,s1), (L2, 52) €[0,11%: [[(t1,51) — (f2, 2) | <& = |hlty, 51) — hit, o) < €

Choose N € N such that N > 1/6. Let us dissect [0, 1]% into N? squares. In order to deform y(#) = h(t,0) to n(¢f) = h(t,1),
we connect the image of these vertices by piecewise linear paths. More specifically, for k € {0, 1, ..., N}, let uy be the

N U\N'N

R R R &

It suffices to prove the second equality and the proof for others are similar. Consider two adjacent squares whose
vertices are
(QO) (L,O), (fj,o , (Ql) (L,l), fj,l)
N N N N N N N N N
For the left square, by the compactness condition, its image can be covered by a disc B(h(p;), &) where p; is the center
of the square. Therefore by Lemma 1.11, f has a primitive F; on the disc (disks are star domains). Similarly we cover the

image of the right square with another disc B(h(pj+1),€) and find a primitive F;,; of f. Since the two disks intersect,
Fj and Fj, only differ by a constant. In particular, since o (j/N), u1(j/N) € B(h(p;),€) N B(h(pj+1),€), we have:

k 1 k k
piecewise linear path that connects the points h (0, —) Jh ( ) ool (1, N) We claim that:

Fjopo(j/N) = Fjo 1 (jIN) = Fie1 0 to(j/N) = Fj1 0 1 (j/N) (1.1)
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By the Fundamental Theorem for Line Integral, we have:

/ f=Fj°Mo(
Hol(j-1,j1

f f=F; O,Ul(
Halij-1,51

After we have covered two paths with N disks, we have:

N
,Uof:jziflloj‘-lj]f

5o ) )

1(%%(%) fwo(%l))
> [Fren

j—1
onlts)
;

ZI\ ZI\.

=Fnopo (1) —Fyopug(0)+

=Fyouy (1) —Fyopuy (0)+
= f
H
where the fourth equality follows from Equation 1.1 and that p and p; have the same endpoints. O

Remark. We use this cumbersome piecewise linear approximation because we only know the continuity of %, and the inte-
grability of f along y (1) = h(t, k/N) is not assumed. 1

Corollary 1.12

Suppose U < C is a domain. y is a piecewise-smooth closed path which is null homotopic. f: U — C is holomorphic on
U. Then we have:
fo=0
Y

Theorem 1.13. Cauchy-Goursat Theorem.

Suppose U < C is simply-connected. f: U — C is holomorphic on U. y is a piecewise-smooth closed curve contained in
U. Then we have:
=0
Y

Proof. Tt immediately follows from the previous corollary and the definition of a simply-connected domain. O

1.3 Cauchy’s Integral Formulae

1.3.1 Cauchy’s Integral Formulae.

We are now ready to present some important consequences of Cauchy’s Theorem. All results in this section are based on
Cauchy’s Theorem for star domain (Lemma 1.11). The most general form of the theorem via the winding number will be
postponed after we present Liouville’s theorem and Riemann’s Removable Singularity Theorem.

Lemma 1.14

Let y(a, r) be a positively oriented circle. Then for w € B(a, r) we have:

1
j( dz =2mi
y(u,r) Z—Ww

ISeehttps://math.stackexchange . com/questions/44306 for detail.
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Proof.

(o)

1 1 1 (1—w_a)_1= 1 Z(w—a)"

z-w (z-a)-(w-a) z-a z—a zZ—a,—p\z—a

Since (w — a) < (z— a) for z € y*, the series converges uniformly on the image of the circle. Hence by Corollary 0.37 we
can integrate term by term:

1 & 1 (w-a\»
dz y{ ( ) dz
fy(a,nz—w ngb yar) 2—al‘z—a

o) , 1 q
(w—a) f —dz
nz=b y(a,r) (z— a)n+1

) 1 ) .
= Z(w—a)"f (re?™ =D ogi. r e dt
n=0 0

o] 1 A
=27 ) (w— a)”r_”f e Mt g
0

n=0

[} 1 1
:2ni+2niZ(w—a)”r‘"(f cos(—2nnt)dt+if sin(—Znﬂt)dt)
n=1 0 0
=2mi

The last equality follows from that the integrals fol cos(—-2nmt)dt and fol sin(—2nmnt)dt are obviously 0 for n # 0. O

Theorem 1.15. Cauchy’s Integral Formula for a Circle.

Suppose [ : U — C is holomorphic in a domain U that contains B(a, r). Then for any w € B(a, r), we have:

271 Jyar) 2—w

Proof. Fix w e B(a,r). Define g: U — C by

z—w
f(w) z=w

(@)= { LG KO R

Then g is continuous on U and holomorphic on U\ {w}. U\ {w} is not a star domain. Alternatively, we consider the
closed paths I'y and I', as shown in Figure. Note that I'y is in a star domain which is contained in U \ {w}. By Lemma

1.11 we have f g =0. Similarly, f g=0
F1 1—‘2

The integrals over the linear segments cancel. We have:

R A TS T
I Ty y(a,r) Y(w,e)~

. Butj{ g — 0 as € — 0, by the continuity of g at w. Hence f g=0.
y(w,e)” Y

(a,r)
:>j§ —f(z)—f(w) dz=0
y[a,r) ZzZ—Ww

:f /@ dz = f(w) dz
Y

(a,r) 2— W yla,r) € — W

:>f f(2) dz=27i- f(w) byLemma1.14.
ylar) 2= W

And the result follows.
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I

Figure 1.4: Cauchy’s Integral Formula.

O

Remark. In fact this result holds for any simple closed positively path. The generalisation of Cauchy’s Integral Formula will
be presented after we introduce winding number and make sense about orientation and interior in the next section.

( Definition 1.16. Entire Functions. 1

[ If f: C — Cis holomorphic on the whole C, then we call it an entire function. J

Theorem 1.17. Liouville’s Theorem.

A bounded entire function is constant.

Proof. Suppose f:C — C is entire and bounded by M. For w € C, choose r > |w| and consider the integral:

1 1
fw=—§ L4 jo=L1§ [Py
27 Jy,r) 2— W 27i Jyo,r) 2
Hence
1 1 1
-fO)=|— --1]d
|f(w) - f )] ‘Zniff(a,r)f(z)(z—w z) z
1
= j{ —wf(z) dz‘
27 |Jyo,n 2(z—w)
<r- _wf@
zeaB(0,r) | 2(2— W)
|w|M _ 1
rr—lwh)  rllwl-1
as r — oo. Hence f(w) = f(0) for all w € C. It follows that f is constant. O

Remark. There is a result much stronger than Liouville’s Theorem, namely Picard’s Little Theorem, which states that the
image of a non-constant entire function is either C or C\ {zy} for some point zy € C.

Corollary 1.18. Fundamental Theorem of Algebra.

Any non-constant polynomial has a root in C.
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Proof. Suppose p(z) = ?:0 aj zJ € C[z] has no roots in C. Then f(2) = 1/p(z) is defined on the whole complex plane and is
entire. Without loss of generality we may assume that a,, = 1. Note that

=|z"|

n-1 .
> aj?

j=0

Ip(2)| = 12"+ — 00

n-1 lail
1-y —
j=o lzl"™!

as |z| — oo. Hence f — 0 as |z| — oco. Hence f is bounded. By Liouville’s Theorem, f is constant. Then p(z) is also
constant. O

Remark. The following theorems shows the powerful aspects of complex analysis. Any holomorphic function is in fact in-
finitely differentiable and even analytic. This is much more well-behaved than real functions.

Theorem 1.19. Taylor Expansion.

o0

If f: U — C is holomorphic on domain U < C which contains B(a, r), then the power series Z cn(z—a)" converges
n=0

uniformly to f on B(a,r), where

Cn

M@ 1 f f@

n' 2miJyan (z-a)nt!

Proof. We will use the same technique as in Lemma 1.14. For w € B(a, r), by Cauchy’s Integral Formula,

3{ Mdz=if &i(w—a)ndz

yla,r) Z— W 2niJyar z2—a p\ z—a

00 oo £(n)
:Z(Lf Ldz)(w—a)nzzf (a)(w—a)n

=o\2mi Jyan (z—a)™*! =

1
flw)=—

2mi

Hence the Taylor series of f converges to the function on B(a,r). The absolute and uniform convergence follows im-
mediately. O

Remark. The previous theorem demonstrates that all holomorphic functions are analytic. From now on we shall use these
two words interchangably. However, some physicists like to call complex differentiable functions "analytic" from the very

beginning. From my perspective, this is not appropriate until we prove the Taylor expansion of holomorphic functions.

Remark. We know that any power series is in fact infinitely differentiable. The Taylor expansion of a holomorphic function
not only gives a proof that it is analytic, but also gives the explicit formulae for the derivatives of the function.

Corollary 1.20. Infinite Differentiability of Holomorphic Functions.

If f: U — C is holomorphic on domain U € C, then f is infinitely differentiable on U. Moreover, if U contains B(a, r),
then for any w € B(a, r), we have:
!
£ (w) = ng f(2) dz

Zﬂi }/(a'r) (Z_ lU)’”l

Remark. These integral representations for derivatives are also called Cauchy’s Integral Formulae.

Remark. The next theorem is an immediate corollary of Corollary 1.20 and is a converse to Cauchy’s Theorem.

Corollary 1.21. Morera’s Theorem.

Suppose f: U — C is continuous on a domain U < C. ff = 0 for any closed path in U. Then f is holomorphic on U.
Y

Proof. By Theorem 0.43, f has a primitive F on U. But by Corollary 1.20, the second derivative F” = f’ exists on U. Hence f is
holomorphic on U. O

Remark. In fact the condition for Morera’s Theorem can be weakened as follows. Instead of any closed path, f f =0for any
T

triangle T is sufficient to deduce that f is holomorphic.
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Corollary 1.22. Cauchy’s Inequalities.

If f: U — Cis holomorphic on domain U < C which contains B(a, ), then the modules of the derivatives of f at a are
controlled by:

|f(n)((l)|<i! su [
<s—; sup |[f(2)
'™ zedB(a,r)

Proof.

|f(7l)(a)| —

|
o 5{ f(2) dz‘
277:1 Y(u,r) (Z—a)”+1

f(2)

(Z— a)m—l

n!
< —-27r sup
2n 2€dB(a,r)

n!
< —, sup | f(2)] O
'™ zedB(a,r)

1.3.2 Consequences of Cauchy’s Integral Formulae.

Theorem 1.23. Riemann’s Removable Singularity Theorem.

Suppose U < Cis open and zp € U. f: U \{zp} — C is holomorphic in U\ {zyp} and is bounded near z;. Then f can be
holomorphically extended on the whole U.

Remark. For this reason, z; is called a removable singularity of f. We will discuss the classification of isolated singularities
in detail in Section 2.2.

Proof. We define g: U — C by

- 20)%f(2), zeU\
g(2) {(z 20)2f(2), z€U\{z}
0, zZ=2
Clearly g is holomorphic in U\ {zp}. Since f is bounded near zj, we have

g(z) — g(zp)

zZ—20

=(z-20)f'(2) =0

as z — zp. It follows that g is in fact holomorphic on U. Choose r > 0 such that B(z, r) € U. By Theorem 1.19, g has the
power series expansion in B(zg, r):

g2)=) calz—20)".
n=0

[0}
Since g(zo) = g'(z0) =0, we have ¢y = ¢; = 0. Therefore g(z) = (z— 20)2 Z cn-2(z — z9)". Now we define f(zg) = ¢c;. Then

n=0
we have
o0
fa) =) cnalz—2z0)".
n=0
which implies that f is holomorphic on B(z, r). We conclude that f is holomorphic on U = (U \ {zy}) U B(2, 1). O

Remark. The next theorem suggests that the uniform limit of holomorphic functions is holomorphic. This is a very strong
result which has no analogy in real analysis.

Theorem 1.24. Weierstrass’ Theorem.

Suppose U < C is a domain. f, : U — C is a sequence of holomorphic functions on U. If f;, — f uniformly on any
compact subset of U, then f is holomorphic on U. Moreover, f,(lk) — % uniformly on every compact subset of U for

any ke N.

Proof. Fix zp € U. It suffice to prove that f is holomorphic on a neighbourhood of zj. Let r > 0 such that B(zy, r) € U. For any
piecewise-smooth closed path y : [a, b] — B(zg, 1), since f;, is holomorphic in B(z, r), we have:

£n=o
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Since y* is compact, by the assumption, f;; — f uniformly on y*. Hence:

;gf=,;ggo£fn=o

By Morera’s Theorem, f is holomorphic in B(zp, r). Hence f is holomorphic on U.

To prove the second part, note that by Corollary 1.20 f is infinitely differentiable. Fix compact subset K < U. Since U is
open and K is compact, we can find a open subset G such that K < G < G < U. More explicitly, we define G := U B(z, —)

zeK
where p:= inf |z— w|. By Cauchy’s Inequalities, for z € K we have:
zeK,weoU
P < sup  |fuw)l, fP(2)< sup |f(w)
" (,O/Z)k wedB(z,p/2) " (p /2)’C wedB(z,0/2)
Since G is compact, f,, — f uniformly on G:
Ve>03dNeNVn>N: suplfy(z)—f(z2)l<e
zeG

Hence:

sup| /1910~ a1 < sup|fo(2) =] < < e

zeK (p12)k, (p 12)k°
Therefore we conclude that £{¥ — f® uniformly on every compact K < U. 0

Remark. The property "uniformly convergent on any compact subset" is an important property that we shall exploit in Section
4.6. In the language of Definition 4.52, we say that {f},} is a normal family and it converges normally.

Proposition 1.25. Holomorphic Function defined in terms of Integrals.

Suppose U < C is a domain. F: U x [a, b] — C is a continuous function. Suppose z — F(z,s) is holomorphic on U for
every s € [a, b]. Then the function defined by:

b
f(2) ::f F(z,s)ds
a

is holomorphic on U.

Proof using Fubini’s Theorem. For any triangle T contained in U,

b
ff(z)dz=j{(f F(z,s)ds)dz
T T \Ja

b
= f ( f F(z,s) dz) ds (by Fubini’s Theorem)
a T
b
= f 0ds=0 (since F(z,s) is holomorphic in z)
a

Then by Morera’s Theorem, f is holomorphic on U. O

A more rigorous proof. We shall find a sequence of holomorphic functions f;, that converges uniformly to f, so that by the
previous theorem we can assert that f is holomorphic. To construct f;,, we use partitions of [a, b], which is analgous to the way
we approximate the Riemann integral of continuous functions.

n ;
Without loss of generality we shift [a, b] to [0,1]. Let f,(z):= Z F(z, i). We claim that f},(z) — f(z) uniformly on every
nf n
Jj=1
compact subsets K < U. For compact K, note that F is continuous on compact set K x [0, 1], and hence is uniformly continuous.
Therefore:

Ve>036>0VzeKVs, tel0,1]: |s—tl<d = |F(z,s)—F(z,t)|<e

For n € N such that n > 1/, we have:

1
@ - f@)l = |- ZF(Z,—)— f F(z,5) ds
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n jin ]
Zf (F(z,—) - F(z, s))ds
j=1JG-Din n

n jin
<
; j(‘j—l)/n

j=1

F(z,i)—F(z, s)|ds
n

n
<) eln=¢
j=1

Hence f;, — f on every compact subset K < U. By Weierstrass Theorem f is holomorphic on U. O

1.4 Winding Numbers and Cauchy’s Theorem

In this section we wish to define the interior of a simple closed curve by introducing the winding number of a closed curve with
respect to a certain point. This will allow us to present the ultimate form of Cauchy’s theorem, as well as many consequences
of it. Informally stated, the winding number is the number of anti-clockwise rotations that a path goes around a point.

1.4.1 Winding Numbers.

Lemma 1.26. Continuous Choices of Argument.
Suppose 7 : [0,1] — C is a path and zy € C\ y*. Then there exists a continuous function 8 : [0, 1] — R such that:

Y(0) = 29 + y(£) — 29| 0

Moreover, if 8 and ¢ are two such functions, then

JkeZVtel0,2n]: () —p(t) =2nk

Proof. Letn:[0,1] — S' € C be the path such that n(z) = (y () — z9)/|y(t) — zo|. Again we appeal to the uniform continuity of the
path. Let > 0 such that
Vs, te[0,1]: [s—t| <6 = In(s)-n(] < V3

Let 7 € N such that n > 1/6. Note that for |z| = |w| = 1 and |z — w| < v/3, we must have |Arg(z) — Arg(w)| < 27/3.
Therefore we can define a holomorphic branch of the argument function on this subinterval. That is, for 1 < j < n,
there is a continuous function 8 : [, £] — R such that 7 YEPNOE el

But for ¢ = j/n, we must have n(j/n) = eldjirm — eief'“(j/"), which means that |0;(j/n) —0;+1(j/n)| = 2mk; for some
k;j € Z. We may choose each k; such that 0;(j/n) = 0;,1(j/n) for j € {1,..,n -1} and obtain a continuous function

6:10,1] — R such that 7(¢) = e as claimed.

Moreover, if 8 and ¢ are two such functions, then we have
@®0=0) =1 — (1)~ p(r) € 27Z

But 6(t) — (1) is continuous, it must take constant value on each connected domain. [0, 1] is connected, so 8(t) — ¢(¢)
is a constant integer. O

Remark. The Lemma shows that, if y is a closed path, then el@®®-0(0) = 1 1t follows that 8(1) — 6(0) € 27Z. We shall demon-
strate that this integer is an important parameter of the path, which is called the winding number.

( )

Definition 1.27. Winding Number.

Suppose y : [0,1] — C is a closed path and zyp € C\y*. 6:[0,1] — R is a continuous function such that y(t) = zo + |y (#) —

. 0(1)-6(0
201€%® . Then we define I(y, zg) := % to be the winding number or index of y about z.

By the previous lemma, we know that I(y, zp) € Z and is independent of the choice of 8(¢).

| J/

Remark. The winding number can also be interpreted by logarithm. Since log(n(#)) = In|n(#)|+i0(f), we can define 6(#) locally
by choosing holomorphic branches of [Log(n(#))]. Hence we have the line integral form of the winding number:
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Proposition 1.28
Suppose 7 is a piecewise-smooth closed path and zy € C\ y*. The winding number of y about z is given by:

dz
Zm y Z— 2o

Iy, 20) :=

Proof. By Lemma 1.26, we may write y(£) = zo+7 () e?? where r(£) = |y(£) - zo|. Theny'(z) = (r'(£) +ir (16’ (£)) P, Compute

the integral:
}{ dz (L) +ir(n0'(1)e?® s
Y z2— 2o “Jo r(t)elf®
_f d m f o' (ndt
0

=(n r(t) +10(t))0 =0+1i(0(1) -6(0))

=2mi-I(y,z9) (byDefinition 1.27.)
and the result follows. O

Remark. The next corollary reveals the connection between homotopy and winding number.

Corollary 1.29

If y and n are homotopic piecewise-smooth paths via the homotopy £ : [0,1]2 — C and zp ¢ h([0,1]?). Then I(y, zo) =
I(’I], ZQ) .

Proof.
dz 1 dz

1
I 5 = — =1 y & O
(r:20) = 2711% z—zg 2miJypz—2z (7, 20)

Proposition 1.30

Suppose U < C is a domain. y: [0,1] — U is a piecewise-smooth closed path and f is a function continuous on y*. Then

the function defined by
f @ 4

Ie(y,w) := w

is holomorphic on U.

Proof. The proofis similar to the one in Taylor Expansion. Since C\y* is open and holomorphicity is a local property, it suffices
to show that I rly,w)is holomorphic in B(zy, r) for each zy € C\ y* and some r > 0.

1 w-—2z 1
Now fix zg e C\y*. Let r = 3 i[réfl]ly(t) —zg|. Then for w € B(zy, r) and z € y* we have | 0 ‘ < > Moreover, since y*
€0, Z— 20

is compact, M = sup|f(z)| exists. Hence:

zey*
(w—zp)" M (1\"
A<
(z—zg)™* 2r\2
—zg)" . f(2 *
By Weierstrass M-test, Z f (z) 201 converges uniformly to on y*. Hence we have:
n=0 zZ—Ww
f@) (z) < ( _f@ )
d _ n
y z— w ; (z—29)"*1 2| w=z0)
Since If(y, w) is given by a power series, it is analytic and of course holomorphic. O

Corollary 1.31

Fix the piecewise-smooth closed path y. The winding number as a function z — I(y, z) is continuous on C\y*. Therefore
it takes constant value on connected components of C\ y*.
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Definition 1.32. Interior of Closed Path.

Suppose v is a piecewise-smooth closed path. We define the interior of y to be {z€ C\y* : I(y, ) # 0}.
By the previous lemma, it is the union of bounded connected components of C\ y* (if it is not empty).

We define the exterior of y to be {z € C\y* : I(y,z) = 0}. Since Zlim I(y,z) = 0, the exterior is made of exactly one un-
—00

bounded connected component of C\ y*.

Definition 1.33. Orientation.

A closed path y is said to be positively oriented, if I(y, zg) > 0 for z; in the interior of y; y is said to be negatively oriented,
if I(y, zo) < 0 for zp in the interior of y.

Remark. We can see that the definition of orientation above is consistent with our definition of the orientation of circles. In
fact, for a simple closed positively oriented curve, I(y, z) = 1 for z in the interior and I(y, z) = 0 for z in the exterior.

1.4.2 Dixon’s Proof of Cauchy’s Theorem.

Remark. We shall end this chapter with our final goal: Cauchy’s Theorem and Cauchy’s Integral Formula in the form of wind-
ing numbers. The proof uses Liouville’s Theorem, Riemann’s Removable Singularity Theorem, and Proposition 1.25. These are
consequences of Cauchy’s Integral Formula for a circle, which is based on Cauchy’s Theorem for star domains. We can see that
itis independent of the homotopy form of Cauchy’s Theorem.

Theorem 1.34. Cauchy-Goursat Theorem, Homology Form.

Suppose U < Cis open. f:U — Cis holomorphic on U. y: [a, b] — U is a piecewise-smooth closed path whose interior
is entirely contained in U, i.e. I(y,z) =0 for all z ¢ U. Then we have:

fres

Theorem 1.35. Cauchy’s Integral Formula, Homology Form.

Suppose U < Cis open. f:U — C is holomorphic on U. vy is a piecewise-smooth closed curve whose interior is entirely
contained in U. Then forall we U\ y*:
1 f(2)
_— —d = I , .
T z=I(y,w)- f(w)

Proof of Theorem 1.34 and 1.35. We only prove the Cauchy’s Integral Formula.

1
Since I(y, w) = —; fw dz, the formula to be proved can be written as:
27 Jy z—w
f@) - fw) dz=0
y z-w

Define g: U x U — C by:

f@) - f(w) .

glz,w) = zZ—w
(@ z=w.

Then g is continuous on U x U. Fix z € U, then w — g(z, w) is holomorphic on U \ {z}. But by continuity, w — g(z, w)
is bounded near z. Hence by Riemann’s Removable Singularity Theorem, w — g(z, w) is actually holomorphic on the
whole U. Then the line integral:

b
F(w) :=5£g(z, w)dz=f gly(n, w)y' (1 dt
}’ a

is holomorphic on U by Proposition 1.25.
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Let V denote the exterior of v, i.e. I(y, w) =0 for w € V. Define G: V — C by G(w) := f /@ dz. Then F(w) and G(w)
yZ—-w
agreesonUNV:
(2) = f(w)
F(w) = fz—f =G(w) - fw) Iy, w) = G(w)
Y _

Hence the function H: C — C defined by:

{F(w), weU,;
Hw) :=
Gw), weV.

is entire. But

L(y)supl f(2)I
/@ dz‘ < i -0
yz—w |z| — sup |y(?)|
tela,b)

|H(w)| =

as |z| — oco. Then by Liouville’s Theorem, H is constant on C. That is H(w) = 0 for w € C. And the formula follows
immediately. O

Definition 1.36. Cycles.

n
Suppose y1,::+,Yn are closed paths in C and ay, - -+, a, € C. We define a cycle to be the formal sum I':= Z a;y;. The line
i=1
integral along a cycle is defined by:

n
Jr=ye
Slnce winding numbers can be expressed as 1ntegrals, we can naturally define the winding number of I" to be I(T', z) :=

Z a;I(y;, z), which is well-defined for z ¢ I'* := UY, . We define the interior of I to be the set of z € C such that I(T’, z) # 0.
i=1 i=1

Corollary 1.37
Theorem 1.34 and 1.35 also holds for cycles.

Remark. Recall that we first define simple-connectivity in terms of the interior of a closed path. After introducing homotopy,
we redefine simply-connected domains to be domains such that paths with the same endpoints are homotopic. We sum-
marise the properties related to simply-connectivity in the next proposition. To complete the whole proof, we have to use the
Riemann’s Mapping Theorem in Chapter 3, which states that simply-connected domains are not only homeomorphic, but also
conformally equivalent to the unit disk.

Proposition 1.38. Equivalent Formulations of Simple-Connectivity.
Suppose U < C is a domain. Then the following statements are equivalent:
(i) U is homeomorphic to the unit disk D;
(ii) U is simply-connected (all paths with the same endpoints are homotopic);
(iii) Any piecewise-smooth closed path in U is null-homotopic;

(iv) The interior of any piecewise-smooth closed path is contained in U;

(v) For any piecewise-smooth closed path y in U and holomorphic function f on U, we have: f f=0;
Y

(vi) Any holomorphic function f on U has a primitive.

(vii) If f and 1/ f are both holomorphic on U, then there exists a holomorphic function g on U, such that f = expo g.

Proof. (i)=(iii): By homeomorphism, there exists a continuous bijection ¢ : U — D such that ¢! is also continuous. For any
piecewise-smooth closed path y : [0,1] — U, suppose y(0) = y(1) = zp and define the homotopy by:

H(t,8):= @ (s -poy(t) + (1 - )p(zp))
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Then H is obviously continuous. Moreover, H(t,0) = zo; H(t,1) = y(£); and H(0,s) = H(1,s) = zp. We claim that the
image H([0,1]%) < U. To show this, it suffices to show that the line segment s-@oy(£) +(1—s)¢(zo), s € [0,1] is contained
in D for all £ € [0,1]. This is true because ¢(y*) <D and D is convex. Hence we conclude that H is a homotopy between
Y and z. y is null-homotopic.

(ii) < (iii): Trivial.
(iif)=(iv): Suppose v is a closed path in U. We have to assume that y is piecewise-smooth.

For w € C\ U, note that

is holomorphic in U. Then by Cauchy’s Theorem,

1
Iy, w) = dz=0
v, w) f,z—w ‘

Hence the interior of y {ze C\y* : I(y,2) #0} < U.
(iv)=(v): This is Theorem 1.34.
(v)=(vi): This is Theorem 0.43.

(vi)=>(vii): Since f has no roots in U, f'/ f is holomorphic on U. By (vi), there exists a function g : U — C such that
g' = f'/f. By adding a constant to g, we can have f(zg) = exp(g(z¢)) for some z; € U. But

d
S (feE)=fleE—fgleE =0
dz
Hence fe 8 = const on U. The condition that f(zy) = e§%) implies that the constant is 1. Hence f = e8 on U as

claimed.

(vii)==(i): This is a direct corollary of Riemann’s Mapping Theorem 4.51. See the remark after the proof of the theorem.
O

Corollary 1.39. Global Existence of Holomorphic Logarithm.
Suppose U < C is simply connected and 0 ¢ U, then there exists a holomorphic branch of complex logarithm on U.

Proof. Let f(z) = z in part (vii) of the previous theorem. Then there exists a holomorphic function g on U such that e§®) = z.
Hence g is a holomorphic branch of the complex logarithm on U. O

1.A Appendix: Proof of Jordan Curve Theorem*

We shall formulate a quick proof of the full Jordan Curve Theorem using the tools from fundamental groups and covering
spaces in algebraic topology.! We shall quote a few topological theorems without proof:

Theorem 1.40. Seifert-van Kampen Theorem.

Suppose that X is a topological space. Let X = X; U X», where X; and X, are path-connected open subsets of X such that
X1 N X» is also path-connected. For b € X; N X», the push-out of the based set

L
(X1, D) 4 (X1 N1 X2, b) 2 (X, b)
induces the push-out of the fundamental group

71(X1, b) 2 7, (X, 1 X, b) 253 711 (X, b)

which is isomorphic to 7, (X, b).

Theorem 1.41. Homotopy Extension Lemma.

Suppose that X is a topological space such that X x [0, 1] satisfies the T4 axiom. Let A be a closed subset of X, and Y be
an open subset of R”. If f: A — Y is a null-homotopic continuous map, then it can be extended to a continuous map
[ : X — Y which is also null-homotopic.

1The proof is adapted from Munkres’ Topology.
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We state the Jordan Curve Theorem for $2:

Theorem 1.42. Jordan Curve Theorem for S2.

Suppose that y : [0,1] — $? is a simple closed path. Then $?\y* has two connected components, each of which has y*
as its boundary.

We break down the proof of Jordan Curve Theorem into a sequence of lemmata.

Lemma 1.43

Suppose that y: [0,1] — $? is an injective path. Then $? \ y* is connected.

Proof. Suppose that a,b € S\ y*. We shall show that @ and b lie in the same connected component.

We first apply a stereographic projection $?\ {b} — C (see Section 4.1). Let zy € C be the image of a, and C be the image
of y*. Since C is compact, there is a unique unbounded component of C\ C. Let U be the connected component of
C\ C containing z,. It suffices to prove that U is unbounded.

Suppose for contradiction that U is bounded. Let V be the union of other connected components of C\ C. Then V is
unbounded. Consider the identity map id¢ : C — C. Since C is the image of an injective path, it is contractible. So id¢ is
null-homotopic. Since C x [0, 1] is a metric space, it satisfies the T4 axiom. C is a closed subset of U u C. By Homotopy
Extension Lemma, id¢ : C — C extends to a continuous map « : U U C — C, which is also null-homotopic. We extend a
to f:C — VU C by setting Bly =idy.

Since U U C is bounded, there exists r > 0 such that Uu C < B(z, r). By restricting 8 on B(z0, ), we obtain a continuous
map 6 : B(zp, 1) — VUC where 05z, = idap(z,r- Note that zo ¢ VU C. Consider the retraction f : C\{zo} — dB(zo, 1),

z—2z —

f(2)=zp+T | O| . It is easy to see that f o is a deformation retraction from B(zy, r) to B(zy, r). But it is impossible,
zZ— 20

as 11 (B(zg, 1)) = {e} whereas (0B (zg,1)) = Z. O

Lemma 1.44

Suppose that y : [0,1] — $? is a simple closed path. Then $? \ y* has at least two connected components.

Proof. S?\y* is an open subset of a normed vector space. The path components of $? \ y* are exactly the connected compo-
nents.

Let x; and x, be two distinct points on y*. Let C; and C; be the arcs between x; and x,. That is, y* = C; U C, and
C1NCy={x1,x}. Let X3 = S?\ C; and Xy = S?\ C,. By the previous lemma, X; and X> are both connected open subsets
of $2. XTuUXy = ST {x1, X2}.

Suppose for contradiction that $? \ y* is connected. Then X; N X, = $?\ y* is path-connected. Fix xo € $?\y*, By
Seifert-van Kampen Theorem, 71 (X) is isomorphic to the push-out
L L
71(X1, Xo) $—— m1(S?\7*, X0) —=— 71 (Xa, Xo)

We consider the group homomorphism jj. : 71 (X3, xo) — 71 (X1UX>, Xp) induced by the inclusion map j; : X1 — XjUX>.
We claim that it is a trivial homomorphism.

Consider a closed path 1 : [0,1] — X; with n(0) = (1) = xo. We shall show that j; o7 is null-homotopic in S2\ {x1, X0}
As in the previous lemma we consider the stereographic projection p : $?\ {x;} — C. Let zg := p(x2). Then po jionisa
closed path in C\ {z;}, whose image is denoted by C. Note that x; and x, are path-connected in S$? via C, away from
n*. Since p maps x; to infinity, z, lies in the unbounded connected component of C\ C. C is bounded on C. There
exists r > 0 such that C < B(zy, ). Pick z; € C\ B(zg, 7). Then zy and z; are path-connected in C\ C. Let¢:[0,1] = C\C
be a path connecting zy and z;. We can define a homotopy G: [0, 112 -C\ {zp}

G(t,s) = po jron(n) —&(s) + zo.
It is clear that G(¢, s) # zp since po j1. on and ¢ are disjoint paths.
Finally we define a homotopy H : [0,1]> — C\ {z¢}

H(t,8) =(1-s)(poj1s0on(t)) — 21 + 2.
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It is clear that H(t, s) # zg since |po ji on(f) — 2ol < 1 <|z1 — 2.

Since po j; on(t) = G(t,0), G(¢,1) = H(¢,0), and H(¢,1) = zo — 21, we deduce that p o j;. on is homotopic to a constant
path in C\ {zp}. Hence j; o7 is null-homotopic in S$2\ {x1, x}. It follows that J1x is a trivial homomorphism. Similarly,
Jox 1 m1(Xo, X0) — 72 (X7 U Xo, Xp) is also a trivial homomorphism.

Next we claim that 7, (X; U X)) is a trivial group. Consider the universal property of the push-out of fundamental groups:

m1(X1)
1
m(XinXp) 71 (X1) * 7, X0 Xp) 71 (X2) “EI-'g-> 11 (X1 UXp)
Joe /
71 (X3)

By Seifert-van Kampen Theorem, 71 (X1) *x, (x,nX,) 71 (X2) = 71 (X3 UX5). Since ji« and j». are trivial, the maps 6; and 0,
are also trivial. The unique induced map o has to be both a trivial homomorphism and an isomorphism. We conclude
that 71 (X7 U X5) = {e}.

But this leads to a contradiction, because 71 (X; U X5) = 71 (S$2\ {x1,x%2}) = Z. We conclude that $2 \y* is not path-
connected. O

Lemma 1.45

Suppose that y: [0, 1] — $? is a simple closed path. Then S? \ y* has at most two connected components.

Proof. As in the previous lemma, let x; and x, be two distinct points on y*. Let C; and C; be the arcs between x; and x,. Let

U=S*\Crand V =82\C,. UUV =$?\{x1, %2} and U n V = $?y*. Suppose for contradiction that U n V = $?\ y* has
more than two connected components. Let X;, X» be two of them and W be the union of the rest.

First we shall construct a covering space for Uu V. Let Y := (U x 2Z) L (V x (2Z + 1)). Define an equivalence relation:

VneZ VxeXjuXs: (x,2n)~(x,2n-1)
VneZ VxeW: (x,2n)~(x,2n+1)

Define the quotient space E:= Y/ ~. Let 7: Y — E be the quotient map. Let p: Y - UuUV, p(x, n) = x induces the map
p:E—UuV byp=poumn.Itisnothard to verify that p is a covering map. Therefore E is a covering space of UU V.

We fix a; € X3, ay € X» and b € B. Construct the following paths:

a:[0,11- U, a(0)=a, a(l)=b;
p:10,11 =V, p(0)=Db, (1) =a;
6:00,11—-U, 6(0)=ay, 6(1)=ay;
A:00,11 =V, A0)=ay, A(1) =a;.

Let f:= a*x B and g:= 6 x 1. They are loops in U U V based at a;. Since E is connected, f and g has unique based
liftings in E, which we are going to construct.

Now we consider the lifting of f. Let @, (f) = m(a(t),2n) and B, () = 7(B(t),2n + 1). They are liftings of @ and f3 repsec-
tively. Let f;, := @, * B,. Then f,, is a path in E such that f,,(0) = n(ay,2n) and f,,(1) = n(a;,2(n +1)). If we fix the based
point (a;,0) € E, the path f™ has the unique lifting in E

= foxk fino
where f(0) = n(ay,0) and f™(1) = n(ay,2m).

Now we consider the lifting of g. Let S, =w(b(8),2n) and 1,,(f) = m(A(8),2n—1). Since 7(ay,2n) = 7(a;,2n - 1) and
n(a,2n) = n(as,2n—1), &, is aloop in E such that §,(0) = §,(1) = (a1,2n) The path g* has the unique lifting in E

ghi=gox % &

where gk(0) = gk(1) = n(a,,0).
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Since ék(l) = f~m(1) if and only if m = 0, it follows that [f]" # [g]k for all m,k € Z\{0}. [f] € m; (U U V) is non-trivial
as we have shown. But [g] € 71 (U U V) is also non-trivial because X; U X> is disconnected: construct another covering
space of U u V, where the roles of X; U X, and W are replaced by X; u W and X>.

In summary, [f],(g] € 7, (U U V) are non-trivial elements such that [f]” # [g]* for all m, k € Z\ {0}. This is impossible
because 71 (UU V) =1 (S?\ {x1, %2}) = Z. O

Lemma 1.46

Suppose that y : [0,1] — S? is a simple closed path. Let X; and X; be the two connected components of $?\y*. Then
6X1 = an = Y* .

Proof. Since S$?is locally connected, X; and X, are open. In particular 6X; N X; = @ and 0X, N X, = @. Itis clear that 0 X, N X, =
@ and 60X, N X; = @. Therefore 0X;,0X, S y*.

For the reverse inclusion, suppose that x € y*. We shall show that x € 0X;. Let U be an open neighbourhood of x.
Choose x1, x2 € U such that one of the arcs connecting x; and x» is entirely in U. Denote it by C; and denote the other
arc by C» Choose a € Xj and b € X,. Since S\ Gy is path-connected, there exists a path a : [0,1] — $2\ C, such that
a(0) = aand a(1) = b. Since X; and X, are open and disjoint, and a* is connected, then a* NdX; # &. ButX; <y* and
a*nCy =@. Hence a*NC) # . In other words, there exists y € C; < U such that y € X . It follows that x € m =0X;.
Similarly, x € 0 X5.

In conclusion, we have 0X; =0X, =y*. O

Theorem 0.27. Jordan Curve Theorem for C.

Suppose that y : [0,1] — C is a simple closed path. Then C\ y* has two connected components, one bounded and one
unbounded. Each of the components has y* as its boundary.

Proof. Choose xy € S?\y* and consider the stereographic projection $?\ {xo} — C. O
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2.1 Taylor Series

We have shown in Section 1.3 that holomorphic functions on a disk can be expanded into Taylor Series:

Theorem 1.19. Taylor Expansion.

(o)

If f: U — Cis holomorphic on domain U < C which contains B(a, r), then the power series Z cn(z—a)" converges to f
n=0

absolutely on B(a, r) and uniformly on any compact subset of B(a, r), where

Cn

(m)
_f (a)_ij{ f@ 4.

n! h 27[1 y(a,r) (Z— a)”“

2.1.1 Identity Theorem.

Lemma 2.1

Suppose f is holomorphic in a domain U < C. Let S := f~1({0}) be the set of zeros of f. z € S is an isolated point in S,
then there exists a unique k € N and a holomorphic function g : U — C such that f(z) = (z - z9)*g(2) for all z € U and
8(20) #0.

Proof. f is analytic at zy. So f(z) = ;?go cn(z—2z9)" for all z € B(zy.r) < U. Since z is an isolated zero of f, not all ¢, are zero.

Let k be the smallest integer such that ¢, # 0. Clearly ¢ =0so k = 1.

Define g(z) := (z—zo)‘kf(z) = ‘l.’zo Cn+k(2—29)", which is holomorphic on U \{zy} and continuous on U. g(zg) = ¢; #0,
and by continuity there exists £ > 0 such that g(z) # 0 on B(zy,€). Hence f(z) = (z—20)*g(z) is non-zero on B(zg, €) \{zo}.

To prove the uniqueness of k, let f(z) = (z— zo)kg(z) =(z— zo)lh(z). If k<1, then g(2) = f(2)(z— zo)’k =(z— zo)l’kh(z).
Since h(zp) # 0, letting z — z; we have g(z) — 0, which contradicts that g(zo) # 0. Similarly we cannot have k > I. Hence

k=1

38

O
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I, Definition 2.2. Multiplicity of zeros. ]

Suppose f is holomorphic in a domain U < C and zq € f ! ({zo}) is an isolated. Then we define the multiplicity of zq to be
the unique integer k in the previous lemma.

Theorem 2.3. Identity Theorem.
Suppose f is holomorphic in a domain U < C. The following statements are equivalent:
(i) f(z)=0forall ze U;
(i) 3acUVkeN: fP@)=0
(iii) The set £~1({0}) has a limit point in U.

Proof. (i)=(ii): Trivial.
(ii)=> (iii): There exists r > 0 such that B(a,r) € U. By Theorem 1.19, we have:

00 f(n)(a)
Z n!

n=0

fle)= (z—a)"=0

forall ze B(a,r). Then f ~1({0}) contains B(a, r) and hence has a limit point.

(iii)=>(@i): Let S be the set of limit points of f~1({0}) in U. Since f is continuous on U, f~1({0}) is closed. Therefore
we have S < f‘l({O}). Suppose z is a limit point of f‘l({O}). f is analytic at zg. So f(z) = ;’20 cn(z — z9)" for all
z € B(zg.r) < U. If there exists a non-zero coefficient c,, then by the previous lemma f is non-zero on some deleted
neighbourhood of zj, contradicting that z is a limit point. Hence f(z) = 0 on B(a, r). Hence z; is an interior point of S
and S is open in U. But by definition S is closed in U. Since U is connected and S # &, we must have S = U < £~ ({0}).
Thatis, f(z)=0forallze U. O

Corollary 2.4
Suppose f and g are holomorphic in a domain U < C. The following statements are equivalent:
() f(z)=g(z)forall ze U;
(i) 3JacUVkeN: f®(a)=g®(a);
(iii) ThesetS:={z€ U: f(z) = g(2)} has a limit point in U.

Proof. Simply apply the Identity Theorem to f — g. O

2.1.2 Argument Principle & Rouché’s Theorem.

Theorem 2.5. Argument Principle for Holomorphic Functions.

Suppose U c Cis adomain and f: U — C is holomorphic. Let y be a piecewise-smooth simple closed path in U and f is
non-zero on y. Then we have:
'@ ’(Z)
" 2mi f (z)

where N is the number of zeros of f inside y (counting multiplicity).

Proof. Suppose f has zeros ay, -, a, with multiplicity m,,---, m, in the interior of y. Without loss of generality, suppose
that y is posnlvely oriented. Since a,---, a, are isolated zeros, we can choose ry,---, rn such that B(a;, r;) are mutually
disjoint and that U B(a;, r;) is in the interior of y. Now consider the cycle I' := y — Z}/(al, r;), we observe that all the

i=1
zeros are in the exterlor of I'. By Cauchy’s Theorem:

! ! n !
= /@ dz = r@ dz - jg [ dz
r f(2) y f(2) i1dytairy f(2)
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Foreachie€{l,---,n}, g;(2) = (z— a;)~" f(z) is holomorphic and non-zero on U. Moreover, we have:

fl2) _milz—an™gi(2) + (z—ap™gj(2) _ gl(Z) m;
f@ (z—a;)™i gi(2) T z-a

But gg /gi is holomorphic in B(a;, r;), we have:

"(z) ! 1
Ozf g’—dzzjg &dz—mif dz
y(a;,ri) gi(2) y(ai,ri) f@) y(ai,ri) 2 — Qi

!
:>y§ [ dz =2nim;
yair) f(2)

Hence

f’(Z) ”f f'(@ e
dz=2 ~
T ¢ ; anr [ m;ml

which completes the proof. O

Remark. To see why the theorem is called "argument principle", observe that the winding number of f oy about the origin is

just:
floy@-y'(0) Y(t) f'(2)
I ,0 d
(for0)= foy w f " forn L@t

So the number of zeros of f inside y is the same as the winding number of f oy about the origin.

Remark. Theorem 2.5 can be generalized to meromorphic functions. See Theorem 2.23.

Theorem 2.6. Rouché’s Theorem.

Suppose U < C is a domain and f, g are holomorphic functions on U. Suppose v is a piecewise-smooth closed path in
U.If|f(2)| > |g(z)| forall z€ y*, then f and f + g have same number of zeros (counting multiplicity) in the interior of y.

Proof. Since |f(z)| >|g(2z)| for all z€ y*, we can see that f + g have no zeros on y* for all ¢ € [0, 1]. Define:

fla+1g' ()

F(z, t
(= f@+1tg(2)

Then F(z, t) is continuous on y* x [0,1] and z — F(z, t) is holomorphic for all ¢ € [0, 1]. Hence the function () defined
by the integral:

n(t) ::ng(z, Hdz
Y

is continuous on [0, 1].

But n(t) is the number of zeros of f + tg in the interior of y, by argument principle, and hence is integer-valued. Since
[0,1] is connected, n(t) is constant. n(0) = n(1). Therefore f and f + g have the same number of zeros. O

Remark. As an application of the argument principle, Rouché’s Theorem implies that a holomorphic function can be slightly
perturbed without changing the number of its zeros.

2.1.3 Maximum Modulus Principle.

Definition 2.7. Open Mapping.

A mapping is said to be open if it maps open sets to open sets.

Theorem 2.8. Open Mapping Theorem.

A holomorphic and non-constant function on a domain U < C is an open mapping.

Proof. Suppose f: U < C is holomorphic and non-constant. To show that f(U) is open, it suffices to show that
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Ywye f(U)Ie>0: Blwy,e€) < f(U).

Let z € U such that wy = f(zp). Then the function g(z) := f(z) — wp has an isolated zero at zy. Then there exists 7 > 0
such that g(z) # 0 on B(zo, 1) \ {zo}. Since 8B(zo, 1) is compact, there exists € > 0 such that |g(z)| > € on dB(zp, r). Then
for all w € B(wy, €), we have |g(z)| > € > |wy — w| on 0B(zy, r). By Rouché’s Theorem, h(z) := g(z) + (wo— w) = f(2) —w
also has a zero in B(zy, ). Hence w € f(U). Hence B(wy, €) < f(U) as claimed. O

Theorem 2.9. Inverse Function Theorem.
Suppose f: U — C is holomorphic.
1. If f is injective, then f'(z) # 0 for all z € U;
2. If f'(z) #0 for all z € U, then f is locally injective.

For the first case, the inverse function g : f(U) — U is holomorphic on f(U). Moreover, we have g’ =1/(f'og). If yisa
piecewise smooth closed path in U, then

zf'(2) d
————dz

gw)=  F-w

for w in the interior of y.

Proof. The proof of (1) and (2) are exactly the same as in real analysis. But there are simple proofs for holomorphic functions
that make use of Rouché’s Theorem.

(1). Suppose for contradiction that there exists a € U with f’(a) = 0. We claim that there exists R > 0 such that f(z) #
f(a) and f'(z) # 0 in the deleted neighbourhood B(a, R) \ {a}. Indeed, if the first condition does not hold, then for
each sufficiently large n € N there exists z, € B(a,1/n) \ {a} such that f(a) = f(z,). Then a is a limit point in the set
{z € C: f(2) = f(a)}. By identity theorem f(z) = f(a) for all z € U, contradicting that f is injective. If the second
condition does not hold, for similar reason we must have f’(z) = 0 for all z € U, again contradicting that f is injective.
Lete = 01151(2 R)If(z) - f(@)|>0and we B(f(a),e) \{f(a)}. For ze 6B(a,R):

If(2)-f@lze>|w-fla)l=I(f(2) —w) - (f(2) - f(a)l

By Rouché’s Theorem, f(z) — f(a) and f(z) — w have the same number of zeros in B(a, R). However, f(z)— f(a) has
exactly at least two zeros in B(a, R) because f’(a) = 0, whereas f(z) — w has exactly one zero because f is injective and
f'(2) #0. This is a contradiction. Hence f’(a) # 0.

(2). For the beginning the proof is the same as the previous part. The continuity of f at a implies that there exists
6 > 0 such that f(B(a,6)) < B(f(a),e), where ¢ is defined as above. Let r := min{R, §}. We claim that f is injective in
B(a, r). Suppose for contradiction that there exists z;, 2z € B(a,r) such that w = f(z;) = f(z2). By Rouché’s Theorem,
f(2) - f(a) and f(z) — w have the same number of zeros in B(a, R). However, f(z) — f(a) has exactly one simple zero in
B(a, R) because f’(a) # 0, whereas f(z) — w has at least two zeros, contradiction. Hence f is injective in B(a, r).

The continuity of the inverse function follows from the open mapping theorem. By open mapping theorem, for any
open set V ¢ U, the pre-image of V under g is f(V), which is open. Hence g is continuous.

g' =1/(f o g) follows directly from the definition of derivatives.

LetT':= fovy. T isa closed path. By Cauchy’s Integral Formula:

g
=¢ =——d
gwi=¢ 7, ¢
As (= f(2), d{ = f'(z)dz, we have:
[ gof(@ _ zf'(2)
g(w) = y—f(z)—wf(z)dz_—f(z)—wdz O

Remark. Sometimes we call an injective holomorphic function a biholomorphism or a univalent function. In Corollary 4.13
we shall show that biholomorphisms are angle-preserving mappings.

Theorem 2.10. Maximum Modulus Principle.

Suppose U < Cisadomain and f: U — C is holomorphic. Then | f| cannot attain a maximum value in U.
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Proof. Suppose there exists zg € U such that | f(zp)| attains a maximum value. But f(U) is open by the open mapping theorem,
so f(zp) is an interior point. There exists z € U such that | f(z)| > | f (z9)|, which is a contradiction. O

Corollary 2.11

Suppose U < C is a domain and U is compact. f is holomorphic on U and continuous on U. Then | f| attains a maximum
value on 0U.

Proof. Since U is compact and | f| is continuous, f(U) is compact. |f| attains maximum on U. But by maximum modulus
principle, | f| cannot attain maximum in U, so it attains maximum on U\ U = 0U. O

2.2 Laurent Series and Isolated Singularities

2.2.1 Laurent Series.

+o00o
A Laurent series is a generalisation of the power series. We called a series of the form Z ¢n(z—z9)" a Laurent series. The
= =T
power series part Z cn(z— zg)" is called the holomorphic part and the negative part Z cn(z—z9)" is called the principal
n=0 n=-1

part. We shall see that many properties of the Laurent series depend on the principal part. Just as holomorphic functions
can be expanded into Taylor series in an open disk, we shall prove that they can be expanded into Laurent series in an open
annulus.

[ Definition 2.12. Open Annulus. 1

A open annulus A(zy, 1, R) is a open set on the complex plane defined by

A(zg,1,R) = B(zp,R) \E(zo,r) ={zeC:r<|z—zy| <R}

Theorem 2.13. Laurent Expansion.
+00
If f is holomorphic on a domain U < C which contains the annulus A(zy, r, R), then the Laurent series Z cnlz—a)?

n=-oo
converges to f uniformly on any compact subset of A(zy, 1, R), where

1 z
Cn = _f —f( )n+1 dz
271 Jy(z0,p) (2= 20)
for any p € (r, R). Moreover, the expansion is unique.

Proof. For w € A(zy, 1, R), we apply the homology form of the Cauchy’s Integral Formula to the cycle I' := y(zg, R) — v (29, 7):
2ni-f(w)=‘¢ &dz_f &dz
Y

y(zo,R) &€ — W (z9,r) @ — W

n
0) converges uniformly. We can integrate

1
On the circle 0B(zy, R), since |w| < |z|, the series =
z z—2y

-w  zZ—-20 5=

f &dzzf(f Ldz)(w—zo)"
Y

(z0,R) Z— W =0 \Jyzo.m) (2—29)"1

1 & (w—z

term by term:

Z— &

m
0 ) converges uniformly. We can integrate

. . . 1 1 x
On the circle 0B(zg, 1), since |w| > |z|, the series =
w—2zp

w—-z W-20,72
term by term:

f(2) }{ S (z—z9)™
LE = _ETE) g
f;’ ‘ Y(zw)f(Z) L (w — zg)™+! ‘

(z9,5) @— W m=0
X (w—zp)"

“F 0 L g fletn==m=1
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= _f (jgy LdZ)(w—ZO)”

n—1 \Jy(z0,n (2= 29)"*1

If we define

1 z
— f f(—)ﬂ dz, n=0
- 271 Jy(z,R) (2 — 29)"
=y 1 z
— f(—)ﬂ dZ, n<o0
271 Jy(z,r) (2—20)"
+00
Then the above equations implies that f(w) = Z cn(w — zg)". To see that the coefficients can be expressed by inte-
n=—o00

gral along y(zo, p), notice that f(z)/(z — zg)"**! is holomorphic on tha annulus A(z, 1, R). So when we apply Cauchy’s
Theorem to the cycle I' := y(z, p) —y (29, ), we have:

f(2) jg f(2)
0= — —dz- —d
f/(zo,p) (z— Zo)n+l z ¥ (z0,7) (z— Zo)n+l “

1 z
And similar for the cycle y(zy, ) —y(zo, R). Hence we have ¢, = —; f(—)ﬂ dz as claimed.
271 Jy(z9,p) (2= 20)"
+00
To prove uniqueness, suppose f has another Laurent series Z dn(z—2zp)" on A(zg, 1, R). Then:
n=-o0o
z
27[10;1 :f Lﬂ dz
Y(z0,0) (2= 20)"
_?( 0 di(z—20)F
Y20,0) ko (2 20)"H1
+00 +0o0o
= > de(z—z9) " 1dz + > d_i(z—z9) F " 1dz
¥(20,0) k=0 ¥ (20,0) k=1
+00
= Z dy jg (z—-2z0)F" 1dz (since both power series converges uniformly)
k=—00 ¥ (z0,0)
+00
= Z dy -2mib k. = 2mid,
k=—00
The fifth equality follows from that the integral f (z— z0)" dz is zero except for n = —1, where the value is given in
Y(20,0)
Lemma 1.14. O

Remark. The following examples illustrates some techniques in calculating Laurent series. For a specific function, using the
integrals given in the previous theorem is not economical or even feasible. One shall exploit the properties of some known
expansions.

Example 2.14

1
Compute the Laurent series of f(z) = —————— in the annulus A(0,1,2):={z€C:1<|z| < 2}.
(z—-1)2(z+2)

Solution. We know that 1/(1 — z) can be expanded into Taylor series for |z| < 1:

1 ()
= Z Zn
-z ;5
1 1 1 w . .
For |z| >1,let w:=1/z. Then =—= — = can be expanded into Taylor series:
z—1 z1-z71 1-w
1 w (e ()
—=———=—w) w'=-) z"
-z I-w n=0 n=1
To expand f, we first split it into partial fractions:
1 1 1 1

fe = (z-12(z+2) 9(z+2) 9(z-1) ’ 3(z—-1)?



44 CHAPTER 2. SERIES REPRESENTATION OF FUNCTIONS

f has singularities at z =1 and z = —2. Since 1 < |z| < 2 we expand 1/z and z/2 respectively:

1 1
T@= vz szi-2) 320-217
1 1,, 13 _, 1 & _n
=—Z(——)z -— ) z +—Z(n+l)z
182 2 9z /= 3z% /26
()
= Z cp 2"
n=-o0
where
sl-3)
—(-= n=0
cn=418\ 2
—-Bn+4)/9 n<0
This gives the desired Laurent series. O
2.2.2 Isolated Singularities.
( )

Definition 2.15. Singularities.

Suppose U < C is a domain and D < U is the set of points at which f : U — C are holomorphic. We say that z, is a
singularity of f, if zp ¢ D and z is a limit point of D. Especially, z, is said to be an isolated singularity, if there exists a
deleted neighbourhood B(zy, ) \ {zp} < D.

Definition 2.16. Classification of Isolated Singularities.

Suppose f: U — C has an isolated singularity at zo. We say that z is a:

1. removable singularity, if lenzl f(2) exists and finite;
—20
2. pole, if lim f(z) = oo;
Z—20

3. essential singularity, if Zhrrzl f(2) does not exists in Cyo.
—<0

Remark. Often we concern the behavior of a function at infinity. We say that co is a removable singularity (resp. pole/essential
singularity) of f, if 0 is a removable singularity (resp. pole/essential singularity) of g, where g is defined by g(z) = f(1/z2).

[ Definition 2.17. Meromorphic Functions. 1

Suppose U is open in C and S € U is at most countable with no limit points in U. Then f: U\ S — C is said to be a
meromorphic function, if f is holomorphic on U\ S and has poles at the points in S.

Remark. It is easy to prove that f has the same Laurent expansion at A(z,0, r) regardless of the choice of r. So we can safely
say the Laurent expansion "near the singularity”". We can now show the connection between the isolated singularities and the
Laurent expansion near them. The general result is as follows:

1. removable singularity: no principal part;
2. pole: finitely many terms in the principal part;
3. essential singularity: infinitely many terms in the principal part.

Remark. First, for removable singularities, we already have the Riemann’s Removable Singularity Theorem (1.23), which will
be restated below.
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Theorem 2.18. Riemann’s Removable Singularity Theorem.
Suppose f: U\ {zp} — C is holomorphic. The following statements are equivalent:
() zpis aremovable singularity of f;
(ii) f is bounded near zp;

(iii) f can be extended to a holomorphic function on U;

+00
(iv) If Z cn(z— zg)" is a Laurent expansion of f in a deleted neighbourhood of zy, then ¢, = 0 for all n < 0. That is,
n=-o0o
the Laurent expansion coincides with the Taylor expansion.

Remark. Next we turn to poles. We will see that the characterisation of poles plays an important role in computing integrals
in the next section.

Proposition 2.19

zg is a pole of f if and only if zj is a zero of 1/ f.

Proof. Trivial by algebra of limits. O

[ Definition 2.20. Multiplicity of Poles. ]

Suppose zj is a pole of f. The multiplicity or order of zy of f is defined to be the multiplicity of zy as a zero of 1/ f.

A pole of order 1 is called a simple pole.

Proposition 2.21

f has a pole of order k at z if and only if the Laurent expansion of f in a deleted neighbourhood of z; is

[ee]

Y cen(z=20)" (c_ #0).

n=—k

Proof. "=": By definition, z is a zero of 1/ f with multiplicity k. That is, 1/ f(z) = (z — z9)*g(2) with g holomorphic in a
neighbourhood B(zy,r) and g(zp) # 0. Hence 1/g is also holomorphic in B(zy,r). Suppose its Taylor expansion is

g(lz) =Y an(z—20)". Thenin B(zo, 1) \ {zo} we have:
n=0
1 — (Z—ZO)k :f(z): E a (Z_Z)n
f(Z) ano an(Z—Zo)" — n+k 0

(o]
"«<=": Suppose f has a Laurent series Z cn(z—2z9)" in B(zg, 1) \ {zo} with c_; # 0. Then
n=-k

[@)=(z=20)%Y chor(z—20)" = (z— 29) *g(2)
n=0

g(z) is defined by a power series and hence is holomorphic in B(zy, r). Moreover, g(zp) = c— # 0. Therefore 1/g(z) is
also holomorphic in B(zy, r) and non-zero at zy,. We have:

L _(Z_Z )kL
f@ 7 g

Hence z is a zero of 1/ f of multiplicity k. O

Remark. The next proposition is helpful in classifying the singularities of some known functions.
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Proposition 2.22

Suppose f: U — C and g: U — C are holomorphic functions. If f has a zero of multiplicity m at zyp € U, and g has a zero
of multiplicity n at zp € U, then the function & := f/g hasa

1. removable singularity at z, if m = n;

2. pole of order n—m at zy, if m < n.

Proof. It follows immediately from Proposition 2.21. O

Theorem 2.23. Argument Principle for Meromorphic Functions.

Suppose U < C is a domain and S < U is an at most countable subset. f: U\ S — C is meromorphic function with poles
at the points of S. Let y be a piecewise-smooth simple closed path in U and f is non-zero on y. Then we have:

1 rfl
“oid o ¢

where N is the number of zeros of f inside y and P is the number of poles of f inside y (both counting multiplicity).

Proof. The proof is essential the same as 2.5. Suppose f has zeros a,,- -, a, with multiplicity m;,---, m, and poles by,---, by
with multiplicity py,---, px in the interior of y. We have:

! n ! k /
f(Z)dZZZf f(Z)dHng f(Z)dZ
y f(@ i1 dytairy f(2) iS1dywisy f(2)
At each pole b;, g;(z) = (z— b;)P! f(z) is a power series and hence is holomorphic on U. Moreover, g;(b;) = c-p; #0. We
have: .
fl(@ _ gi(z) __Pi
f@) g2 z-b;

Therefore: ,
! i (2) j
j{ f(z)dzzf g’—dz—jg pi dz=0-2nip;
y(bi,si) f(2) y(b;,s;) 8i(2) y(bi,si) z—b;
We have already known the behavior of the integral near the zeros. Finally,
1 f f’(Z) n k
— dz=) m;- ;i =N-P O
2miJy f(2) t:zl ' 1—21 pi

Remark. We have proven in the preceding theorems that the Laurent series of f has no principal part near a removable
singularity and finite terms of principal part near a pole. The case of essential singularity is more complicated. The Laurent
series has infinite terms of principal parts. In fact we have a deeper result:

Theorem 2.24. Casorati-Weierstrass Theorem.
Suppose U c Cisadomainand zyp € U. f: U\{zp} — Cis a holomorphic function with an essential singularity at zo. Then
for all r > 0 with B(zg, r) < U, the image set f(B(zp, 1) \ {zp}) is dense in C.
Proof. We argue by contradiction. Suppose:
Ar>03dweC3e>0Vze Bz, 1) \{z0}: |f(2)—w|>e¢

Then g(z) = 1/(f(z) — w) is holomorphic in B(zp, ) \ {zp} and bounded near zy. Therefore zj is a removable singularity
of g and Zhnzl g(z) exists. Hence
—<0

lim f(z)=w+ —
Z"Zof( ) lim g(z)
zZ— 2
exists in C or is equal to oo, contradicting that z is an essential singularity of f. O

Remark. A significant generalisation of Casorati-Weierstrass Theorem is the Picard’s Great Theorem, which states that, if z
is an essential singularity of f, then for any deleted neighbourhood of zj, f(z) assumes all possible complex values, with at
most one exception, infinitely many times.
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2.3 Weierstrass Factorisation Theorem*

2.3.1 Weierstrass Factorisation Theorem.

Now we begin with discussion of the zeros of an entire function. Suppose f : C — C is an entire function with zeros at

0,a1,- -+, a, with multiplicities m, my,---, m,. (If £(0) # 0, then we put m = 0.) Consider the polynomial
z\™ z \™n
p(z):zm(l——) ~--(1——)
ay an
Then the function g(z) = f(z)/ p(z) has removable singularities at 0, a;, - -, a5, S0 we can extend g to an entire function with no

zeros in C. By Proposition 1.38 (vii), since C is simply-connected, there exists an entire function & such that g(z) = e"® Hence
we have expressed f as a product of a polynomial, whose zeros and multiplicities are the same as f, and an entire function

without zeros. . .
m _h(z) < ! < "
fle)=2z"e 1-—| - f1-—
ay

dn
If f has infinitely many zeros in C, we can generalize the above formula to an infinite product:

Theorem 2.25. Weierstrass Factorisation Theorem.

Suppose f : C — Cis an entire function with zeros at a,, ay,--- (counting multiplicity). {a,} € C\ {0} forms an infinite set
which has no limit points. Suppose furthermore that 0 is a zero of order m of f. (If f(0) # 0, then we put m =0.) Then
there exists an entire function % : C — C such that

[eS) n-1
f(z):zmehmH(l—i)exp(i+---+ ! (i) )
n=1 an

n n—-1\a,

Before giving the formal proof, we first introduce the so-called elementary factors, named by Weierstrass.

( )

Definition 2.26. Elementary Factors.

Let Ey(z) =1—z. For p € Z,, we define

~

zP z
Ep(z) = (1—z)exp(z+~--+;) = (l—Z)eXp(Z —.)
i=1

\ N J/

Then Weierstrass Factorisation Theorem can be written as

f(2)=2"e"D [T Ep-1(2/an)
n=1

Lemma 2.27

1
3c>0 VpeN VzeC: |zl<; = I1-Ep(2)| < clzlP*

Proof. Observe that

P on [e3) p n 00 n
Ep(z):exp(log(l—z)+z%):exp(—ZZ_JrZZ ):exp(— Z Z_)

n=1 n=p+1 n
=:exp(w)
For |z| <1/2, we have
(o) Zn 1 1 1
lwl=12P| Y ———|<l2lP | Y —|=2[zI"*
1 n
n=0n+p+ n=0

In particular, |w| < 2|z|P*! < 1/2P < 1. Hence

N-Ep@)|=1-e"|=|w|
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v L +1
<lwl ), —=(e-Diwl<2(e-1)lz|” O
n=1 1

Proof of Theorem 2.25. We shall show that the infinite product converges. Since {a,} is an infinite set in C without limit points,
we have r}im |an| = +oo. Fixany z€ C,
—00
{nez,:\zla,| >1/2}

is a finite set. By Lemma 2.27,

(o]
1-Ep(zlag)l<c Y, lzlanl"<c)_ 11/2]"=c<+oo
n:lzla,|<1/2 n: |zlan|<1/2 n=1

(o]
Hence the series Z |1 - E;,-1(z/ay)| converges.
n=1

For x >0, we have 1 + x < e*. Hence

[ee]

o0 o0
[T1En-1(zlan)i < [ A+ 11— Ep-1(z/an)) < [] exp(1 - Ep-i(2/an)))
n=1 n=1

n=1

(o)
=exp| ). |1 - Ep_1(z/an)l| < +oo

n=1

[e o]

Hence the infinite product P(z) := H E,_1(z/ay) converges absolutely on C and uniformly on any compact subset of
n=1
C. Now we observe that z" P(z) is an entire function with the same zeros and multiplicities as f(z). Therefore g(z) :=

f(@
zZMP(z)
(vii), there exists an entire function h(z) such that g(z) = e""? Hence we have

&) e 1 n-1
f(2)=2"e"d [ Ep-1(zlan) = 2™ e"@ [ (l—i)exp Ly (i) )
_ any n—-1\a,

n=1 n=1 an
as claimed. O

has only removable singularities, and can be extended to an entire function without zeros. By Proposition 1.38

Remark. Weierstrass Factorisation Theorem can also be stated as follows: we can always find an entire function with pre-
scribed zeros and multiplicities.

n

o0
Remark. In the proof of Theorem 2.25, a key step is the convergence of Z . This motivates us to make the following

n=1

an
generalisation:

Corollary 2.28

Suppose f : C — C is an entire function with zeros at a;, ay,--- (counting multiplicity). {a,} € C\ {0} forms an infinite
set which has no limit points. Suppose furthermore that 0 is a zero of order m of f. (If f(0) # 0, then we put m =0.) If
{k,} < Z is a integer sequence such that

()

n=1 lan|

converges for all r > 0. Then there exists an entire function & : C — C such that

n=1 n=1 an Aan n—1\ay

hz) iz z z 1 z |kl
f(2)=2"e"? [] Ex,-1(z/an) = 2" e"@ ] (1— —)exp — 4t (—)
Proof. Trivial. O

Corollary 2.29

Any meromorphic function on C is the quotient of two entire functions.
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Proof. Suppose f is a meromorphic function on C with poles at a;, ay,--- of order m;, my---. By Weierstrass Factorsation
Theorem, we can construct an entire function g such that g has zeros at a;, ap, - - - with multiplicities my, mg - -
8(2)

Then near each a,, hm (z—an)™" f(z) exists and is finite, and lim #0. Let h(z) = f(z)g(z). The limit

z—=an (z— a,)"Mn

n g(Z)
hrgl h(z) = lun (z—ap)™ f(2)- Zlug m

exists and is finite. Hence h has only removable singularities and can be extended to an entire function. Hence f = h/g
is the quotient of two entire functions. O

Next we shall use the Weierstrass Factorisation Theorem to prove some famous identities:

Example 2.30

1
1. mcotmz = Z — (2¢2);

nezZ
2
z
2. sinz=2z (1— )
nl_[l n*m?

Sl | nz
5.y —=2
n=17 6

N o

and Z dlverges The sum Z

n=-1% nez ¢

should be interpreted as lim

Remark. Note that both Z .
12+ N—oo, "=y zZ+n

Proof. 1. Let f(z) =mcotmz— Y

nez

defined on C\ Z. First we observe that f is periodic:

flz+) =ncotm(z+1)— )_

nez

=mcotmz— Y —in =f(2)

z+n+l ez

Second, note that
=1

limnzcotmz=1 and limz Z
z—0 =0 = z+n

We have liII(l) zf(z) = 0. Therefore z = 0 is aremovable singularity of f. By periodicity, Z are removable singularities
72—
of f. Hence f can be extended to an entire function on C.

We claim that f is bounded in {z € C: |Rez| < 1/2}. Since f is holomorphic in that domain, it suffices to show that
f(x+yi) isbounded as |y| — oo for | x| < 1/2. We have

) e—2ny +e—2nix

|cotmz| = |i —1 as|yl—o0

e 2y _ e—2mix

Also, for |[x| < 1/2and |y| > 1:

1 1 & 2z 1 s 2(x+ yi)
z+n:z+zz2—nzzx+'+Z 2_y2_p2 i
nezZ n=1 Yy p=1% y n +2xy1
2(x+yi e
Z ( Z) |<A+BY. 2y 2
x+y1 =1 —nc+2xyi nolyetn
(o)
sA+B[ zy dx (%is decreasing in x)
0o x2+y? Xe+y
x\¥® 1
:A+Barctan(—) =A+-7nB
Y/ x=0 2

where A, B > 0 are some constants. Hence f isboundedin {z€ C: |Rez| < 1/2}.

By periodicity, f is bounded on C. By Liouville’s Theorem, f is constant on C. But

f(—z)=mcot(-mnz) - Z

nez —%tn

=— (ncot(ﬂz) Z —) =—f(z2)

nez ¢
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for z € C. We conclude that f(z) =0 for all ze C. Hence mcot(—nz) = Z forze C\Z.

nez

2. Note that sin z has zeros at z € nZ. If we fix k,, = 2, we see that

2

r )k"_Zr ® 1
n

nez\{0} ( || 2

n=1

converges for all r > 0. Hence by Corollary 2.28, we have

z z
sinz = zeh® 1—[ El(_) _ 7@ 1—[ (1__)ez/rm
nez\{oy N7 nez\[o} nm

for some entire function k. Note that the infinite product is absolutely convergent, we have

z

o0
: _ h(z) ( ) z/nn( < ) -zlnmw _ h[z) ( )
sinz=ze 1-—|e 1+—|e 1-
,Bl nim nim H nznz

It remains to determine the function k. Taking logarithm on both sides:

00 ZZ
logsinz =logz+h(2)+ ) log(l - W)

n=1

Taking derivative:
te=L+ h'(z) + i z
cotz=— z ——
z = 22— nPm?

or
1 X 2z
ncotmz=—+h@mz)+ Y ——
z (2) ,IZ‘I z?—n?
Combining with the first part, we deduce that k'(nz) = 0 for z € C\ Z. Hence h(z) = const. By evaluating at z =0

00 Z2
we deduce that h(z) =0. Hence sinz=z [ | (1 - W)
n=1 T

3. By expanding sin z into Taylor series at z = 0, we obtain:

fo%e) o0
Z D" aner _ <[] ( )
- 2n+1)' a=i l’l27[2
By comparing the coefficient of z3, we obtain
1 1
=n?nz 6
Thus the result follows. O
o] 2
Remark. Z = — can also be proven by calculus of residue in the next chapter. See Example 3.18 for detail.
2.3.2 Mittag-Leffler Theorem.
Theorem 2.31. Mittag-Leffler Theorem.
kn ¢y
Suppose {a;} is a sequence of complex numbers in C without limit points. ¢, := Z ﬁ is a sequence of rational
] 1 Z an

functions with ¢, ; € C. Then there exists a meromorphic function f : U — C such that f has poles at {a,} and principal
parts ¢, at each pole.

Remark. Mittag-Leffler Theorem states that we can always find a meromorphic function with prescribed poles and principal
parts near each pole.
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Proof. ForeachneZ,, ¢, is apolynomial of 1/(z— a,). Hence ¢, is holomorphic in B(0, |a,|) and has Taylor series

———2z", which converges uniformly to ¢, in B(0,|a,|/2). Hence there exists s, € N such that

$ X0
=0 k!

for ze€ B(0,|a;|/2). We denote Z;C":O (p(nk) 0)zk/k! by pn(2).
Fix R > 0. Since {a;} is an infinite set in C without limit points, we have r}im |ay,| = +oo. Let
—00
N:=max{neZ, :|a,| <2R}

Then for z€ B(0,R) and n > N, |z| < R < |a,|, the function defined by ¢, (2) — pn(2) is holomorphic. Moreover,

[ee] [e o]

Y |en@-paa|< ) <1
n=N+1 n=N+1
(e p—
The series Y (¢n(2) — pu(2)) converges absolutely and uniformly in B(0, R). Hence it defines a holomorphic func-
n=N+1
tion in B(0, R).
Therefore the series
e} N o]
Y (@n@-pa@)= Y. (Pn(@—pn@)+ Y. (pn(2) - pa(2)
n=1 n=1 n=N+1

defines a meromorphic function in B(0, R), with prescribed poles at {a;, : |a,| < R} and corresponding principal parts
o0
{¢n :layl < R}. Since R is arbitrary, Z (¢n(2) — pn(2)) is a meromorphic function on C with the desired properties. [
n=1
2.3.3 Interpolation Theorem.

Mittag-Leffler Theorem may be combined with Weierstrass Factorisation Theorem to give a solution to the interpolation prob-
lem: Given a infinite set {a,} € C without limit points, we want to find an entire function with prescribed values on the set. In
fact the result is much stronger. We can also prescribe finitely many derivatives at each a,,.

Theorem 2.32. Interpolation Theorem.

Suppose {a;} is a sequence of complex numbers in C without limit points. For each a, we associate a non-negative
integer m,, and a sequence of complex numbers c ,, (0 < k < m,). Then there exists an entire function f such that
f%®(ay) = k'c., for each a, and 0 < k < m,.

In other words, f has the prescribed m,, terms of Taylor expansion at each a,,.

Proof. By Weierstrass Factorisation Theorem, we can find an entire function g such that g has zeros at each a,, with multiplic-
ities m,, + 1. We claim that we can associate each a, with a rational function

mu+1 dk "

‘Pn(Z) = Z

=1 (z— an)k
such that g(z)¢,(z) has a Taylor expansion near a,:

mp

g@pn(2) =Y cinlz—an*+0(z—an™*)
k=0

oo
Suppose that we are given that g(z) = Z bi(z— an)’”m’“rl near a,. Then
k=0

8(@)pn(2) = ( Z —') . (Z by(z— an)k+m,,+1)
= k=0

= (dmn+l,n + dmn,n(z —ap)+---+ dl,n(z - an)mn) . (Z bi(z— an)k)
k=0
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Comparing the coefficients, we have:

by - dmn+l,n =Co,n
b - dm,7+l,n + by - dmn,n =Cl,n

k
Z bi—j-dm,+1-j,n = Ck,n
j=0

Thus we can determine d,;,+1,,, -, d1 successively, since by # 0. In this way we have obtained the desired functions
Dn-
By Mittag-Leffler Theorem, we can find a meromorphic function % on C such that / has poles at each a,, with principal

parts ¢,. Now f(z) := g(z)h(z) has only removable singularities and can be extended to an entire function with the
desired properties. O

Remark. The Interpolation Theorem can also help determine the structure of the ring of holomorphic functions. Suppose
U € Cis adomain. Let H(U) denotes the set of all holomorphic functions on U. Then H(U) is a ring under function additions
and multiplications. We have the following proposition:

Proposition 2.33

Every finitely-generated ideal in H(U) is principal.

Proof. Given fi,---, f, € H(U). The corollary states that there exists f € H(U) such that (fi,:--, f,) = (f). But first we shall
prove the following lemma: If g3,---, g, € H(U), if none of them is identically zero in U, and if they have no common
zeros in U, then (g1,--+, gn) = (1) = H(U).

We use induction on n. Suppose that the lemma holds for any 7 — 1 functions with no common zeros. Let m(g;; a)

denotes the multiplicities of zero of g; at @ € U. By Weierstrass Factorisation Theorem (applied to a domain rather

than the whole C, which is still valid), we can find ¢ € H(U) such that m(¢, @) = ) min ) m(g;i,a) for each a € U. This is
SIsn—

practical because the common zeros of g3, -+, g,—1 is a discrete point set.

Let h; := gi/lp fori =1,---,n—1. Then hy,---, h,—; have no common zeros. By the induction hypothesis, we have

(h1,++,hp-1) =H(U). Hence (g1, , &n-1,8n) = (P, &n)-

Since g1,---, gn» have no common zeros, ¢ and g, have no common zeros. By Interpolation Theorem (again applied to
a domain U), we can find v € H(U) such that m(1 —wg,; a) = m(p; a) for all @ € U. This could be done by prescribing
the value of ® (a) for 0 < k < m(¢; a) at each a € U such that m(g; a) > 0.

Hence ¢ := (1 —wg,)/ ¢ has only removable singularities and can be extended to a holomorphic function in U. That is,
Jy,{eHWU): 1=wg,+¢<¢.

Then 1€y, gn). (g1, *,8n) = (®, gn) = H(U), which completes the proof. O
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3.1 Residue Theorem

( Definition 3.1. Residue.

o0

Suppose f has an isolated singularity at zy € C. The Laurent series of f in a deleted neighbourhood is ) ¢,(z - 20)".

n=—00

We call the coefficient c_; the residue of f at zyp and denote it by Res(f, zg).

Proposition 3.2. Residue at a Pole.

If f has a pole of order n at zp, then the residue of f at z is given by:

Res(f, zp) = (z—20)" f(2))

1 n-1
" lim|=
-1 zg]?o(dz) (

(o] o0

Proof. Suppose the Laurent series of f near zj is Z cm(z2—29)™. Then (z—zp)" f(2) = Z Cm—n(z—2z9)™ is can be holomor-

m=-n m=0
phically extended to z;. We have:

Z=20\dz ¥4

. d ! n . d\"!'& m
lim (d—) ((z—z0) f(z))=Zanzlo(d—) n;OCm—n(Z_ZO)

i s m!
= IIm ——Cm—nlZ—Z
z2—20 m:Zn’—l (n+1)! m n( 0)

=(n—-1!c_1 = (n—1)! Res(f, zo)

m—-n+1

Corollary 3.3. Residue at a Simple Pole.

If f has a simple pole at zp, then the residue of f at zj is given by:

Res(f, z9) = lim (z—zp) f ()
Z—20

Proposition 3.4

Suppose g, h are holomorphic at zg € C, with g(zo) # 0, h(zg) = 0, and h'(zg) # 0. Then z is a simple pole of f(z)
g(2)/ h(z). Moreover, we have Res(f, zg) = g(z0)/ I (z).

53
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h n -h d 4
Proof. 1/f(zp) = (20) =0and (1/f) (z) = (ZO)g(Z;)(Z )Z(ZO)g (20) = g((ZZO)) #0. So z is a simple zero of 1/ f and hence a
0 0
simple pole of f. By Corollary 3.3, we have:
Res(f, z9) = hm (z— zo)L lim —8®@ _ _ 8&0) O

h(z) z—z0 BEA-hz0)  h/(zp)
Z—Z0

Theorem 3.5. Residue Theorem.

Suppose U < C is a domain and S € U is an at most countable subset with no limit points in U. f: U\ S — C is holo-
morphic with isolated singularities at the points of S. y is piecewise-smooth closed path contained in U with Sny* = @.
Then we have:

f 271 ) I(y,a)Res(f,a)

aes

Proof. Since y* is bounded, without loss of generality we can assume that S is finite. For a € S, let p, be the principal part of f
near a. Then f — p, is holomorphic at a € S. Consequently f — ) p, is holomorphic on S. Apply Cauchy’s Theorem:

ac$S

ff(z) dz - Z pu(z) dz
aesS
But we also have:

fpa(z)dzzf Z cnlz— Zo)ndZ— Z —n
Y Y

n—1 (z Z)"

:ji zC—_zo dz =2mi- I(y,a)Res(f,a)

The second equality follows from the uniform convergence of the principal part. The third equality follows from that
(z — 7)™ always has a primitive in U except for n = —1.

Therefore we have f (2)dz = 2mi Z I(y, a)Res(f, a) as claimed. O

aes

Remark. Residue Theorem provides a powerful tool that transforms the calculation of integrals into the calculation of the
residue of singularities, which, by Proposition 3.2, is essentially doing differentiation.

Now we will give a number of examples to demonstrate the power of Residue Theorem in computing integrals, especially
improper integrals on the real line. For more techniques and examples of residue calculus, please refer to [Priestley].

3.2 Semicircular Contour

+00

We first consider improper integrals of the type fx)dx:

Theorem 3.6

Suppose f is holomorphic on the upper half plane {z € C : Im z = 0} except at a finite set S. If Zlim z- f(z) =0, then we
—00

have: oo

f(x) dx=27i)_ Res(f,a)

- acs

provided the improper integral on the left side exists.

Proof. We will use a semicircular contour in the upper half plane that consists of a line segment [-R, R] and a semicircle
Yr:=7"(0,R), as shown in Figure 3.1. By Residue Theorem, for sufficiently large R, we have:

R
f fx)dx+ f(z)dz 27 ) Res(f,a) (3.1)
-R

aes
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Let M(R) := sup | f(z)|. We know that I%im R-M(R) =0. Then:
—00

zeYy

f(2)dz
YR

7[ . .
= ' f f(Re?)-Rie® do| < nRM(R) — 0
0

as R — oo.

By letting R — oo in the Equation (3.1), we have

+00

f(x)dx=27i)_Res(f, a)

aes

as claimed. O

Remark. We must prove the existence of the improper integral before we apply the theorem. If the integral diverges, then
2mi Z Res(f, a) only gives the Cauchy principal value of the integral. We should write:

aes

+00
P.V. f(x)dx=27i)_Res(f,a)

—00 aes

Remark. There is nothing special about our choice of the semicircle in the upper half plane. One gets the same conclusion
using the semicircle in the lower half plane, with the corresponding poles and residues.

Im
YR

Re

Y

Figure 3.1: A semicircular contour.

Example 3.7
+00 1
Evaluate f —dux.
oo 14+ x24 x4

Solution. Let us consider the function f(z) =1/(1+ z% + z%) defined on the upper half plane. Notice that 1/ f(z) =1+ Z2+zt=

(25 —1)/(2% = 1) has simple zeros at e™/3, e27/3 e47/3 and e%™/3, Then, in the upper half plane, f has simple poles at
w = e/3 and w? = 273,
We calculate the residues by using Corollary 3.3:
1 1
Res(f,w) = lim = =—
(f,) —wzd+ 2241 (0—0?)(w+o)(w+w?) 2(1 - w?)
z—w? 1 1

Res(f,w?) = lim = -
(f,0 =2 28+ 722+1 (W -w) (W +w) (W +w?) 20(l-w?)

Note that
L
Now we can apply Theorem 3.6:

+00 1 . 2
| de = 2mi(Restf, 0+ Restf,0%)

=2mi

1 )_ i
21-w?) \w T wltw
i1
- O

V3
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3.3 Jordan’s Lemma

+00

When evaluating integrals of the type f el% f(x)dx, we need the following lemma:
—00

Lemma 3.8. Jordan’s Lemma.
Suppose f is continuous on the upper half plane (with possible exceptions at a finite set). If zlim f(z) =0, then:
—00
lim [ €% f(z)dz=0
R—o0 YR

for any a > 0, where yr(#) =y* (0, R)(t) = Rel, t € [0, 7] is a semicircular path.

Proof. Since sinx is convex on [0, 7/2], by Jensen’s Inequality, we have:
. . 2x 2xX 7 2\ . 2x . w2
s1nx=sm((1——)0+ —'—) = (1— —)s1n0+ —sSsin—=—x
T T 2 T T 2 7
for x € [0,7/2].
Let M(R) := sup | f(z)|. We know that R}im M(R) =0. Then:
—00

zeYR

/ eiazf(z) dzl = ‘fﬂ eiaRcosﬁ e—aRsinQ f(Reie)Rieig d@‘
YR 0

n . w2,
sR-M(R)f g @fsind g9 szR-M(R)[ e 710 qg
0 0
=2M(R)- ——(1-e"*) 0
2a

as R — oo. O

Corollary 3.9

Suppose f is holomorphic on the upper half plane {z € C : Im z > 0} except at a finite set S. If Zlirn f(2) =0, then for a >0
—00
we have:

+00 | i
f e f(x)dx=27ni)_ Res(e'* f(2),a)

0 aes

Proof. This is exactly like the proof of Theorem 3.6. We know from Jordan’s Lemma that the integral on the upper semicircular
path tends to zero, and the result follows. O

Remark. We can also translate the complex exponential into real trigonometrics:

+00 )
f cosaxf(x)dx=Re (Zni )" Res(e'** f(2), a))

00 acs

o) aes

+00 )
f sinaxf(x)dx =Im (Zni )" Res(e'** f(2), a))

Example 3.10

+too ginx
Evaluate f —dx.

0 X

Solution. Normally we will consider e'? /z on the upper half plane. But it has a simple pole at the origin, which is on the con-
tour we are about to integrate along. So we consider f(z) = (e'*—1)/z instead. By expanding the exponential function
we can see that

. eiz -1
lim
z—0 z

=i
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Therefore z = 0 is a removable singularity of f, which can be extended to an entire function on the plane. By Cauchy’s
Theorem, along the semicircular contour we have:

R ix_l iz 1
Osz(z)dz:f ¢ dx+f e—dz—[ —dz (3.2)
-R X Yr % Yr 2

The third term in the Equation (3.2) is just:
1 ™ iRe®
f —dz= f — df =in
vr 2 o Rel

Letting R — oo, the second term in the Equation (3.2) vanishes by Jordan’s Lemma. Hence we have:

00 piX R el* R Lix -1
[ —dx = lim —dx = lim dx=in
-0 X R—ocoJ-R X R—ooJ-R X

Take the imaginary part:

® sinx
/ dx=n O

o X

Remark. Ifthe integrand function has singularities on the real line. We often indent the contour by a small circular arc around
the singularity. The following lemma shows that it works for simple poles.

Lemma 3.11. Indentation Lemma.

Suppose f is holomorphic on the sector {z = zy + rel:re(0,R], 0¢€ [61,6,]} and has a simple pole at zy. Then:
lir% f(z)dz=1i(02 —01) Res(f, zo)
r=9Jy,

where y,(t) = zg + rel’, te [0;,6s].

Proof. Suppose Res(f, zp) = A. Let g(z) = (z— z¢) f(z) — A. Then lim g(z) = 0. We have
Z—2

1
flodz= [ £ dz+Af dz=iA@,-0p+ [ 224,
Yr Yr €~ 20 Yr €20 Yr €20
where
6, i0 )
f £ dz‘ S|[ R i de‘
v 2= 20 0, rel
02 .
= f ig(zo+ re‘e)dG <suplg(2)|(@2,—-01)—0
1 zZEYy
asr — 0. Hence f},r f(2)dz —1A(6, —0;) as r — 0 as claimed. O

Remark. The indentation only works for simple poles and fails at other types of singularities. This is because the contour has
length O(¢) and the integrand grows as O(e~!) near a simple pole.

Im
YR
Yo
\ \
4 4
-R —-pP o R

Figure 3.2: A semi-annular contour.



58 CHAPTER 3. CALCULUS OF RESIDUES

Example 3.12

+00 qf
sinx
dx.

Use Lemma 3.11 to evaluate f

—00 X

Solution. Let f(z) = e*/z. We integrate it along the semi-annular contour as shown in Figure 3.2. Since f is holomorphic
inside and on the contour, by Cauchy’s Theorem we have:

p eix el? R gix el?
R T Ly s
-R X Yo % p X YR #

where y,(f) = pell, t€[0,n] and yr(f) = Re'’, t € [0, 7).

By Jordan’s Lemma, the fourth term vanishes as R — co.By Lemma 3.11, since lil’I(l)Z -el% /z — 1, the second term
Z*»
eiz )
f —dz—in
Yo z

+00 @lX —p elX R oix
f —dx = lim —dx+ lim —dx=in
— X R—o0J— X R—o0
o p—0 R p—0 P

as p — 0. Therefore we have:

We can see that this method produces the same answer as the previous one. O

Example 3.13

©  Inx
Evaluate / ——dx
o (1+x2)2

Solution. Let f(z) =logz/(1+2z%)?. f hasasimple pole at 0 and double poles at i and —i. We wish to indent at z = 0 and use the
semi-annulur contour in Figure 3.2. Since logarithm is multi-valued, we have to choose a holomorphic branch of the
logarithm such that the cut line does not cross the contour. We use the principal logarithm here. First let us calculate
the residue. By Proposition 3.2,

logz . d logz . (z+i)?/z-2(z+i)logz
B — 2 = o =
Res(/, l)_hm PG TI= i b e o (z+i)*

/4 1
= — 4+ —
8 4

For x € R_, we have Inx = In|x| +ir. Apply the Residue Theorem:
Pln|x|+17r f fR Inx f logz
| =2 der [ =282 _dz-21iR
fR (1+x2)2 (1+z2)2 dz p (1+x2)? * yr (1+22)? @ =2miRes(f,D

. . logz
For the second term, since lim z- &

T =0, 0is a simple pole of f. By Lemma 3.11, we have:
z— z

limf 1982 4,20
p—0Jy, (1+z°)

=0, we have:

1
lim f &dz=0
R—o00Jyp (1+22)2

logz

For the fourth term, lim z- ————
z—00” (1+22)2

Combining the preceding equations we have:

) P In|x|+im R Inx
Ll_l?(l) j:R md éli% ) mdx 2n1Res(f 1)
R—o0

© Inx ) 0 1 e
=2 ———dx+in ———dx=2mi|=—+-
o (1+x2)2 oo (14 x2)2 8 4
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Im

YZ YR

/4

-

Figure 3.3: A sectorial contour

Taking the real part:

f"o Inx d /4
—_—dXx=——
o (1+x2)2 4

By taking the imaginary part, we also obtain that:

foo L ax=” O
—dx=—
0 (1+)62)2 4

Remark. We will see later that the previous example can also be solved by a keyhole contour.

Example 3.14. Fresnel Integrals.

o0

Evaluate f

o0
sin x% dx and f cosx?dx.
0 0

Solution. We consider the function f(z) = eizz, which is entire on C. We wish to apply Cauchy’s Theorem. A semicircular
contour would not work, because e’ does not tends to zero as R — co. Alternatively we can consider a contour that
goes around a sector, as shown in Figure 3.3. Let the contour be I" := y; x yr % 72, where yg(f) = Rel’, t€[0,7/4] and
Y2(8) = —te™4 te[-R,0]. By Cauchy’s Theorem:

R ix? iz2 iz2
e’ dx+ e“ dz+ | €% dz=0
0 YR Y2

Now the second term tends to zero as R — oo, following from the same argument in the proof of Jordan’s Theorem
(applying the Jensen’s Inequality). For the third term,

. iz2 © 2em2 gifg aira [ g
lim e’ dz=- e e dr=-e e ' dt
R—o0Jy, 0 0
——e”i/4ﬁ—— \/271+i\/27r
2 4 4

Hence

o0 o0 ‘/27-[
f sin x?dx :/ cosx’dx=—=
0 0 4

Remark. In the previous example we have used the well-known result:

+00 2
f eV dx=v7m

(o 9)
which is usually derived from a double integral in the polar coordinates. An alternative way which utilizes residue calculus is
given in Example 3.23.

3.4 Keyhole Contour

We consider the integrals of the type f f(x)dx, where f depends explicitly or implicitly on logarithm. We need to select a
0

holomorphic branch by drawing a cut line on the plane. For example we choose R, as the cut line and consider the following
contour I'. Let y(0, R) and y(0, p)~ be two circular paths, where we make R — co and p — 0. We join the two circles by two line
segments with a narrow neck in between, as shown in Figure 3.4. Our choice will make log z holomorphic inside the contour.
Moreover, we have log z = In |z| just above R, and logz = In|z| + 27i just below R,..
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YR

Yo Y+

o

a Re

Figure 3.4: A keyhole contour.

Example 3.15
o yP-l
Evaluatef ———dx,where meZ* and p € (0,m) \ Z.
o (Q1+x)™m
Zp-1 e(p-Dlogz
Solution. Let f(z) = = . Since p ¢ Z, f is multi-valued. We choose the positive real axis as the cut line and

1I+2z)m I+2z)m
consider the keyhole contour I' = y g x y_ * y, %y, in Figure 3.4.

Ony,, 2P 1 =ePDInx = xp=1 Ony_, zP~1 = e(P~Dlogz — g(p-Dnx+2m) _ e2p7i yp=1 e can see that f has a pole of
order m at z = —1. By Residue Theorem, we have:

R p-1 p-1 R 2pmi ,.p—1 p-1
X z ePmx z
—dx+ —dz—f —dx—f ——dz =2niRes(f,-1)
o (L+x)m yr 1+2)™ o (Q+x)m Yo 1+2)™
Since yr(t) = Re'’, t € [0,271], we have:
Zp—l 27 Rp—le(p—l)it .
[ [T g
yr 1+2)™ o (1+RelH)ym
RP1 e(}?*l)it . RP
<27-sup ——  Rie'|<21———— -0
zeys, (1+ Relt)ym (R-1)"
as R — oo, because p < m.
Similarly on y,, we have:
zp_l p
z <27zp— -0
y, 1+2)™ (p—-1™M

asp—0.

Then by letting R — co and p — 0 in the Residue Theorem, we obtain that

(1- eani) foo ﬂ dx =2miRes(f,-1)
o (Q+x)™m
Now we compute the residue. If m =1, then
Res(f,—1) = lim (z+1) Gl = (D =—e
-1 (1+2)
If m>1, then
m-1 p-1
Res(f, 1) = —; Jim = e+ D™

= i — —2)..(p— p-m
_(m—l)!zlln;ll(p Dp-2)---(p—-m+1)z
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L ) Im
(N+3)(=1+1) (N+ YL +1)
A)
I'n
I~
-N-1 N+1
-N ) Re
D'g
\
(N+1-1-D (N+ ha-i

Figure 3.5: A square contour.

Pl —pm2=p)---(m—1— ,m—1
__em1-pl-p '(m p):—e””'l_[ (1_3)
(m-1)! j=1 J
Hence we have: )
xP1 —eP™ 1 T

f ——dx=2mi - =271 —— = —

o l+x 1—e?pmi 2isinpnm  sinpw
and for m > 1:

oo xp—l m—
fo (1+x)m smp l:[ (1__)
3.5 Infinite Series

Residue Theorem are also useful in calculating the sum of an infinite series. We will use the function cotnz. Since sinz has
simple zeros at 7Z, cotz has simple poles at Z. We have the following lemma

Lemma 3.16

Suppose that ¢ is holomorphic near n € Z with ¢(n) # 0. Then f(z) := ¢(z) cotnz has a simple pole at z = n with residue
Res(f,n) =¢@(n)/n.

Proof. Itis easy to see that z = n is a simple pole of f. So the residue is calculated by

m :
—n sinmz
. Ccosmzcosmn+sinnzsinmn .
=@n) lim(z—n)— - (sinmn =0)
z—n sinmzcosnmn—cosnzsinmn

oy lim EZICOSTE= ) _ 9(n) | w(l + Ow?)

c—n SiIlT[(Z—n) T wg%) w+0(w3) (W:: H(Z_n))
=pn)in

Res(f, n)—llm(z n)g(z)cotnz = (p(n)y (z—n)cosnz

O

Now let us consider the positively oriented square contour I'y with vertices at (IV + %)(+1 +1i). The next lemma shows that
cotnz is uniformly bounded on all T'y,.

Lemma 3.17

There exists a C > 0 such that sup{l cotnz|: z€ F;‘V} <Cforall NeN

Proof. We consider the horizontal and vertical sides of the square separately. On the horizontal sides, we have z = x + (IN +
Pi, xe[-(N+1),N+11.

inz | g-inz el (HI(N+3)) 4 o=im(xi(N+3)
|cotmz| =

einz _ e—iﬂz

el (N+3)) _ o-im(xi(N+3)
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R 1 : 1
elnx+n(N+§) +e—1nx4_rﬂ(N+§)

einxin(N-%—%) _ e—inxin(N+ %)

1 1
eT(N+3) 4 o= 7(N+3)

=|cothm (N +1/2))|

e (N+3) _ o=7(N+3)

7
< ‘coth E‘ (since coth x is decreasing when x > 0)

On the vertical sides, we have z = +(N + %) +yi, ye[-(N+ %), N+ %] From elementary trigonometric equalities, we
know that cot(z + n/2) = —tan z and that tan(z + N7) = tan z for N € Z. We have:

|cotmz| =|cot(x(m/2+ Nm)+iny)| =|taniny| = |[tanhwy| <1

b4
Hence we have sup |cotrz| < min (1, ‘coth 5 |) for all N e N. O
zel'y,

Remark. Given the two preceding lemmata, we are now able to sum some infinite series.
Example 3.18
X1
Evaluate Z_: =

Solution. By Cauchy’s integral test the series converges. Let f(z) = cotnz/z>. We consider the square contour I'y defined

1
above. By Lemma 3.16, we know that f has simple poles at z = n € Z\ {0} with residues Res(f,n) = —. In addition,
nn
z=01is atriple pole of f. The residue is given by

Res(f,0) 1 lim d? ‘ 11 5 T N m2zcosmz
es(f,0) = —lim — zcotmz = — lim
2 z—0 dz? 2z-0\ " sinnz sinnz
. 7zcosmz—sinmz
=glim—m—
z—0 sin®nz
. mz(1-n?Z%12+0(2Y) - (mz—n3Z28 16 + 0(2%)
= lim
z2—0 (mz+ 0(z3))3
_ -m*2+7%l6  n
- 3 T3

Apply the Residue Theorem to f along I y:

N
f(z)dz— Z Res(f,n) = —+2 —
n=—-N n=17N
By Lemma 3.17, we have
cot
‘f f(2)dz :']{ 72 dz|<4-@N+1)- ———— —0
I'n I'n z? (N+1/2)
as N — oo.
Therefore:
T ®© 1] | nz
0=——+2 — =
3 “&an? ; 2

O

Remark. In the previous example, the residue of cotz/z? at z = 0 can also be calculated by directly expanding sin z and cos z
atz=0:

-1
Cosz

2 3
cotz = = (1—%+O(z4)) (z—%+0(z5))

1 (1 -z (1 + O(zz))
z 6

2
1 (1 _E O(z4)) (1 + 22 (1 +0(z%)
z 2 6

sinz
-1

—(1—Z—Z+O( Y
= 2 z

+ O(z4))
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1 z L0
=——= z
z 3
Therefore we obtain the Laurent expansion of f at z =0:

cotnz 1 T

fl2) =

22 nz3 3z

Hence we have Res(f,0) = —m/3, which is the same as in the example.

Remark. We will give another example, which sums an alternating series. Instead of cotzz we use cscrz, for which we have
the similar lemmata:
Lemma 3.19

Suppose ¢ is holomorphic near n € Z with ¢(n) # 0. Then f(z) := ¢(z)/sinnz has a simple pole at z = n with residue
Res(f,n) = (-1D)"¢(n)/n.

Lemma 3.20

There exists a C > 0 such that sup {|cscnz|: ze Ty} < Cforall NeN.
The proofs are very much similar (and in fact easier).

Example 3.21

(o] (_1)11
Evaluate )  ——.
=1 ne+1

Solution. By Leibniz’s alternating series test the series converges. Let f(z) = . By Lemma 3.19, f has simple

(z2+1)sinmz

1"
poles at every integer n € Z with residues Res(f, n) = ﬁ In addition, f also has simple poles at z = +i, where the
residues are given by:
(z—1) 1 1
Res(f,i) =lim = =—
(£:D z—i (22 +1)sinzmz  2isin(in) 2sinhw
(z+1) 1 1
Res(f,—i) = lim =— - _
(f,= z——i (22 +1)sinmz 2isin(—in) 2sinhw

The integration of f along I'y:

‘f flz)dz ¢
I'n

- 0
(N+1/2)2+1

<4-2N+1)-

_1\n
:‘f (21) dz
Iy 2c+1

as N — oo.

Therefore by Residue Theorem:

N
f(z)dz=Res(f,) +Res(f,—)+ ). Res(f,n)
I'n n=—N

e 1 X (=" T 1
2y ——— = — -
Z a(n?+1) Z n2+1 2sinhm 2

n=1 n=1

N—oo
fr—— 0:2

1
p— + —
2sinhm 7

3.6 Some More Examples

Example 3.22

+00

Evaluate f -
—oo Sinhx
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Solution. Let f(z) = z/sinhz. This is a function with infinitely many poles, so we will not be able to choose a contour that
encloses all the poles. However, we can use the periodicity of the function. At z = 0, observe that
. . < 1
im =lim =
z—0sinhz z—0Y%° 2>"*1/2n+1)!

Then z = 0 is a removable singularity of f. Notice the periodicity of sinh z: sinh(x) = sinh(x +in) for x € R. sinh z has
simple zeros at izZ. f has simple poles atizZ \ {0} with residues:
z(z—nmi)

Res(f,nni) = lim ———— = nailim —
z—nmi Sinhz z—0sinhz

= nmui

We consider the rectangular contour with indentation at z = im, as shown in Figure 3.6.

—R+in Im i R+in
V) < y)
A \)
\Q./
Yo A~
Y- Y Y+
\
7
-R R Re

Figure 3.6: A rectangular contour with indentation at z = irn.

We observe that f is holomorphic inside and along the above contour. Apply Cauchy’s Theorem:

R x z P x+irm
[F e[ g [ S,
-r sinhx v, sinhz R sinh(x +im)
—-R s
+[ _Z dz+f _ x+1n. dx+f 'z dz=0
Yo sinhz -p sinh(x+im) y_sinhz

First we inspect the vertical sides of the contour:

f z d f” R+it dr
Z| = —_— 1 =
y. sinhz o sinh(R+it)

- R+m
I - —
sinh R

4 R+it .
- - — id¢
o sinhRcost+icoshRsint

as R — 0. And it is similar for y_.

For the indentation near z = in, by Lemma 3.11, we have:

z
limf - dz =inRes(f,in) = —?
p—0Jy, sinhz

Let R — oo and p — 0 in Cauchy’s Theorem. Substitute the preceding equations into the equation:

+00 +00 1
X 9 x+in
- dx—-n° - f ———dx=0
f_oo sinh x —0o —Sinhx

+00 x ”2
f - dx=— O
—oo Sinhx 2

Taking the real part, we have:

Example 3.23. Gaussian Integral.

+oo

Evaluate f e dx.

—00

. . . 2 . . .
Solution. Normally we may consider the function e™? . But this is entire and is not well-behaved as z — co. Here we define
5 2
f(z) =€ /sinnmz and consider its integral on a parallelogram contour, as shown in Figure 3.7.
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Im . i ) i
-5 +Red 5 +Red
Y_

1 im
-3 —Ret

1 in
3 —Red

Figure 3.7: Contour for the Gaussian Integral.

The nominator of f is entire. By Lemma 3.19, we know that f has a simple pole at z = 0 with residue Res(f,0) = 1/x. By
Residue Theorem, we have

f(z)dz+f f(z)dz—i—f f(z)dz—i—f f(z)dz =2miRes(f,0) = 2i
71 Y- Y2 Y+

On y;, we have y; (1) = 3 + te"'4, t € [~ R, R]. The integral:

i 22 s 1 in/4y2

ez R exp(in(5 +te™*)”) .

f d f 2 'em/4 dr
y _

| sinmz R sin(n(% + tein/4))

/R exp(iﬂ(% +it? + tel™’4y)
)R cos(mteln/4)

o inla

=i/R ot exp(lntgln )

_R cos(mtel™’4)

Similarly on 3, we have

.92 .

iz R, exp(—imrel™?)
[ g [ mtcimensy
Y -R

, sinmz cos(mreln/4)
Adding up:
. 2 . 2 . . . .
f ez dz+f e dz:ifR ot exp(inre™?) + exp(—imre™*) dr
v, Sin7z v, SINTTZ -R cos(mrelm/4)
R in/4 R
X __22cos(mte”™’'™) . )
:1f e ! —./dt=21f e " dt
_R cos(mtelm/4) -R

On y_, the integral:

B f*”Z exp(in(x + Re™*)?)
12 sin(m(x+ Rel™/4))

fl/z einx(x+f2R) efnR(RwL\/Ex) '

dx
1/2 it (x+RIV2) g—TRIV2 4 o=in(x+RIV2) gmRIV2

e TR(R+ V2x)

. =)
enR/\/ﬁ_ e—nR/\/§

<2 sup
xel-3,3]

as R — oo. Similarly, the integral along y also vanishes as R — co.

By letting R — oo in the Residue Theorem, we have:

+o0 P +00 2
2if e dx:2i:>f e Y dx=v7 O
- —00

(o0}
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Example 3.24
2w do
Evaluate f _
o 3+cosfO+2sinf

2
Remark. This is an example of integral with finite interval. More generally, consider integrals of the form f R(sin@,cos0) db,
0

where the integrand is a rational function of sinf and cos6. We use the substitution z = e?. Then the integral can be regarded
as a contour integral along the unit disk. Moreover, we have:

1 . . 1
sinf = E(elg —e 0y = E(Z_ z Y
. 1
-0y _
) 2
do = (ie?)"1d(e?) = -iz"'dz

1 .
cosf = §(e1€+e (z+z7H

So we can use the Residue Theorem to compute the integral.

Solution. Lety(0,1) be the positively oriented contour along the unit disk. We have:

fZﬂ d9 1 1
. = —azg
0 3+cosf+2sinf y(o,l)3+%(z+z‘1)+%(z—z—1) iz
10 dz

Ci+2 Sy Gz +1+2D)(z+1+2i)

Let f be the integrand above. Then f has two simple poles: z = —é(l +2i) and z = —(1 + 2i). By Residue Theorem, we

have:
dz . 1 .
- — =2niRes(f,—=(1+2i))
¥(0,1) bz+1+2i)(z+1+2i) 5
. . 1 i
=2xi lim — = :
z—-L+20) 5(z+1+2i) 2(1+2iQ)
Hence
fzﬂ do 10 mi
= — — = A D
o 3+cosf+2sinf i+2 2(1+2i)
Example 3.25
Evaluat f 1 dx
valuate .
-1 (1+x)2831-x)1/3
Im
YR
i
YPz

Figure 3.8: A dumbbell contour.
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Solution. Let f(z) = (1 - 2)"13(1 + 2)=2/3, This is a multifunction with branch points at z = 1 and z = —1. We shift to polar
coordinates (see Example 0.23 for detail) and write z = 1+ rel® = —1 + sel?. Then f(z) = r~1/3s72/3¢710+20)/3 The
admissible contours are those which winds around both or none of the two branch points, so we can obtain a holomor-
phic branch of f by doing the branch cut at [-1, 1]. We consider a "dumbbell-shaped" contour y; :=y,, * Y- *xyp, x ¥+
that encloses both poles, as shown in Figure 3.8. Here y,, := y(1,p) and yp, := y(-1, p). Let yg := y(0, R) be the posi-
tively oriented circular contour. Then f is holomorphic in the interior of the cycle I' := yg +y4. By Cauchy’s Theorem
we have:

f(z)dz+f flx)dz+ f(R)dz+ | f(z)dz+ | f(2)dz=0
YR Y Y+ Y-

Pl Yp2

Notice that

. _ in/3 <

lim zf(2) =™ lim (z— DB+ 223

z 1/3 z 1213
==

= lim

. 9
Jim 1> exp (—%arg(z— 1)—g1arg(1+z)+iarg(z)

_ Aim/3 s _i _2_i : _ ,in/3
=e Zlirgloexp( 3 arg(z) 3 arg(z) + 1arg(z)) =e

On the circular contour yg, the calculation is very similar to the proof of the Indentation Lemma. Let g(z) = zf(z) —
e /3. Then lim g(z) = 0. Hence:
Z—00

: : (2) +e 73
lim f(z)dz = lim gore dz
R—o00 Yr R—o00 YR Z
. (2) i . 1
= lim g—dz+e 1713 Jim —dz
R—o00 yr < R—o00 Yr R
=2mie™3

On the indented circular arcs y,, and y,,, since

- Z-1\2/3

lim(z-1)f(z) = e ™3 lim —) =0

z—1 z—1\z+1
+1\1/3

lim (z+1)f(z) = lim (Z—) =0

z——1 z—-1\1—-2z2

By the Indentation Lemma, we have:

limf f(2)dz=0, lim f(z)dz=0
p—0 Yo p—0

1 Yo2
On the line segment vy, arg(l — z) =0, arg(z + 1) = 0, therefore
f@=0-0"301+x723
On the line segment y_, arg(l — z) = -2, arg(z + 1) = 0, therefore
F(2) = (M1 = x)"V3(1 + 1)) 23 = e2713(1 = x)~1/3(1 4 1) 2/3

Letting R — oo and p — 0 in Cauchy’s Theorem, we have:

1 dx -1 e2mil3 4y /3
+ +27ie™® =0
/_1 (1 _x)l/s(l +x)2/3 /1 (1 _x)1/3(1 +x)2/3
fl dx B —2miel™/3 _m2=n -
G (1-0)BA+x2B8  1-e23  sinx/3) 3
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4.1 Extended Complex Plane

In the classification of singularities, we are motivated to process functions in the extended plane C, := C U {oo} rather than
in C. This is an example of one-point compactification of C. To fully make sense of continuity and holomorphicity in C,, we
shall use two approaches:

1. Riemann Sphere S$2. We will identify points on $%:={xeR3:|x| = 1} with points on C through the stereograhic projec-
tion. The north pole on $? will be identified as co.

2. Projective Line CP'. We denote the set of all one-dimensional subspaces in C?> by CP!. We shall indentify points z € C
with the subspace ((z,1)) C2. Then the point of infinity is identified as the subspace ((1,0)).

4.1.1 Riemann Sphere.

We begin our discussion with the stereograhic projection.

68
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Figure 4.1: Stereographic Projection.

Definition 4.1. Stereographic Projection.

Consider the unit sphere $%:={xeR3: x| =1} in R3. Let A (0,0, 1) be the north pole of S2. We view the complex plane
C as a copy of R2 in R3: {(x, ¥,0) € R3: x, y € R}. Given a point M € S2\ { A}, the line connecting .4 and .# has a unique
intersection with C at 2. The mapping .# — 27 is a bijection between S? \ {4’} and C, and is called the stereographic
projection.

\ N J/

Remark. By some simple calculations the stereographic projection is given explicitly by:

X+Yi

XY, Z)—
( ) -7

The inverse mapping is given by:

x+iy— ————(2x,2y, x>+ y* —1) = ———(2Rez,2Imz,|z[* - 1
Vo e GOy )= 21>~ 1)

[ Definition 4.2. Riemann Sphere. ]

If we identify .4 with co on the plane, then the stereographic projection becomes a bijection between $? and C,. The
sphere S? is called the Riemann sphere.

Lemma 4.3
As a subset R3, the Riemann sphere $? is naturally a metric space. It induces a metric on Cy:

2lz— w| d(z,00) = 2

V1+1zZBVI+ w? 1+z2

d(z, w) =

forany z, w € C.

Proof. For convenience, we denote the image of z € C under the inverse mapping of stereographic projection by S(z). Then
from the previous remark we have

S(z) = (2Re(2),2Im(2), |zI* - 1)

|zI2 +1
For z,weC,

d(z,w) :=1S(z) - S(w)|l =v2-25(2)- S(w)

(2Re(2),2Im(z), |z|* — 1) - (2Re(w), 2Im(w), |w|? - 1)

2
‘\/2_ (122 + D(wP+1)

_ [, 8Re(zw) +8Im(zw) +2(I2> - D(wl* - 1)
B (I21? + D(wl+ 1)

~ \/4|z|2+4|w|2—4(zw+zw) O 20z-w

2P+ D(wP+1) T+ zPV/1+ P
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d(z,00) :=S(2) - (0,0, 1)l = v/2-28(2) - (0,0,1)

|z]2 -1 2
= O

2-2 =
1422 V1+ |z

Remark. We have made C, into a metric space, so that we can define continuity of functions on C. We can also see that
S(z) — A(0,0,1) as | z] — oo, so it is legitimate to identify A with co. In particular, a meromorphic function f: U — C naturally
extends to a continuous function from U to Cq,.

Remark. The geometry of Riemann sphere nicely unites lines and circles on the complex plane, as shown in the following
proposition:
Proposition 4.4
The mapping S: C — S? induces the following bijective correspondence:
(i) Linesin C  circles in $2 containing A;
(ii) Circles in C < circles in $2 not containing A"
Proof. This is purely calculation in analytic geometry. A circle on $? is obtained by intersecting the sphere with a plane
{(X,Y,Z)eR®:aX +bY + cZ = d} where a® + b® + ¢* > d?. The plane contains .4(0,0,1) if and only if ¢ = d.
For z=x+1iy € C, S(2) lies in the above plane, if and only if:
2ax+2by+c(x>+y* 1) =dx*+y*+1)
oc-d)(x*+y?) +2ax+2by—(c+d) =0

We can see that this is the equation of a line for ¢ = d. If ¢ # d, the equation simplifies to

a
(x+—

2 b \* a@+b*+c*-d?
C—d) + y+ = (41)

c-d (c—d)?
The RHS>0. It is indeed an equation of a circle. Hence circles on S corresponds to circles and lines in C.

Conversely, for a line in C, its equation can certainly be expressed as 2ax + 2by = ¢ + d, which corresponds to a circle
on $? containing .#. For a circle in C of the form (x+ A)? + (y+B)? = C?, weput c—d =1and a= A,b = B,c =
(C? — A% — B? + 1)/2. Then the equation of the circle becomes Equation (4.1). So it corresponds to a circle on $? not
containing .A4. O

Proposition 4.5

Suppose U € C is a domain. Then U is simply-connected if and only if C, \ U is connected.

Proof. "<=": Suppose C, \ U is connected. Let y be a closed path in U and V be the exterior of y. Then V is connected and
has oo as its limit point. Since Co, \ U € C, \ v is connected and contains oo, we have Co, \ U < V U {oo}. Therefore, we
have I(y,z) =0 for all ze C\ U. Hence the interior of y is contained in U. Since y is arbitrary, by Proposition 1.38, U is
simply-connected.

"=—": See the Appendix B.1 of [Stein]. O

4.1.2 Projective Line.

( )
Definition 4.6. Projective Line.

The complex projective line CP! is defined by the set of all one-dimensional subspaces of C>. The subspace generated
by (z, w) € C2\ {0} would be denoted by [z : w]. The coordinates z, w are called homogeneous coordinates, which are
determined up to simultaneous rescaling.

The mapping that identifies z € C with [z : 1] € CP! is a bijection between C and CP! \ {[1 : 0]}. If we identify co with [1: 0],
then the mapping becomes a bijection between C, and CP'.
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Lemma 4.7

C (equipped with the mertic induced by $?) induces a metric on CP!:
IKu, v)I?
dlli,L)=21/1- ——
S NPT

Proof. Just some simple calculations. O

forany ue Ly \ {0} and v € L, \ {0}.

( )

Definition 4.8. Differentiability on CP’.

Now we wish to introduce a differential structure on CP!.

Let Uy := CP1\ {[1: 0]} and Uy, := CP!\ {[0: 1]} be two subsets of CP!. Then the mapping tp(2) :=[z: 1] and 1 (2) :=[1: 2]
are two embeddings from C into CP!, whose images are exactly Uy and Uy,. We also have CP! = Uy U U,. We say that V €
CP!isan open set, if both Ly 1(v)and 3} (V) are open sets in C. This makes CP! a one-dimensional smooth complex man-
ifold or a Riemann surface. More explicitly, (Up, ;') and (Uw, t53) are two coordinate charts, and {(Uy, i5'), (Uso, 153} is
an altas of CP! (check that it meets all the definitions).

Suppose V < CP! is open. Suppose f: V — CP! is continuous. For L € V and f(L) € CP!, we have L € U, and f(L) € Up
for some a, B € {0,00}. Now f induces a mapping f : 1! (V) — C via the following diagram:

-1
2
VU, —— 15 (V)

b b

Up 45— C

We say that f is differentiable at L € CP', if f := tﬁl o fouy : 13 (V) — C is differentiable at 13! (L) € C. (One should check
that this is well-defined and is independent of the choice of Uy and Upg.)

If we identify C,, with CP!, then the above discussion defines holomorphic functions on Co,.

Remark. The above definition uses the language of differential geometry. It is essentially saying that, a function f:Ce — Cis
differentiable at zy € Co, if:

—

2o, f (zo) # oo: f is differentiable under the usual definition;
zo = 00, f(2g) # oo: g(z) := f(1/z) is differentiable at 0;

zg # 00, f(z9) = 0o: g(z) :=1/ f(z) is differentiable at z;

=w

zo = f(zp) = 00: g(2) := 1/ f(1/z) is differentiable at 0.

Proposition 4.9
(i) f:Cx — Cisholomorphic (in the sense of Definition 4.8) if and only if f o is constant;

(ii) Suppose f:C — Cq is non-constant. Then f is holomorphic (in the sense of Definition 4.8) if and only if ¢; Lo fis
meromorphic;

(iii) Suppose f : Co, — Coo is non-constant. Then f is holomorphic (in the sense of Definition 4.8) if and only if 1, Lo foug
is a rational function.
Proof. (i): The backward argument is trivial. For the forward argument, since C, is compact and f is continuous, then f(Co)
is bounded. By Liouville’s Theorem, f is constant.

(i): The backward argument is trivial. For the forward argument, it suffices to show that if f(z9) = co = [1: 0] then
zg is a pole of tal o f. By continuity of f at zy, there exists r > 0 such that f(z) # 0 = [0 : 1] for z € B(zy, 7). Hence
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f(B(20, 1) \{0}) € Uso N Up. Let foo :=15) o f and fo := 15" o f. Then foo(2) = 1/ fy(2) for z € B(zo, 1) \ {z0} and foo(2) = 0.
Hence z is a pole of fj.

(iii): The backward argument is trivial. For the forward argument, since f is holomorphic, then f := Ly lofolisa
meromorphic function with oo as a pole or removable singularity. Since Cy, is compact and the singularities of f are
isolated, f can only have finitely many poles. By Mittag-Leffler Theorem, there exists a meromorphic function g with
the same poles and orders. Hence f — g is holomorphic and bounded on C. By Liouville’s Theorem, f(z) - g(z) = c
is constant. Moreover, g is given by a finite sum of some rational functions. Hence f(z) = g(z) + c is also a rational
function. O

Remark. A meromorphic function is said to be transcendental, if it is not a rational function. As a corollary of the previous
proposition, a transcendental meromorphic function either has co as an essential singularity, or as a limit of poles.

4.2 Conformal Equivalence and Mobius Transformations

In this chapter we will shift our focus from analysis to geometry. The main problem is that, given two open sets U and V in
C, if there exists a holomorphic bijection between these sets. We begin with the definition of conformal mappings, which are
mappings that preserve angles. Informally stated, suppose there are two rays y; and vy, starting at zo. We can define the angle
between the two rays by the difference of their arguments at zo. We say that f is angle-preserving at zy, if foy; and f oy, make
the same angle at zp as y; and y» do. The formal definition is as follows:

4.2.1 Conformal Equivalence.

( )
Definition 4.10. Angle Preservation.

Suppose that U < Cisopen and f : U — Cis a function. For zj € U, suppose z; has a deleted neighbourhood B(zy, r) \ {zo}
such that f(zg) ¢ f(B(zo,1) \{z0}) (i.e. f is locally injective at zp). We say that f preserves angle at zy, if the limit

0y _
lim e—i0 flzo+ re )= f(z0)
r—0 |f(z0 + rei®) - f(zo)]

exists and is independent of 6.

Proposition 4.11
Suppose f: U < Cis a function. For zy € U,
(i) If f is complex differentiable at zp and f'(z) # 0, then f preserves angle at zy;

(ii) If f is real differentiable (as a mapping U — R?) at zo with df;, # 0 and preserves angle at z, then f is complex
differentiable at zo and f(zg) # 0.

Proof. (i): Suppose f’(zy) = a. Then the limit _
. flzo+re?) - f(z0)
lim =a

r—0 reif
holds for any 6 € R.
Then the limit is given by
. +reif) —
lime™? ZACH rehe) [(z0) =alim .re =—
r=0 " |flzo+r1e0) — f(z0)|  r=0|f(z0+re)—f(z)| lal

Hence f preserves angle at z.

(ii): Since f is real differentiable at zy, we can write
f(@ = flz0)+Mz—z9) +n(z—20) +12]-0(z)  A,neC

One can check that this is equivalent to real differentiability at zp.
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Angle preservation at zy implies that:

@ = lime-if fla+re)—fzg) . _jg AreP+ngre @ A+pe 20

r—0 |f(z0+rei6)_f(z())| ) Mreie +17re‘10| - |/1+ne‘219|

The value of a is independent of 8. We can infer that n = 0. Since d fj # 0, we must have A # 0. Hence
(@) = f(z0) + Mz — 20) + 12| - O(2)

We conclude that f is complex differentiable at zo with f’(zg) = 1 #0. O

Remark. Under our definition, there exists angle-preserving mappings which are not holomorphic. For example, f(z) = z|z|
preserves angle at z = 0 and the differential at that point is a zero map, but clearly f is not holomorphic at z = 0.

[ Definition 4.12. Conformal Mapping. ]
[ We say that f is a conformal mapping, if f is holomorphic with non-vanishing derivatives. J
Corollary 4.13

A conformal mapping preserves angle at every point in its domain.

Remark. If f: U — C is holomorphic and injective, then we must have f’(z) # 0 for all z € U. Hence biholomorphisms (and
their inverses) are conformal mappings.

[ Definition 4.14. Conformal Equivalence. 1

Suppose U, V € C are two open sets. We say that U and V are conformally equivalent, if there exists a bijective conformal
mapping f: U — V.

4.2.2 Mdbius Transformations.

( )

Definition 4.15. Projective General Linear Group PGL(2,C).

The General Linear Group GL(2,C) is the group of all invertible linear operators in C?> with compositions. That is,

b

GL(2,C) := {(z ]

):a,b,c,de@; ad—bc;éo}

GL(2,C) acts naturally on C? and hence on CP!. The operators that fix all elements of CP! are exactly all the scalar
multiplications, Z(2,C), which is exactly the center of GL(2,C). The quotient group, GL(2,C)/ Z(2,C), which is the group of
all invertiable projective transformations in CP', is called the projective general linear group and is denoted by PGL(2, C).

\ N J/

Remark. Now let us calculate the action of PGL(2,C) on CP!. For

a b
f= (C d) €GL(2,0)

itinduces f € PGL(2,C). For [z,1] € CP':

b

fz1]) = [(? d)(i)] =laz+b:cz+d] = az+b

cz+d’

1| (z#-dlc)

(If z=—d/c, then f([z:1]) = [1:0].)
For [1,0] € CP!,

f1,0D=la:cl=lalc:1]

If we identify CP! with C, then PGL(2,C) is isomorphic to a group of automorphisms on C,, namely the Mo6bius transforma-
tions.
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Definition 4.16. Mobius Transformations.

For a, b, c,d € C such that ad — bc # 0, the following mapping on C, are called the fractral linear transformations or the
MGdbius transformations:
az+b a

cz+d ¢
All Mobius transformations forms a group under mapping compositions, which is denoted by Mob. From the previous

remark we have Mob = PGL(2,C).

Z—

Definition 4.17. Dilations, Translations, and Inversion

There are three special types of Mobius transformations:
e For ae C\{0}, z— azis called a dilation.

e ForbeC, z— z+ bis called a translation.

e z— z1iscalled inversion.

Lemma 4.18

Any Mobius transformation is a composition of dilations, translations, and an inversion.

+b
Proof. Suppose f(z) = ZZ+ y is a Mdbius transformation. If ¢ # 0, we observe that
z
az+b a ad 1
= = — b— —_— =t d ] t; d
f@ cz+d c+( c )Jcz+d 1ediotot,odsy ()
where
dr(2)=cz, b(z2)=z+d, i(z)= z Y di(z)=(b—-adlc)z, h(z)=z+alc
If ¢ = 0, we trivially have f(z) = a/d + (b/d)z. O

Remark. The subgroup of Mob generated by translations and dilations is the group of C-affine transformations Aff(C) :=
{f(2) = az+ b: a # 0} of the complex plane. It is the automorphism group of C (see 4.44) and is the stablizer of co in Mob.

Proposition 4.19

az+b
Mobius transformation f(z) = Z+ p is a biholomorphism on Ce.
cz

Proof. Trivial. O

Now we shall explore some geometric properties of the Mébius transformations.

Proposition 4.20

Mébius transformations preserve circles in $? (which are circles or lines on C by Proposition 4.4).

Proof. Tt suffices to prove that circles in S? are preserved under dilations, translations, and inversion. The first two cases are
trivial. For the inversion mapping f(z) = 1/z = z/|z|?, we apply the inverse stereographic mapping:

(2Rez,2Imz,|z|? - 1);

Z—
|z]2 +1
z 1 1 1
2——

= —— [2—Rez,- Imz, — —1]| =
| 2|2 #H | 2|2 | 2|2 2|2 |z|2+1

(2Rez,—2Imz,1—|z?)

Hence f induces a transformation (x, y, z) — (x,—y,—z) on $2, which is a rotation about the x-axis by 7 and certainly
preserves circles in $2. O
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Proposition 4.21

Given two triples of distinct points z;, zp, z3 and w1, w», ws in Co, there exists a unique Mébius transformation f such
that f(z;) = w; fori =1,2,3.

Proof. Consider the mapping f : Co, — C, defined by

_ (2=2z1)(22 — 23)
A PR

It is a M6bius transformation and sends z1, z2, z3 to 0, 1,00. Similarly, consider g : Co, — C, defined by

_ (z—w) (w2 —ws)

g(2)

 (z— w3) (w2 — wy)
which sends w;, w», w3 to 0,1, 00.

Hence g‘1 o f is a Mobius transformation that sends z1, z2, z3 to wy, W, ws.

For the uniqueness part, suppose h is another such mapping. Then go ho f~! is a Mébius transformation that sends
0,1,00t00,1,00. Suppose

- az+b
gohof l(2)= —
We observe that
gohof 1 (0)=0=b=0
gohofll)=1=a=(c+d)
gohof (o) =co=c=0
Therefore we have a=d and goho f! =ide,, = h=g 1o f. O

Remark. The Mobius transformation f given in the previous proposition is very crucial. It motivates us to give the following
concept:

( )

Definition 4.22. Cross Ratio.

For a quadruple of points z, z1, z2, z3 € C,, We define the cross ratio of it to be

(z—2z1)(22 — 23)

(2,21,22,23) = (z2—23)(22— 21)

Proposition 4.23. M6bius transformation preserves cross ratio.

Suppose f is a Mobius transformation that maps z1, 22, 23, 24 € Coo to Wy, W, w3, w4 € C, then the cross ratio:

(21,22, 23, 24) = (W1, W2, W3, Wy)
Proof. The only non-trivial case is that zy, z3, z4 are distinct. By Proposition 4.21, the unique mapping g~ ' o f maps 2y, z3, z4
to wy, ws, wy. Since f(z) = (z, 22, 23, 24), &(2) = (2, w2, w3, wy), and g(w,) = f(z1), then we have
(21,22, 23, 24) = (W1, W2, W3, Wa)

as claimed. O

Definition 4.24. Symmetric Points.

Suppose that C < C is a circle centered at a with radius r. We say that z, w € C, is a pair of symmetric points with respect
to C, if they lies on the same ray starting from a and satisfies

Iz—al-lw—(/zlzr2

Suppose that L < Cisaline. r. We say that z, w € C, is a pair of symmetric points with respect to Lif L is the perpendicular
bisector of z and w.
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Lemma 4.25

z and w are symmetric with respect to a circle C € C, (which is a circle or a line in C) if and only if the cross ratio
(lU, 21,22, Z3) = (Z) 21,22, Z3)
for any z1, 22,23 € C.

Proof. We have to do some explicit calculations.

First, suppose that C is a line in C that passes through a and makes angle 6 with the real axis. We have |z—a| = |w — al
and arg(z — a) + arg(w — a) = 20 (draw a diagram and do some middle school geometry). Hence

w-a=|w-al eiarg(w—a) =|z—al ei(ZB—arg(z—a)) =mezie
= w=a+(z-a)e*’
Compute the cross ratio:
(w-z1)(z2—23) _ (a+(z2-a@)e*? —z)) (2 - 23)

(0, 21, 22, 25) = (w-23)(z2—21)  (a+(z—a)e?0 —z3)(z, — 21)

Since z1,22,23 € C,we have zj; = a+ (Z; — a) el for j=1,2,3. Then
(a+(zZ-a) e —(a+ (z; — @) e?®) (a+ (zp — a) e —(a+ (z3 — a) e??))
(a+(z- @) e? —(a+(z3 - @) e?)(a+ (2 - @) e*l —(a+ (2 - @) e??))
_ (z—21)(22 — 23)

(z2—23)(22—21)

(w) Zl)ZZVZE}) =

=(z,21,22,23)

Second, suppose that C is a circle in C centered at a with radius r. We have |z—al-|lw—al = r2 and arg(z—a) = arg(w—a).

Hence ) 5
r eiarg(z—a) — r
|z—al (z—a)

r2

w-a=|w-ale® W =

—w=a+

z—a
Compute the cross ratio:

(w-2z1)(zp—-23) (a+ % —2z21)(22 — z3)

(w, ’ ) ): B
D w2z - 21) (a+ 5 —2)(22 = 21)

(et Ee w2 ez

N (;_;)(;_;) C(2-2) (22— 2)

zZ—a zZz3—a)\zz2—a Z1—a

=(z,21,22,23) O

Proposition 4.26. Mobius transformation preserves symmetric points.

Suppose f is a Mobius transformation. Suppose z; and z, are symmetric with respect to a circle C € C,. Then f(z;) and
[ (z) are symmetric with respect to f(C).

Proof. This is immediate by Lemma 4.25 and Proposition 4.23. O

In next section, we shall see how we utilize M6bius transformations and other elementary functions to build up common
conformal mappings.

4.3 Examples of Conformal Mappings

( Definition 4.27. Upper Half Plane; Unit Disk. 1

We will frequently encounter these special subsets of C in this chapter. For notational convenience, we write H:={z€ C:
Imz>0}andD:=B(0,1)={zeC:|z|<1}.
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4.3.1 Using Mdobius Transformations.

Example 4.28

Find a conformal mapping from H onto D.

Solution. We express H as follows:

[HI:{zeC:Im(z)>0}={z€C:|z—i|<|z+i|}={zeC:'—
z

z—1
<1}
+

We immediately observe that the Mobius transformation

z+i
is a conformal mapping from H onto D. The inverse mapping from D onto H is given by

-1 _.Z_
f (Z)_lz+1

Remark. Some conformal mappings from other half planes to D are given by:

e From lower half plane to D: f(z) = Z—:;
z+1i

1
e From left half plane to D: f(z) = 7

)

z—1

1
e From right half plane to D: f(z) = ZTI (notice that this mapping is self-inverse).
z

Example 4.29

Find a conformal mapping from H onto D that maps a € H to 0.

Solution. We can make use of Proposition 4.26 to find a Mobius transformation satisfying the conditions. Suppose f is such a
mapping. For a € H, the symmetric point of a is a. As f should maps the real axis to the unit circle, f(a) and f(a) are
symmetric with respect to the unit circle. f(a) =0 implies f(a) = co. Hence we can choose

z—a
Z) =
1@ z—a
It is easy to observe that |f(z)| < 1 and that f’(z) # 0. Then f is a conformal mapping. Moreover, f is unique up to
composition of dilations (this is obvious after we prove Riemann Mapping Theorem). O
Example 4.30

For |a| < 1, find the conformal mapping from D onto D that swaps a with 0.

Solution. We again use Proposition 4.26 to construct a Mébius transformation. Suppose ¢, is such a mapping. For a € D, the
symmetric point of a is 1/a. ¢, should fix the unit circle and maps a to 0. Hence ¢,(1/a) = co. We write
a-z

=1
(pa(z) l—az

where A € C. Moreover, we have ¢,(0) = a. Hence a = Aa = A = 1. The mapping with desired properties is given by
a-z

= O
Pa (2) l—az

Remark. The mapping ¢, constructed in the previous example is an automorphism of the unit disk. In next section we shall
prove that any automorphism of the disk is a composition of such mappings and rotations. Moreover, ¢, is self-inverse, which
means that ¢? = idp or ¢, = ¢ .

Example 4.31

Find a conformal mapping from a cresent U :={z€C:|z| <2, |[z—1| > 1} onto astrip V:={weC: -1 <Rew < 0}.
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Solution. We want a M6bius transformation that maps the circle |z— 1| = 1 to the imaginary axis and maps circle |z| = 2 to the
line Re w = —2. By geometric intuitions, this could be done by mapping 0,2, -2 to 0,00, —2, as shown in Figure 4.2.

4
Let f(2) = )LZ—ZZ for some A € C. Since f(—2) = -2, we have A = 4. The desired mapping is given by f(z) = z_ZZ

O

Re Re

Figure 4.2: Conformal mapping from a cresent area to a strip area.

Example 4.32

Find a conformal mapping from a lozenge-shaped area {z eC:lz—il<V?2,|z+il < \/E} onto the first quadrant {z € C:
Rez>0,Imz > 0}.

Solution. The lozenge area is bound by two arcs which intersects at —1 and 1. If we apply a Mébius transformation that maps
—1to 0 and 1 to oo, then the two arcs will be mapped to two rays starting from 0, and the image of the lozenge would

z+1
be a sector. Let f(z) = A—— for some A € C. Since Mobius transformation preserves angle at —1, we know that the

Z—
angle of the sector is exactly /2. In order to map the lozenge onto the first quadrant, we may need a rotation, which is
determined by A € B(0,1). f maps i — /2 to a point on the real axis. Hence

Ai—\/§+1
i-v2-1

= A=>0+1n for someneR

Imf(i—\/i)zo:hn( ):0:>Im(/1(i—1))20

We choose 11 = —1 (the sign is to ensure that f(0) lies in the first quadrant). Then the desired mapping is given by
1+z

=@{+1)—. O
fl@)=(@+1) -

Im

Re Re

_}/—
\

A

Figure 4.3: Conformal mapping from a lozenge to a sector.
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Aut(D) = f(z) =it OER, ae[D}
Annulus with a cut
f(z)—logzj\f(z =expz _% ‘ %
Vertical Semi-Infinite Strip
mi ¢ Unit Disk D
b s _ Affine
Mobius f(z)=sinz Transformations
Trancfarmatinna . z—1
p b [ransformations fla) = o F(2) = arcsin 2
. . .z—1 Tri tri
TTi ¢ _ gonometric
/@ lz +1 Functions .
b Tl
A Special Square Schwarz-
Christoffel N
Mapping %
—> H boli Horizontal Semi-Infinite Strip
Schwarz—(lhristoffell Fﬁlr)lirﬁ(?nlsc
Mapping
Polygonal Area Upper Half Plane H
b P N 1) f2)=expz
+ ower Z+ -
Aut(H) = {f(z) = wk a,b,c,deR, ad—bc= 1} Functions z
(2) =20 f(z)=logz
f(z) — ZT[/H f
Joukowski
Transformation
Crescent Area 6 Upper Half Disk
Mobius ) "
Transformations Infinite Sector
Power
f(2) =logz Functions Mobius Power
Transformations Functions
=expz

f(2)

0i

Horizontal Infinite Strip Quarter Plane

Circular Sector

Figure 4.4: Summary of Bthomomorphisms between Common Regions
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4.3.2 Using other Elementary Functions.

Example 4.33. Power Functions.

Consider the power function f(z) = z" for n € Z,. f preserves angle everywhere except at z = 0, where angles are
magnified by a factor of n.

/

f maps the sector {z € C: argz € (0,7/n)} to H, as shown in Figure 4.5. The inverse function f‘l(z) = zl/n maps H to

{zeC:argze (0,m/n)} (we need to take a branch cut in this case).

Im Im

fiz—2"

nin

Re Re

Figure 4.5: Conformal mapping from a sector to H.

Example 4.34. Exponential Function.

The exponential function exp z is conformal everywhere. It maps the vertical line x = a to the circle |z| = e?, and maps
the horizontal line y = b to the ray argz = c.

Therefore exp z maps the vertical strip {z € C: Rez € (a, b)} to the annulus A(0,e%, e?) (this mapping is not injective!), and
maps the horizontal strip {z € C:Imz € (¢, d)} to the sector {z € C:argz € (c, d)}, as shown in Figure 4.6.

In reverse log z can maps a sector to a vertical strip, but again we should choose the branch cut carefully.

Im
z—expz
al  b| Re Re
Im d Im
c z—expz
d-c
Re { Re

Figure 4.6: Conformal mapping of strips by exponential function.

Example 4.35. Trigonometric Functions.

The cosine function cos z = (e'? + e71%)/2 is conformal everywhere. Consider the strip area U :={z€ C:Rez € (0,7),Imz >
0}. We would like to investigate how cos z maps the boundary lines. It is obvious that cos z maps (0,7) to (—1,1) with
orientation reversed. For positive imaginary axis, notice that

cos(iy) =coshye (1,00) fory>0
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Hence cos z maps the positive imaginary axis to (1,00). For the half-line {z € C:Re z = 7,Im z > 0}, notice that
cos(m +iy) =—coshy € (—oo,—-1) fory>0

Hence cos z maps the half-line to (—1,00). In conclusion, cos z maps 0U to the entire real axis. However, it is still unclear
whether cos z maps U to the upper half plane or the lower half plane. So consider z = 7/2 + iy for some y > 0. Then
cos(m/2+iy) = —sin(iy) = —isinh y has a negative imaginary part. Hence we conclude that cos z maps U to the lower half
plane, as shown in Figure 4.7.

Similarly, the hyperbolic function cosh z maps a horizontal semi-infinite strip to a half plane.

ImT Im
Re -1 1 Re
0 T Z+— C0SZ
Im Im’
z—sinz
Re -1 1 Re
—/2 O] m/2

Figure 4.7: Conformal mapping by trigonometric functions.

Example 4.36. Joukowsky Transformation.

The simplest form of Joukowsky Transformation is given by:

o=

fla)=

)
z+—
z
C / 1 1 L .
The derivative is given by f'(z) = 3 1- =i Hence the mapping is holomorphic on C\ {0} and preserves angle every-

where except at z = +1. If we put w = f(z), then

2 w+l z+1\?
2wz=z"+1 or =
w-1 z—1

+1
We can regard the Joukowsky transformation as the composition g~! o ho g, where g(z) := Z—l maps the left half plane
z—

to the unit disk and % (z) := z2 doubles the angles subtended at 0.

Suppose that z = r e'? is mapped to w = u+iv. Then

1 1
u:E(r+r_1)cost9 U:E(r—r_l)sine

The circles {z€ C: |z| = p} (p > 0) are mapped to

u? v?

T 2 T 1 T2 !
1lo+p™)° z(o+p™)

which are ellipses on the plane for p # 1. When p = 1, the Joukowsky transformation maps the unit circle to (-1,1), as
shown in Figure 4.8. In particular, Joukowsky transformation maps the unit disk D to the "cut plane" C\[-1, 1], and maps
the upper unit disk {z € C: |z| < 1,Im z > 0} to the lower half plane {z € C :Im z < 0}.

The Joukowsky transformation is important in fluid dynamics as it maps certain circles to aerofoil shapes, as shown in
Figure 4.8.

81
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-1 %1) )Re z—3(z+3)

Im Im

/ Re \

|

)

yRe

-1 Re

Figure 4.8: Joukowsky Transformation.

4.4 Automorphism Groups*

( Definition 4.37. Automorphisms. 1

A conformal mapping from an open set U onto itself is called an automorphism on U. The set of all automorphisms on
U forms a group Aut(U).

4.4.1 Automorphisms of the Unit Disk.

We begin with discussion of the automorphisms on the unit disk D.

Lemma 4.38. Schwarz’s Lemma.

Suppose that f : D — D is holomorphic with f(0) = 0. Then we have:
(i) |f(2)| <|z|forall z€D;
i) 1)<

(i) if3zo €D\ {0} (If(20)| =|20l) or | f'(0)| =1, then f is a rotation.
Thatis, f(z) = €% z for some 0 € [0,2m].

Proof. (i). Let g : D\ {0} — D defined by g(z) = f(z)/z. Notice that z = 0 is a zero of f of multiplicity at least 1. So z=0is a
removable singularity of g. If we put g(0) = f'(0), then g is holomorphic on D. Fix r € (0, 1), then by Corollary 2.11:
If1 _1

sup |g(2)|= sup |[g(2)|=sup <
z€B(0,1) z€0B(0,r) lzi=r |2l r

We let r — 1 and obtain sup|g(z)| < 1. Hence | f(2)| < |z| for all z € D.
zeD
(ii). This is immediate as | f'(0)| = |g(0)| < 1.
(iii). First we assume that 3z¢ € D\ {0} ( | f(z0)| = lzo I). Then g attains maximum modulus 1 at some zp € D. By Maximum

Modulus Principle, g is constant. Hence f(z) = cz for some ¢ € C. Since |g(z0)| = |c| = 1, we can write ¢ = el and
conclude that f is a rotation.

Second, we assume that | f’(0)| = 1. This implies that g(0) = 1 and g attains maximum modulus 1 at z = 0. By the similar
argument, f is a rotation. O
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Remark. We have shown that the Mdbius transformation

() a—=z
Z) =
Pa 1-az

is an automorphism of D that swaps a € D with 0. Schwarz’s Lemma can be generalized as follows:

Corollary 4.39. Schwarz-Pick Lemma.
Suppose that f: D — D is holomorphic with f(a) = b for some a, b € D, then:
(@) lppo f(D)] <lpq(2)| forall zeD;

1- bl
1-lal?’

(i) 1f'(a)l <
L , 1-|bP
(iii) if3zo €D \{a} (Ippo f(20)] = lpalzo)]) or | f'(a)l = W,thenfEAut(D)-

Proof. Let g:=@po fo@,. Then g is an automorphism of D and g(0) = ¢po fo,(0) = @po f(a) = ¢p(b) = 0. We can apply
Schwarz’s Lemma to g.

(i). By Schwarz’s Lemma (i), |g(2)| < |zl = |@po fo@a(2)| < |zl = |ppo f(2)| < lpa(2)].

(ii). By Schwarz’s Lemma (ii), |g'(0)| < 1, where

g'(0) =g, b)- f'(@) - ¢,(0)

. |b|2—1) .(|a|2—1)
=r@ ((1—1_92)2 2=p \(1=a2)%) =

1-|al?
= ! - —
=f(a) 1= 1bE
1-1b?
H "(@)] < .
ence | f'(a)| P
, 1-|bf , .
(iii). If 3zp € D\ {a} (lgp o f(z0)| = lpa(z0)]), then |g(zp)| = |zol. If |f'(a)| = 1—||2’ then |g'(0)| = 1. In either case we
—la
deduce from Schwarz’s Lemma that g is an rotation. Hence f = ¢y 0 go ¢, € Aut(D). O
Theorem 4.40. Automorphism Group of the Unit Disk.
- _i0 47 %
Aut(ID)—{f(z)—e ——0cR aelD}

Proof. Suppose that f is an automorphism of D. Then there exists a unique a € D such that f(a) =0. Let g:= fo¢,. gisalso
an automorphism of D. We have g(0) = fo¢,(0) = f(a) =0 and g~'(0) = 0. Apply Schwarz’s Lemma to g and g~ ':

VzeD: |g2)l<lzl, lg l@l<lzl
=VzeD: |g@l<lzl, |zI<I[g(2)l
=VzeD: |g2)|=lzl
Hence by Schwarz’s Lemma (iii), g is a rotation. There exists 0 € [0,27] such that g(z) = el z. Hence f(z) = go¢,'(2) =
i 4~

4
e — as claimed. O
l1-az

Corollary 4.41

The only mappings in Aut(D) that fix the origin are the rotations.

Remark. We can see that Aut(D) acts transitively on D in the sense that for any a, b € D, we have ¢, ¢;, € Aut(D) and @po @, :
a—b.
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4.4.2 Automorphisms of the Upper Half Plane.

We have proven in Example 4.28 and 4.29 that H and D are conformally equivalent. This leads to the group isomorphism
Aut(D) = Aut(H) via I : Aut(D) — Aut(H) defined by conjugation I'(y) = f~! oo f, where f is any conformal mapping from H
onto D. In the next theorem, we shall give the elements of the group Aut(H) and show that it is isomorphic to PSL(2, R).

( R
Definition 4.42. Projective Special Linear Group PSL(2,R).

The Special Linear Group SL(2, R) is the group of all linear operators in R? with determinant 1. That is,

SL(Z,IR):z{(Z b):a,b,c,delR; ad—bc:l}

d

Just like PGL(2,C), PSL(2,R) is the group of all special projective transformations in RP!:

PSL(2,R) =SL(2,R)/{I,-1I}

Remark. We recall from Definition 4.16 that Mob = PGL(2,C). We should warn readers that, while PSL(2,C) = PGL(2,C),
in fact PSL(2,R) < PGL(2,R). This corresponds to RP! being orientable, and PSL(2,R) only being the orientation-preserving
transformations.

Theorem 4.43. Automorphism Group of the Upper Half Plane.

az+b
zZ+

Aut(H) = { fla=——

ca,bc,deR, ad—bc:l}EPSL(Z,R)
c

Proof. Let SL(2,R) acts on H by

It is easy to check that fj;(H) € H and that fa;o fzv = famn, fr = idy so that this is indeed a group action. In particular,
fum € Aut(H) for every M € SL(2,R) as it has a holomorphic inverse fj;-1.

First we shall prove that the group action is transitive. It suffices to prove that Va e H 3M € SL(2,R) : fa(a) =i. Notice

that

aRea—lal®> |
eSL2,R), fm(@)= ——— =i
alma

Rea —|al?
Ima 0

Next, for 8 € R, let Mg € SL(2,R) defined by the rotation

(cosH —sinH)
0=

sinf@ cosf

z—

? be a conformal mapping from H onto D. Then Fo fy, o Fl(z) =20
i

Andlet F := z is a rotation on D.

z+

Finally, for any automorphism f € Aut(H), suppose that f(i) = a. There exists N € SL(2,R) such that fy(a) =i. Hence

fyo f(i) =i. Since Fmapsito 0, Fo fiyo foF~' € Aut(D) fixes the origin. By Corollary 4.41, this is a rotation. Hence

there exists 6 € R such that Fo fyo foF~! = Fo fu, oF~!. Hence f = fl\‘]1 o fMy = fn-1m,- There exists a, b, ¢,d € R with
az+b

. O
cz+d

ad — bc =1such that f(z) =

4.4.3 Automorphisms of the Complex Plane.
Theorem 4.44. Automorphism Group of the Complex Plane.

Aut(C) ={f(z)=az+b: a,beC, a#0}=Aff(C)

Proof. Suppose that f € Aut(C). We first show that co cannot be an essential singularity of f. Suppose for contradiction that
oo is an essential singularity. Let g(z) := f(1/z). Then g has an essential singularity at z = 0. By Casorati-Weierstrass
Theorem, g(D\ {0}) is dense in C. Notice that the inversion z — 1/z maps C \B(0,1) to B(0,1) \ {0} = D\ {0}. Therefore
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f(C \B(0,1)) is dense in C. Since f is continuous and bijective, it maps the closure of C \ B(0,1) to the closure of f(C\
B(0,1)) !, which implies that f(C\ B(0,1)) = C. Hence f cannot be injective, contradicting that f is an automorphism.

We know that oo is a removable singularity or a pole of f. By Proposition 4.9 (iii), f is a rational function. Moreover f
must be a polynomial since it is holomorphic on C. By injectivity of f let f~1(0) = b € C. Then f(z) = a(z — b)"* where
n=degf and a€ C. If n = 2, then f cannot be injective, as f(b+1) = f(b+e*"/") = a. Hence f = az+ b for some
a,beC. O

Remark. Notice that we define Aut(C) to be the group of all biholomorphisms on C, It should not be confused with the group
of all (continuous) field automorphisms of C, which appears in field theory and sometimes shares the same notation.

4.4.4 Automorphisms of the Extended Complex Plane.

Theorem 4.45. Automorphism Group of the Extended Complex Plane.

az+b

Aut(Coo) ={f(2) = e

ta,b,c,deC, ad - bc # 0} =Mob

Proof. Suppose that f € Aut(Cs) and that f(co) = co. Since f is bijective we have f|c € Aut(C) (more rigorously f oy € Aut(C)).
By Theorem 4.44 we have f(z) = az+ b for some a,b e C.

Suppose that f € Aut(Co,) and that f(oco) = zp € C. Then g(z) := 1/(f(z) — z¢) satisfies g(oo) = co. Hence g(z) = cz +d for
some c,d € C.
1 az+b

cz+d= =
cz+d cz+d

1
m:f(z):zo+

where a:=czpand b:=dzy+ 1. O
Remark. In this section we present four examples of automorphism groups: Aut(D), Aut(H), Aut(C) and Aut(Cs,). We have
Aut(D) = Aut(H), but they are not isomorphic to Aut(C) or Aut(Cy,). They are all subgroups of Mob, the group of all M&bius

Transformations. The Uniformisation Theorem 4.55 tell us that these groups can completely discribe any automorphism
group of simply-connected domain in C, up to isomorphism.

4.4.5 Automorphisms of an Annulus.

Theorem 4.46. Automorphism Group of Annulus.

Suppose that A= A(0, r, R) is an annulus, where 0 < r < R < co. Then we have

Aut(A) = {f(z) =ezor e E: 0 ER}
z

We will present the proof in next section, after we prove the generalized Schwarz Reflection Principle.

4.5 Schwarz Reflection Principle*

In this section we will investigate holomorphic extension of functions and its application in constructing conformal mappings.
The key theorem is Schwarz Reflection Theorem and its generalisation.

Lemma 4.47. Painlevé’s Theorem.

Suppose that U < C is a domain and y : [0, 1] — C is a piecewise smooth path. Suppose that f : U — C is continuous on U
and holomorphic on U\ y*. Then f is holomorphic in the whole U.

1We know that if f: X — Y is a continuous mapping between topological spaces, and Z < X, then f(Z) < f(Z). Moreover, if f is bijective, then
z=f'f@y = '@z = f@D<f@

Hence we have f(Z) = f(Z).
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Sketch of Proof. Tt suffices to prove that f is holomorphic in any open disk B(zy, ) € U. By Morera’s Theorem, it suffices to
prove that Cauchy’s Theorem holds for any triangle T' < B(z, r):

ff(z)dzzo
T

Y* divides T into finitely many parts, each part is enclosed by a closed curve with a part of it on y*. For each closed
curve we choose the positive orientation to integrate so that the integral on y* cancels out. Apply Cauchy’s Theorem to

each closed path and we obtain that y{ f(z)dz =0 as claimed. O
T

Theorem 4.48. Schwarz Reflection Principle.

Suppose that U < H is a domain with I = (a,b) e RnoU. Suppose that f : U U I — C satisfies
1. fis continuouson UU I[;
2. fisholomorphicin U;
3. fisreal-valued on I.

Then f can be holomorphically extended to U’ < C, a domain symmetric to U with respect to the real axis, such that

f(2)=f(Z) onU'.

Proof. We extend f to U’ by defining f(z) = f(2) on U’. For xq € I, the limit from the lower part:
lim f(2)=_ lim f(2)= f(xo) = f(x0)
U3z—Xxp

U'az—xg
Hence f is continuouson Uu Tu U,

To prove that f is holomorphic in U’, for z,zg € U’, we have Z,Zy € U. The Taylor expansion of f near Zj is given by
f(2) =Y a,(z— zy)", which implies that f(z) =Y a,(z— z0)". Hence f is analyticin Uu U’.

Now by Painlevé’s Theorem, f is holomorphicon UuITuU’. O
We can replace R by any circle in Co,. Recall that symmetric in Definition 4.24 we give the definition of a pair of symmetric

points with repsect to a circle or line. We say that U and V are symmetric with respect to the circle or line, if V contains all the
symmetric points of points in U and vise versa.

Theorem 4.49. Schwarz Reflection Principle for a Circle.

Suppose that y(zg, r) is a path whose image y* = dB(zy, r) is a circle in C. We denote the two connected components of
C\y* by Q4 and Q_. Suppose that U € Q. is a domain such that I := 0U ny™* is non-empty. Suppose that f: Uu Il — C
satisfies

1. fiscontinuouson UUI;
2. fis holomorphicin U;
3. f() <T* :=0B(wy, p);

4. wo ¢ f(U).

Then f can be holomorphically extended to U’ € Q_, a domain symmetric to U with respect to y*, such that f maps a
pair of symmetric points with respect to y* to a pair of symmetric points with respect to T'*.

2 2
Proof. By Lemma 4.25, we know that z is symmetric to zgp+ ——— with respect to B(zy, r) and w is symmetric to wy+——with
zZ—2 w—wo
respect to B(wy, p). We define f on U’ by
2
Ry p——
f ( + r’ ) w
z _
0t =~ Z 0
f is well defined on U’ as wyq ¢ f(U), which suggests that the denominator is never zero. Let w = f(z). Then we have
2 2
r
wo + _p_ =on+_ _)
w—uwy Z— 2
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p? 2
—— and ¢, (2) 1= 2o+ ——.
w—wy Z—2

self-inverse. For each open disk B(z1,8) € U’, we can expand f(z) into power series near ¢, (z;) € U:

Let ¢pp(w) := wp +

Then ¢, 0 f(2) = ¢p(w) = fod,(2). Notice that ¢, and ¢, are

n

o) (e I’2 7'2 n o) ) 21_2
fo¢>r(z>=Zan(¢r(z)—<pr(z1))"=2an( + ) =) apr (
n=0 n=0

n=0 Z—Zo 21 —Z() (Z_ZO)(ZI - ZO)

Hence

f(Z)=¢pofo¢,(z)=¢p(§ “nrzn(ZI—_Z—) )
n=0 Z0)

(Z2—20)(21 -
2
P
= wp +
RN ) (z1-2)" _
Y anr?n )
n=0 (z—20)"(21 - 20)"

Then f is holomorphic in U’.

Next we prove that f is continuous on I. Fixany { € 1. For z€ U’, ¢,(z) € U. As z — {, we also have ¢, (z) — (. Since f is
continuous on U U I, we have fo¢,(z) — f({) €T™. Then f(z) = ¢, o fop,(z) — f(). Hence f is continuous at { € I.

By Painlevé’s Theorem, f is holomorphicon UuIuU'. O

Remark. The theorem still holds if we replace y* and I'* by circles in C, (circles or lines in C). The proof is very similar and
we are not going to do it here.

Theorem 4.50. Conformal equivalence classes of annuli.

Let A(0,1,R) = {z: r <|z| < R} be an annulus with the smaller radius r and the larger radius R. In the case 0 < r; and
R; <00, A(0,11,Ry) and A(0, 12, Ry) are conformally equivalent if and only if Ry /r) = Ry /5.

For the degenerate cases, the annulus A(0,0,00) = C\ {0} is not conformally equivalent to any other annulus. The annuli
A(0,0,R) and A(0, r,00) with r > 0 and R < oo are conformally equivalent to each other and not equivalent to any other
annuli.

R
Proof. We first consider the non-degenerate case. Suppose that R;/r; = Ro/1,. Then f(z) = R—Zz maps A(0, r1, Ry) bijectively

to A(0, 12, Ry). Conversely, suppose that f: A(0,r1,R;) — A(0,12,Rp) isa biholomorphisnll. We claim that f extends to a
homeomorphism from A(0, r1, R;) to A(0, 2, R2). For the boundary behavior of biholomorphisms, we need to use the
tools discussed in Section 4.7. Since the boundary of A(0, r1, R;) is the union of two disjoint simple closed paths, with
some minor adaptation of Proposition 4.62 and Proposition 4.63 we can prove that the claim is true. In particular, f
maps 0A(0, r, Ry) continuously and bijectively to 0 A(0, r2, Ry).

Suppose that f maps 6B(0,r;) to 0B(0,r2) and maps 6B(0, R;) to 6B(0, Ry). By Schwarz Reflection Theorem for a cir-
cle, we can "reflect" A(0, 1, R;) across 0B(0,7;). Since R; is symmetric to rlz/ R; with respect to dB(0, 1), we extend
2 2 2

r r r.
0, R—I,Rl). Now f is a biholomorphism from A|0, R—I,Rl 0, R—Z,Rg). We repeat the re-
1 1 2

olomorphically to to
f hol phically to A A

2n 2n
r r:
flection. After n times, f is a biholomorphism from A(O,R1 (R—l) ,Rl) to A(O,R1 (R—Z) ,Rz). Let n — oco. Then f is
1 2

biholomorphism from A(0,0, R;) to A(0,0, R). In particular f maps 0 to 0. Then f is a biholomorphism from B(0, R;)
to B(0,Ry). Let ¢p1(2) := z/R; and ¢2(z) := Roz. Then ¢p, o f op € Aut(D). By Theorem 4.40, there exists 6 € R such that

g R
flz) =el R—Zz. Hence we must have R;/r; = Ry /5.
1

Suppose that f maps 0B(0, r2) to 0B(0, r1) and maps 0B(0, Rz) to 0B(0, Ry). Then g(z) := Ro12/ f(2) is a biholomorphism
that maps dB(0, r1) to 0B(0, r2). We return to the previous case and conclude that Ry/ry = Ra/15.

T R
Now we consider the degenerate case. f(z) = —Zz is a biholomorphism from A(0, r1,00) to A(0, 12,00); f(z) = R—Zz isa
r 1

biholomorphism from A(0,0, R;) to A(0,0, Ry); f(z) = % is a biholomorphism from A(0, 0, R) to A(0, r,00). The remain-
ing parts are trivial if we again invoke the boundary correspondence. Suppose that A(0,0, R;) are conformally equiv-
alent to A(0, r2, Rp) via biholomorphism f, where r,, R}, R, € (0,00). Then f is a homeomorphism from 6A(0,0, R;) =
{0} UAB(0,Ry) tp 0A(0, 12, R2) = 0B(0,72) UOGB(0, Ry). Such f cannot be bijective, contradiction. Similarly we can prove
that A(0,0,00) is not conformally equivalent to any other annuli. O
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Proof of Theorem 4.46. Suppose that f € Aut(A). In the proof of Theorem 4.46, we have already shown that there are only two

. 0 R
cases about how f maps the boundary of A. They corresponds to f(z) = e'? zand f(z) = '’ = respectively. O
z

4.6 Riemann Mapping Theorem*

Theorem 4.51. Riemann Mapping Theorem.

Suppose that U C Cis a simply-connected domain and zy € U. Then there exists a unique bijective holomorphic function
f which maps U onto the unit disk D such that f(zg) =0 and f’(zg) > 0.

Remark. Riemann Mapping Theorem in fact implies that any two proper simply-connected domains in C are conformally
equivalent. This is a very profound result which establishes the connection between topological properties and holomorphic
properties. We regard this theorem as the cornerstone of the theory of simple-variable complex analysis.

4.6.1 Normal Families

Before proving Riemann Mapping Theorem we shall first introduce normal families and Montel’s Theorem.

( Definition 4.52. Normal Families. 1

Suppose U < C is an open set. A set & of functions U — C is called a normal family, if any sequence in & has a subse-
quence that converges uniformly on every compact subset of U (the limit is not necessarily in %). The convergence is
called normal convergence.

Theorem 4.53. Montel’s Theorem.

Suppose that Z is a set of holomorphic functions on U such that & is uniformly bounded on any compact subset of U,
then & is a normal family.

Proof. Since & is uniformly bounded, ther exists M > 0 such that | f(z)| < M forall ze U and f € &. Now we define a sequence
of compact subsets of U:

1 1
anz{zeU: dist(z,C\U) = —}={Z€Ur inf |z—-w|> —}
n weC\U n

o0
It follows easily from definition that K, < K;;+1 for n € Z, and that U K, = U. We say that {K},} is an exhaustion of U.
n=1
First we shall prove that & is equicontinuous. For each compact subset K, € U, let r := 3 - dist(K,,—1,Ky) > 0. For
z,w € K, such that |z — w| < r, we consider the circular path y(z,2r) which lies entirely in K,+; and apply Cauchy’s
Intgeral Formula to any given f € &:
1 1
- _ _) d¢

f(f)((_z =

Fo) - fw) = f

Y(z,2r)

Hence

|f(z)— f(w)|<2mr sup
{€dB(z,2r)

f(c)( L1 )|

(—z_(—w

lz—wl
<2rrM sup ——m——
tedB(z2r) 1€ —zl10 — w|

|z — w|
<2nrM 2

= ZJTMT_1|Z —w|

rer

Let L:=2xMr~! be a constant which only depends on K. Then |f(z2) — f(w)| < L|z—w|forall fe & and all z,w € K,
that is sufficiently closed. This is a uniform Lipschitz property of & and it implies that & is equicontinuous on Kj,.

Next, suppose {f,} < & is a sequence. By Arzela-Ascoli Theorem 0.75, {f,,} has a subsequence {f;q,5,)} that converges
uniformly on K; (without loss of generality we may assume that K; # @), where n — s(1, n) is an injective increasing
functionon Z,..
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By the same argument {f;1,,} has a subsequence {fs,,} that converges uniformly on K,. Inductively we obtain a
sequence of subsequences {fsj,»}. By the diagonal argument, {fsn,,)} is a subsequence of {f,} which converges uni-
formly on every K;,. We further notice that any compact subset of U lies entirely in some K;,. Hence we conclude that
{fn} converges normally. & is a normal family. O

Remark. Montel’s Theorem guarantees the existence of the limit function, but it says nothing about the behavior of the limit
function other than it is holomorphic. The following theorem gives a particular case which we can have some dichotomy
information about the limit function.

Theorem 4.54. Hurwitz’s Theorem.

Suppose that {f,} is a sequence of injective holomorphic functions on U. If f,, converges normally to f on U, then f is
either injective or constant.

Proof. Suppose that f is non-constant. We argue for contradiction and suppose that f is not injective. There exists z;,z, € U
such that f(z;) = f(z2). Let g,(2) := f,(2) — fn(22) and g(z) = f(2) — f(z2). Since g is holomorphic, by identity theorem
the roots of g are isolated. There exists r > 0 such that g is non-zero in the deleted closed disk B(z;,7) \ {z1}. We know
that f,, — f normally on U. Therefore g, — g uniformly on B(z;, 7). Let

e= inf |g(2)|>0
z€0B(z1,1)

By uniformly convergence, sup |gn(z)—g(2)| < ¢ for sufficiently large n.
z€0B(z1,r)
It implies that |g(z)| > |g,(2) — g(2)| for all z € B(z;, 7). By Rouché’s Theorem, g(z) and g, (z) has the same number of

zeros in B(z;,r). However, f;, is injective and g, has no zeros in B(z;, r), whereas g has one zero g(z;) = 0 in B(z;, ).
This is a contradiction. Hence f is injective. O

4.6.2 Proof and Consequences of RMT
Now we can proceed to the proof of Riemann Mapping Theorem.
Proof of Riemann Mapping Theorem. .
Step 1: U is conformally equivalent to a bounded simply-connected domain.

Since U # C, we pick @ € C\ U. Since U is simply-connected, by Proposition 1.38 (vii) we can define a holomorphic
function f(z) =log(z—a) on U, which has all the desired properties of logarithm. f isinjective asexpof(z) = z—a.
Fixany w € U. We claim that f(z) # f(w)+2rifor all z € U. If this is not the case, then f(z) = f(w) forsome z€ U.
Then

z—a=expof(z)=exp(f(w)+2n)=w-a=z=w = f(z) = f(w)

which is a contradiction.

In fact, f(w) +2mi ¢ f(U). Suppose that there exists {z,;} € U such that r}im f(zy) = f(w) + 271, Then r}im Zp=w
—00 —00
as the exponential function is continuous. But this implies that r}im f(zn) = f(w), which is a contradiction. Hence
—00

we can define F: U — C by
1

f@) = (f(w) +27i)
The above discussion suggests that F(U) is bounded. Moreover, F is injective holomorphic. Hence U and F(U)

are conformally equivalent. We have hence proven that any simply-connected domain is conformally equivalent
to some bounded simply-connected domain. So from now on we may assume that U is bounded.

F(2) =

Step 2: We consider the following set of holomorphic function:
F ={f:U — D] f is injective holomorphic, f(zo) =0}

We claim that & is non-empty.

Since U is bounded, there exists R > 0 such that |g(z)| < R. We consider the mapping g(z) = (z— zp)/2R. Clearly f
is injective holomorphic; g(zg) = 0; and |g(2)| = |z— zp|/2R < 1. Hence g € &.

Step 3: & is a normal family, because it is uniformly bounded by 1 and we can use Montel’s Theorem.
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Step 4: The maximiser of the functional f — |f’(zo)| lies in &.

Since U is open and z, € U, there exists r > 0 such that B(zp,7) € U. For any f € %, by Cauchy’s Inequality 1.22 we
have

1 1
If'(z)l<= sup |f(2)l<—
T 2€4B(zo,1) r

Hence M := sup|f’(zp)| < +co. We can choose a sequence {f,} S % such that r}im |f'(z0)l = M. Since & is a
feF oo

normal family, {f,,} has a subsequence {f},} that converges uniformly to f, on every compact subset of U. Then

|fo(20)| = M. By Hurwitz’s Theorem, fy is either injective or constant. If f; is constant, then |f;(zo)| = M = 0.

However, g(z) = (z— z9)/2R € & and |g'(z)| = 1/2R > 0, which implies that M = 1/2R > 0. This is a contradiction.

Hence fj is injective holomorphic. We have f € &.

Step 5: The maximiser fj is surjective.

Suppose for contradiction that fy(U) # D. We shall construct explicitly i € & such that |/ (zg)| > | f'(29)]. We pick
uebD\ fo(U). The following Mébius transformation maps u to 0:

zZ—U
QOu(2) = ——
1 z

Notice that ¢, o fo(U) is simply-connected and does not contain 0, we can define a holomorphic branch of the
square root function n(z) = z42 on @yo folU).

Letv=no@,o fo(zp) and h = ¢, ono@,o fy. We observe that h is a compositon of
injective holomorphic functions and |h(z)| < 1. Moreover, h(zy) = ¢,(v) =0. Hence h € &.

We write fy = ¢, o Ao, oh where A(z) := z%. Let ® = ¢! o Lo !. Notice that ® maps D into D and that ®(v) = 0.
By Schwarz’s Lemma, |®'(0)| < 1 because @ is not a rotation. Hence

| f3(20)] = |®'(0) - h' (20)| < |1 (20)]
which contradicts that | fo’ (zo)| =sup|f "(zo)]. Hence fo is surjective.
feF

We have obtained a bijective holomorphic function f; : U — D. To adjust the derivative at zj, we put

- | fo (z0)
folz) = Fi(z0)

fo(2)

so that fo’(zo) = If(;(zo)l > 0. fo is a conformal mapping U — D such that fo(zo) =0and fo’(zo) > 0.
Step 6: fy is unique.

Suppose that f; is another function that satisfies the desired properties. Then v := fyo fl‘l is an automorphism of
D. By Theorem 4.40, there exists a € D and 6 € [0, 27] such that

_ .0 2T
V= A,
Since ¥(0) = 0 and ¥’ (0) > 0, we must have 8 = 0 and a = 0. Hence v = id and fy = f; as claimed. O

Remark. The only property of simply-connected domain we use is the existence of holomorphic logarithm (existence of holo-
morphic square root follows directly). Thus we have finished the proof of Proposition 1.38 (vii)==(i) by proving that the do-
mains satisfying (vii) are conformally equivalent (which is much stronger than homeomorphic) to the unit disk D.

In the language of extended complex plane (more rigorously Rimeann surfaces, or one-dimensional complex manifolds),
Riemann Mapping Theorem can be slightly strengthened as follows:

Corollary 4.55. Poincaré-Koebe Uniformisation Theorem.

Suppose U < C is a simply-connected domain. Then U is conformally equivalent to one of Co,, C and D. More specif-
ically, if Co \ U contains more than two points, then U is conformally equivalent to D; if Co, \ U contains exactly one
point, then U is conformally equivalent to C; if Co, \ U is empty, then U is conformally equivalent to Co,. Furthermore,
Coo, € and D are not conformally equivalent.



4.7. BOUNDARY CORRESPONDENCE* 91

Proof. C is not conformally equivalent to C or D, as they are not even homeomorphic. C is not conformally equivalent to D,
as any holomorphic function from C to D is constant by Liouville’s Theorem.

For U = C,, there is really nothing to prove. For U = Cy \ {w} and w € C, the Mobius transformation f(z) = 1/(z — w)
maps U conformally onto C. For the case that C, \ U contains more than two points, if co € C, \ U, then this is just
Riemann Mapping Theorem; if co ¢ C, \ U, we can always use a Mdbius transformation to map some w € Co, \ U to o0,
which changes the problem to the previous case. O

Remark. The classification of the conformal equivalence classes of multiply-connected domains are much more complicated.
The conformal equivalence of annuli has been given in Theorem 4.50. The following theorem completely describes the con-
formal equivalence class of doubly-connected domains. We are not going to give the proof here.

Theorem 4.56. Conformal equivalence of doubly-connected domains.

Suppose that U < C is a doubly-connected domain. Then U is conformally equivalent to an annulus with outer radius 1.
Moreover, the conformal mapping is unique up to translations, rotations, and inversion.

Proof. See [Belyaev] Theorem 2.6.3. O

4.7 Boundary Correspondence*

In the previous section, we have proven that any two proper simply-connected domains are conformally equivalent. Sup-
pose that f: U — V is a biholomorphism between two simply-connected domains. It is generally unclear if f can maps 60U
bijectively onto V. The main result we are about to prove is as follows:

Theorem 4.57. Carathéodory Extension Theorem.

Suppose that U is a domain and f is a biholomorphism from U onto D. Then f can be continuous extended to a home-
omorphism U — B(0, 1) if and only if U is the image of a simple closed path.

The result has the following equivalent statement:

Theorem 4.58. Boundary Correspondence Theorem.

Suppose that U is adomain and f is a biholomorphism from U onto D. Then f maps dU bijectively to 0D with orientation
preserved if and only if AU is the image of a simple closed path.

Definition 4.59. Accessible Points.

Suppose that U < C is open and @ € dU. We say that { is an accessible point of U, if for any sequence {z,} < U with
r}gn zp = ( there exists a path y : [0, 1] — C such that:

Yy =¢ vyd0,1)cU;
and an increasing sequence {t,} < [0, 1) such that y(¢,) = z,.

In other words, the path y passes through all points in {z,} and lies entirely in U except for one of the end points.

Example 4.60. Inaccessible Points.

LetU:={zeC:0<Rez<1,0<Imz<1}and [, :={x+27"ieC:0<x<1/2}. Let V:= U\ (U2, I,). Then [0,1/2) are
inaccessible points of V, as shown in Figure 4.9. In other words, there are no paths in V that can approach points on
[0,1/2).
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Im

Re

Figure 4.9: A domain with inaccessible boundary points.

The key result is that for accessible points, the limit of the mapping on the boundary exists. First we present a lemma due to
Lindel6f and Koebe.

Lemma 4.61. Koebe’s Lemma

Let {z,},{z},} = D be two sequences such that z,, — ¢ and z}, — ', where {,{’ € D and { # {’. Let y, be a simple path
joining z, and z), which lies in the annulus A(0,1 - €5, 1) where €, — 0 as n — oco.

Suppose that f: D — C is holomorphic and bounded. If sup|f(z)| — 0 as n — oo, then f is identically zero on D.
zZ€Yy,

Proof. Suppose that f is not identically zero. Without loss of generality we may assume that f(0) = 0. If f has a zero of
multiplicity n at 0, then we can replace f by f(z)/ z" which satisfies all conditions of the lemma. By applying a rotation,
we may further assume that { = {’. That s, { and {’ are symmetric about the real axis.

We can find a angle n/m < arg{ and a sector S:={z € C: argz € (—n/m,w/m)} such that there are infinitely many n with
Yy NS#@and zy,,z, ¢ S, as shown in Figure 4.10.

Im Im
¢
n)
1 A Y
nim ’
Re 2 (Un) , | Re
Z;’l z' n n)

Figure 4.10: The dashed line on the second diagram is the reflection of y,, about the real axis.

Let u, € [0,1] be the largest number such that argy, (u,) = 7/m and let v, > u, be the smallest number such that
argy,(v,) = 0. Then y,, restricted to [u,, v,] is a path in the sector which joins vy, (u#,) and vy, (v,). Lety be the reflection
of y about the real axis. Then we obtain a path joining y,(v,) and y,(u,), as shown in Figure 4.10. Let o, be the
concatenation of the two paths such that o, is a path joining vy, (#,) and y,(#,) and is symmetric about the real axis.

Let T(z) := €™/™ z be the rotation by 27/ m. We consider the concatenation of successive rotations of g ;:
Nni=0px (Toay,) k% (T™ 'oay,)

Hence we obtain a simple closed curve n,, which lies entirely in the annulus A(0,1—-¢€,,1).

FinaHYy define F(Z) = f(z)ﬁ and
G(2):=F(2)- FoT(2)-.... Fo T™(2)
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Suppose that r;, := sup|f(z)| and M := sup| f(z)|. By Schwarz Reflection Principle, f(Z) is also holomorphic in D and

zEYy, zeD
bounded by M. In particular F is bounded by r,M on 0,. G is holomorphic in D. For any z € n},, one of the factors
of G is bounded by r, M and the rest are bounded by M?. Hence G is bounded by r, M?>™~! on n%,. Suppose that f is
non-constant. By Maximum Modulus Principle, we have

I£ ()™ =G(0)| < sup |G(2)| < rpy M1

zeny,

Let n — oo. Since r, — 0, we have f(0) =0, which is a contradiction. Hence f is identically zero. O

Proposition 4.62. Existence of Continuous Extension.

Suppose that f : U — D is a biholomorphism and { € dU is accessible. If there exists r > 0 such that B({,r)n U is
connected, then lin} f(2) exists and has modulus 1.
Z—

Proof. First, for any {z,} < U with r}im zp = (, let y be a path that satisfies the conditions in Definition 4.59. y(¢,) = z, for each
—00
n e Z,. We claim that l[irr%l foy(®)|=1. Suppose for contradiction that there exists € > 0 and a subsequence {s,} of {,}
such that [foy(s,)|<s1—-¢eforall ne Z,. Let {u,} be a subsequence of {s;,} such that w := r}im foy(u,) exists. Then
—00

|w| <1-¢€or weD. The inverse function f‘1 :D — U maps
flaw) = lim 1o foy(up) = lim y(un) =y(1)

which suggests that { = y(1) does not lie on the boundary of U, contradiction.

Next, supppose for contradiction that lin} f (2) does not exists. Since B(0,1) is compact, there exists {a,}, {b,} < U such
7—
that ’}EI(}O ap = ’}EI(}O b, = { but ,}L“gof(“n) =:a#b:= r}@gof(bn). By connectivity, we can find a simple path y : [0,1] —

U U {{} joining ay, by, @z, b, -+ and y(1) = {. For each n € Z,, let y,, be the restriction of y on [y~ (a,),y ! (b,)]. Then
fovy isasimple path joining f(a,) and f(by,).

Let g(z) := f~'(2) — { defined on D. We apply Koebe’s Lemma to g. By the previous part, we know that ltin}lf oy(nl=1,
which implies that €, := inf | f(z)| — 0 as n — co. In other words, f oy, tends to the unit circle uniformly. Moreover, we
zeyT,

have
sup |g(w)|=suplz—{|—0 as n— oo
we(foyn)* z€Y;
since y is uniformly continuous and y(1) = {. By Koebe’s Lemma, g is identically zero, which is obviously impossible.
In conclusion, lirré f(2) exists and is unique. We can continuous extend f to { € 0U. O
7—

Remark. For the case that { € U has no connected neighbourhood in U, the limit does not exists generally. However, if
we extend the definition of accessible boundary points, and associate each connected component of B({,r) N U with one
"accessible point", then the proposition still holds.

We should also point out that there are cases when B({,r) N U has no connected components. The formal definition of an
accessible point is an equivalence class of paths whose end point is {. This defintion works even if B({, r)n U has no connected
components, where { corresponds to infinitely many accessible points.

Proposition 4.63. Injectivity of Continuous Extension.

Suppose that f: U — D is a biholomorphism and {;,{» € 0U are two distinct accessible points. Suppose that f extends
to {1,{» by continuity (existence proven in the previous proposition), then f({1) # f((>2).

Proof. Suppose for contradiction that f({;) = f({2) = wy € dD. By applying a rotation we may assume that wy = —1. Let
Y1:10,1] = C and y» : [0,1] — C be two paths such that y; (1) = {3, y2(1) = {2, and y; ([0, 1)),y2([0,1)) € U. Since {; # (>,
there exists 7y € (0,1) such that |y, (£) —y2(£)| > |[{1 — {21/2 for all £ € (ty,1). There exists § > 0 such that B(—1,9) does not
intersect with y1 ([0, 1) or 2 ([0, fo]).

Let A:=Dn B(-1,6). In the polar coordinates centered at —1, there exists a suitable function ¢(r) such that A= {-1+
ref:0<r<é, —@(r) <0 < @(r)}. Foreach r € (0,0), let wy € (foy1)*NndB(—1,r) and w; € (foy2)* NdB(—1,r1). Let
g:= f‘1 be the inverse function. Then we have |g(w;) — g(w»)| > [{1 —{2]/2.
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Let 17 be the circular arc joining w; and w,. Then we have:

1
§|(1 =l <lglwr) — glwo)| =

@(r) .
sflg'(z)ldzs/ Ig'(~1+re)|rdo
n —p(r)

(r 2
1 2 e i0
= —|(1 - {2l <(f g (-1+re )IrdB)
4 @(r)
2

@(r) . @)
< ( f | g'(—l + rele)l dB) ( / r dH) (Cauchy-Schwarz Inequality)
—(r) —p(r)

2 2 @(r) 072
T°r f lg'(-1+re)* do
—@(r)

Integrate with respect to r:

o _ 712 (1) .
o 4n’r () A

The left hand side diverges unless {; = {», whereas the right hand side is equal to the area of g(A) and is finite. Contra-
diction. Hence we must have f({;) # f((2). O

Remark. By cosine theorem, ¢(r) is given by:

- ( r2+1- 62)
r) = arccos | ———
¢ 2r

We do not need this form in the proof of the proposition.

Proof of Theorem 4.57. "=": If f : U — D can be extended to a homeomorphism f: U — B(0, 1), then f|sy is a homeomor-
phism from AU to the unit circle dD. Therefore 0U is a simple closed path.

<=": Suppose that dU is a simple closed path. In particular, every point on dU is an accessible point of U. By Propo-
sition 4.62 and Proposition 4.63, there exists a continuous injective extension of f to U which is in fact bijective, as f
is invertible. The continuity of the extension follows trivially. O

The following converse of Boundary Correspondence Theorem is very useful:

Theorem 4.64. Converse of Boundary Correspondence Theorem.

Suppose that U — C is a simply-connected domain whose boundary AU is the image of a simple closed path. f:U — C
is holomorphic in U and continuous on U. If f maps dU bijectively to dD, then f is a biholomorphism from U to D.

Proof. Suppose that wy € D. There exists a neighbourhood V < U of 6U such that f(z) # wy in V. For any simple closed curve
7 :10,1] — U, we consider the increment of the argument of f(z) — wy as z goes along y:

Ay arg(f(z) — wo)

which is invariant under homotopy. Suppose that I is a simple closed path with I'* = 6U. and A := y(0,1). By the
statement of the theorem we know that

Ararg(f(2) — wo) = Aparg(w — wyp) =21

The same relation also holds for a positively-oriented simple closed path y : [0,1] — V that is homotopic to T in V. By
Argument Principle, f(z) — wy has exactly one zero in D, the interior of y. But f(z) # wy for ze U\ D < V. We conclude
that there exists exactly one zy € U such that f(zp) = wy.

Similarly, we can prove that no points in U is mapped to D or C\ B(0,1). Hence f is a bijection between U and D. [

4.8 Schwarz-Christoffel Mappings*

In this section, we aim to construct the explicit formula for a conformal mapping from the upper half plane to a polygonal
area. We say that P is a polygonal area, if 9P is the image of a piecewise-linear simple closed path.
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We denote the vertices of 0P by wy, ..., w,. By Riemann Mapping Theorem, there exists a biholomorphism f : D — P. By
Boundary Correspondence Theorem, f extends to a bijection between 0D and 0P. On the other hand, we know that ¢(z) :=
(z—1)/(z+1i) is a biholomorphism from H to D, which maps dH = R bijectively to 0D\ {1}. Hence fo¢ is a biholomorphism from
H to P which maps R bijectively to P with one point removed.

We shall first give the Schwarz-Christoffel Intgeral and prove that it maps R to a polygon. Then we shall show that any biholo-
morphism between the upper half plane and a polygonal area can be written in the form of the Schwarz-Christoffel Intgeral.
After that we will investigate the behavior if we include the point of infinity. We will conclude the section with some examples
of the use of the Schwarz-Christoffel Mapping.

For a; € R and B; < 1, the function (z — a;)# could be multi-valued. We can define a holomorphic branch of it by cutting the
plane along the ray {a; +iy € C: y < 0}. For x € R, we define:

_a. Ix—ail‘ﬁf X>a;
(z—ap)Pi = . _ig
lx—a;| Pie P x<a;

In particular, s(z) := (z— a1) "' ---(z — a,,) P has a holomorphic branch in the cut plane C\ UL {a; +iy € C: y < 0}. The cut
plane is simply-connected, so s(z) has a primitive, namely the Schwarz-Christoffel Integral:

( )

Definition 4.65. Schwarz-Christoffel Integral.

Suppose that —co< a; <+ < a, < +ooand f1,*- 5 € (—0o,1). On the cut plane C\U}_ {a; +iy € C: y <0}, the function
defined by the integral

S =f C—a) P —aw P g
20

is called the Schwarz-Christoffel Integral, where z is a fixed point and the intgeral is taken along any piecewise smooth
path from zj to z on the cut plane.

\ N J/

The condition B; < 1 implies that (z— a;) #/ is integrable near the singularity a;. Hence S(z) can be continuously extended on
n

the real line R. In addition, if )_f; > 1, then
i=1

(Izl=a) ™ (12l = an)Pr < clzl Ha b

for sufficiently large |z|. It is not difficult to show that the integral S(z) converges as |z| — co. We denote the limit by wy, :=
lim S(z).
Z—00

Proposition 4.66
Let S(z) be the Schwarz-Christoffel Integral defined in Definition 4.65. Let w; := S(a;) fori =1,...,n.
n
@ If Zﬁ,- =2, then S maps R to a 0P \ {w}, where 0P is a n-sided polygon whose vertices are given in order by

i=1
wi,..., Wn. The point w lies on the line segment between w,, and w;. Moreover, the interior angle of 0P at the

vertex w; is (1 — B;).

n
(i) Ifl1< Z,B,' <2,then SmapsRto adP\{wy}, where 9P is a (n + 1)-sided polygon whose vertices are given in order
i=1
by wy, ..., W, Ws. Moreover, the interior angle of AP at the vertex w; is f3;, and interior angle at the vertex wy, is

85

Proof. We can see that (i) is in fact a special case of (ii), where the interior angle at wy, is 7. So we only need to prove (ii).
Forie{0,...,n}and x € (a;_1, a;), we have
l'_

1 n n . n
S =[l-a™P [[x-an ™ =[] lx-arl Pk e 2i-iPi
k=1 k=i k=1
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n
Hence argS'(x) = —nZﬁk is constant for x € (a;_1, a;). As
k=i

X X
S(x):S(ai)+[ S'(nde= wi+arg8’(x)f |S'(1)|dt
, a;

ai

n
It suggests that S maps (a;_1, a;) to a line segment (w;_1, w;) on the complex plane, which makes angle —HZ B; with
k=i
the real axis. For x > a,, we have arg$S'(x) = 0. Hence S maps (a,,+00) to a line segment (wy,, Ws,) parallel to the real

n
axis. For x < a;, argS'(x) = —nz Bi. Smaps (—oo, a;) to aline segment (Weo, W1).
k=1

For i €{1,..., n}, the interior angle 8; at the vertex w; is given by:
n n
0; =n—| lim argS'(x) - lim argS/(x)) =71— (ﬂ Y Bi-m Y, ﬁ,-) =n(l-B;)
x—a x—af k=i k=itl
The interior angle 0, at the vertex wo, is given by:

n

n
eooz(n+1)n—29k=n(2ﬁ,-—1) O
i=1

k=1

Theorem 4.67. Schwarz-Christoffel Theorem.

Suppose that the open set P < C is a polygonal area whose boundary 0P is a n-sided polygon with vertices (in order)
wy, ..., Wy. Suppose that the interior angle of 0P at the vertex w; is m(1 — ;) where 1 € (—1,1). If f:H — P is a biholo-
morphism, then there exists —oo < a; < -+ < a, < oo such that

f(z)=c1f C—a) ™ —an) P di +Cy
20

where zy, C; and C, are complex constants. Moreover, the extension of f to the homeomorphism from H to P implies
that f(a;) = w; forie{l,..,n}.

Proof. By Boundary Correspondence Theorem f extends to a homeomorphism f:H — P. Let a; := f ' (w;) fori =1,..,n. f

maps the real line bijectively to dP.
Forie{2,..,n—1}, the interior angle at the vertex w; is (1 — ;). Hence we define g; : {ze H:Rez € (a;-1,a;+1)} — C by
gi(2) = (f(2) — w1 hD

Then g;(a;) = 0. And g; extends the angle subtended by two line segments near wy to 7. As aresult, g; maps the infinite
half-strip to an infinite half-strip. By Schwarz Reflection Principle, g; can be holomorphically extended across the real
axis and becomes a holomorphic function on the infinite strip a;-; < Rez < a;4+1. On the upper half strip, we have:

f'(2) 8;(2)
— " =(1-8;
f@)—w; ( 'B)gi(z)

f@=wi+g@"P =

Since f is bijective, we have f'(z) # 0. Hence gl’. (2) #0. The Schwarz Reflection Principle suggests that we also have
g:(2) # 0 in the lower half strip. By some continuity argument we must have that g; is injective on the real interval
(a;j-1, ai+1), which implies that gl’. (z) #0 on (a;_1,a;+1). In conclusion, gg(z) # 0 on the whole strip a;—; <Rez < a;41.

Next we shall prove that a; is a simple pole of f”/ f'. The derivatives of f:
fl@=0-pg@Pigia)  f'@=-Fil-Pgi@ P (gi(2) +1-Bgi Pigl

Hence
'@ 8@ .\ 8/ (2)

@ T'gild)  gla)

Notice that the power series expansion of g; near a; is given by g;(z) = gl’. (a;)(z - a;) + O((z — a;)?) and that gi isnon-
zero. Then a; is a simple pole of g;/g; with residue Res(g;/g;, ;) = 1. In addition, g’/ g} is holomorphic in the strip.
Therefore there exists a holomorphic function g; on a;_; <Rez < a;4; such that

f/I(Z) B
flia)

1
—Bi_— 4
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Similarly, for the infinite strip {z € C: —oco <Rez < ap} and {z € C: a,,—; < Re z < +00}, there exists holomorphic functions
g1 and q,, defined on the respective strips such that

fl/(z) 3

H(z) 1
Ch P8 o pi——+ a2

e "z-ay

1
_'Biz—al +q1(2)

Next we investigate the behavior of f”/ f’ at the infinity. For sufficiently large R > 0, f maps (—oo,—R) U (R, +00) to a
line segment of w,,——w;. By Schwarz Reflection Principle, f is holomorphically extended to C\ B(0, R). Since f maps
oo € C to a point on the line segment w, ——w;, f is bounded and hence holomorphic at the infinity. There exists m e N
and c¢;; # 0 such that

_ Cm | Cm+l
f(Z)—f(OO)+Z—m+ T
The derivative of f:
c c c
f(2) = —mzmrﬁl —(m+1) ZZ:; SIS —mzm"il +p(2)

where p is holomorphic on C \B(0,R) and p(oo) # 0. Hence we have

1! !
'@ __m+1+p(z)

flla)  z  p@
Hence lim @ _ 0. In particular f”/ f’ is bounded near the infinity.
z—c0 fl(z) P ‘
. ey & Bi . . . L L
Finally we let h(z) := ﬁ + Z o Then £ is a bounded entire function with Zhnolo h(z) = 0. By Liouville’s Theorem
i=1%—di -
h(z) = 0 on the whole plane. Hence for z € H we have
'@ _ i Bi
fl(2) i=1<—4ai

We integrate the equation along any piecewise smooth curve from zp to z on the upper half plane. Then
n
logf'(z) = - )_ Bilog(z — a;) + const
i=1

Hence
fl@=Ciz—a) P (z—ay)Pr

Integrate again along any piecewise smooth curve from zj to z on the upper half plane:
Z
f@=6 [ €-ay - an P dec
N

which completes the proof. O

Remark. If one of the vertices of 0P is at the infinity, the mapping formula still applies. Suppose that wy = oo, as shown in

Figure 4.11. We pick w)_ on the line segment wy_;——wj; and wj on the line segment wy——wj1. We connect w; and w} by a

line segment and obtain a (n + 1)-sided polygon 0P’ : wy——---—— Wi =~ W)=~ W == W1 == == Wy

By Schwarz-Christoffel Theorem, the mapping from H to P’ is given by

z / /!
fl@)= clf C—a) P -a) Pl —a Ph (- an) P A + Gy
20

where a; := f~'(w}) and af := f~! (w}). The interior angle at the vertices w}. and wj are (1 - §}) and 7(1 — ;) respectively.

As w,, wj — oo, we have P’ — P and a,, aj — ay. The factor (z— a}c)_ﬁ;c (z— a;c’)_ﬁ;c’ — (z—ap) PP If (1 - By) is the angle
of intersection of the line wj_;—— w;c and w;c’—— Wy, 1, then we have (1 — B) + (1 - ﬁ;c) -7m(1- ,6%) =mor —ﬂ/k - ,B;é =—Pi.In
this case, the mapping formula is exactly same as the finite polygon case:

f2) = clf C—ap) P @—ap P —a)Prdi+C
20

But notice that we give a slightly different definition of .
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Figure 4.11: A polygonal area with one vertex at the infinity.

Schwarz-Christoffel Theorem ensures that any biholomorphism between the upper half plane and the polygonal area is ex-
pressed in terms of Schwarz-Christoffel Integral. However, the points ay, ..., a, are often unknown when we want to find such
mapping to a given polygonal area. The next proposition demonstrates the uniqueness of the mapping if we fix three points
on the real line.

Proposition 4.68

Suppose that the open set P < C is a polygonal area whose boundary dP is a n-sided polygon (n = 3) with vertices (in
order) wy, ..., w,. Given three points on the real line —oco < a; < az < az < +o00, there exists a unique biholomorphism
f:H— Psuchthat f(a;) =w; fori=1,2,3.

Proof. We know that there exists a biholomorphism g : H — P. Suppose that for i € {1,2,3}, b; = g~ (w;) € R. By Proposition
4.21, there exists a Mobius transformation T such that T'(a;) = b; for i = 1,2,3. Moreover, T € Aut(H) by Theorem 4.43
since ay, az, as, by, bz, b3 € R. Therefore f := go T is a biholomorphism from H to P such that f(a;) = w;.

Next we prove uniqueness. Suppose that f is another biholomorphism from H to P such that f(a;) = w;. Then fo f €
Aut(H). In particular, f o f is a Mobius transformation by Theorem 4.43 which fixes ay, az, as. By Proposition 4.21, there
is a unique Mobius transformation that fixes three points in C,, namely the identity mapping. Hence we must have
f = f as claimed. O

Next we look at the case when the biholomorphism maps the infinity to a vertex of the polygon. We shall prove that the formula
is obtained by deleting the last term (z — a,,) “#" in the integral.

Theorem 4.69

Suppose that the open set P < C is a polygonal area whose boundary 0P is a n-sided polygon with vertices (in order)
wy, ..., Wy. Suppose that the interior angle of 0P at the vertex w; is m(1 — ;) where §; € (-1,1). f:H — P is a biholomor-
phism. If there are —co< a; <--- < a,_; <oosuch that f(a;) = w; fori=1,..,n—1and f(co0) = wy, then

V4
f@=Ci [ C-a g =) P G
20
where zj, C; and C, are complex constants.

Proof. We choose a < a; and consider the Mobius transformation T(z) = 1/(a — z) € Aut(H). T maps ay, ..., ay—1 and a, = oo
to by,...,b,—1 and b, =0. Now g := fo T~ is a biholomorphism from H to P which maps by, ..., b, to w1, ..., wy,. By
Schwarz-Christoffel Theorem, we have

ZI
g(zl) :le’ (n_bl)_ﬁl "'T]_ﬁ" dT]+C2
%o

Change of variable:
1 1

= — d = —d
T=a=¢ 7= a-¢2 ¢
1 1 1 —-a;
Since b; = ——,we haven—b; = - = ¢—ai . The integral becomes
—a; a-¢ a-a; (a-0la-a)

Tﬁl(z’) u
foT™H (&)= Cif vy &7 a) P (- an-) P (a-OFR P AL G
0
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where Ci =Cia—a)P---(a- a,_1)Pr1. Since Z;? 1 Bi =2, we have

T-1(2")

foT ' ()= Ci[ ) C—a)™P - -ap-)Prrdi+
)

Put z=T"'(z'), 29 = T~ (z}). We obtain the desired formula

fla=cl f C—a) P~ an) P AL+ Cy 0
20

Example 4.70. Trigonometric Functions Again.

Find a conformal mapping from H to the infinite half-strip U:={z€ C: —n/2 <Rez < 7/2,Imz > 0}.

Solution. We can consider U as a polygonal area with vertices w; = —n/2, w, = /2 and ws = co. The interior angle at each
vertex is 7/2, n/2 and 0 respectively. Hence 8 = 1/2, 2 = 1/2, 3 = 1. We choose a; = —1, a; = 1 and a3 = oo on the real
line. By Theorem 4.69, the mapping is given by

1
N

Since f(—1) = —n/2 and f(1) = n/2, we have C;, = 1, C, = 0. Hence the desired mapping is given by f(z) = arcsinz. We
can compare this result with Example 4.35. O

fl2) = fz(( + )20 -2 de+ G = [Z d¢+C, = Carcsinz + C,
0 0

4.9 Harmonic Functions and Dirichlet Problem

In this section we shall investigate the properties of harmonic functions and solutions to Dirichlet boundary value problem
with the help of conformal mappings. For simply-connected domain U enclosed by simple closed curve 80U, we can always trans-
form the problem into Dirichlet BVP on a unit disk, by Riemann Mapping Theorem and Boundary Correspondence Theorem.
First, We repeat the definition of harmonic functions here.

4.9.1 Harmonic Functions.

[ Definition 0.12: Laplacian, Harmonic Functions. ]

2 62
The differential tor V2= — + —
e differential operator o2 T oy
is called a harmonic function if f € ker V2.

acting on twice differentiable functions in R? is called the Laplacian. f: U — R

For Dirichlet boundary value problem on an open set U, we need to find a harmonic function with prescribed value on the
boundary. More formally:

s N

Definition 4.71. Dirichlet Boundary Value Problem.

The Dirichlet boundary value problem consists of solving

VZu=0 inU u=f onoU

for some given function f defined on 0U.
. J

Remark. Recall that the real and imaginary parts of a holomorphic function are harmonic. On the contrary, any harmonic
function is the real part of some holomorphic function.
Proposition 4.72

Suppose that U < C is a simply-connected domain and u € C?(U) is a harmonic function. Then there exists a holomor-
phic function f: U — C such that Re f = u. Moreover, u is analytic.
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0 0
Proof. Consider g : U — C defined by g(z) = a—z — ia—;. g is real-differentiable as u € C?>(U) and it is easy to check that g

satisfies Cauchy-Riemann equations. Therefore by Proposition 0.11, g is holomorphic. Since U is simply-connected,
by Proposition 1.38 g has a primitive G on U.

Suppose that G(z) = a(z) +ib(z). Then

Ja i@a ! Ou 16 forzeU
——i—= ——i— z
ox Oy 0x 0
da Ou oa u . . .
Hence — = — and — = —. In particular V(a — u) = 0. By chain rule, a and u differ by a constant on U. Then

n
0x Ox 0y 0y

f(2) := G(2) + (a(zg) — u(zp)) is a holomorphic function that satisfies Re f = u on U. By Theorem 1.19, f is analytic. It

follows that u = Re f is analytic. O

Theorem 4.73. Mean Value Property of Harmonic Functions.

Suppose that u: B(zp, r) — R is harmonic. Then

1 2n 0
u(zg) = gj(; u(zg+re’)do

Proof. The mean value property of harmonic functions follows directly from the mean value property of holomorphic func-
tions, which is a direct corollary of Cauchy’s Integral Formula:

By Proposition 4.72, there exists a holomorphic function f : U — C such that Re f = u. By Cauchy’s Integral Formula,

we have , » ,
1 z 1 T f(zg+re . 1 4 .
flzo) = — &dz:—, f(o—.)irele dg=— f(zo+re19)d9
2mi Jyzon 2— 20 2mi Jo reif 27 Jo

Take the real part:

1 2n 0
u(zg) = —f u(zo+re')do O

27 Jo

Remark. We say that u: U — R satisfies the mean value property, if for all B(zy, r) < U we have

1 27 0
u(zg) = —f u(zo+re)do
27 Jo

We shall prove a converse of Theorem 4.73 in Theorem 4.80, which states that any function satisfying the mean value property
is harmonic.

Theorem 4.74. Extreme Value Property of Harmonic Functions.

Suppose that U < C is a domain and u : U — C is harmonic and non-constant. Then u cannot attain maximum or
minimum value in U.

Proof. It suffices to prove that u cannot attain maximum in U. Suppose for contradiction that u attains maximum value at
zg € U. Choose r > 0 such that B(zp, r) < U. Since u is harmonic and satisfies mean value property, we have

1 2n . .
u(zg) = —f u(zo+re?)ydo< sup u(zo+re?)
21 Jo e[0,271]

Hence u(zg) = sup u(zo+re) and u is constant on dB(z,r). This holds for any r > 0. By continuity u must be

0el0,27]
constant on B(zy, 7). Notice that B(zg, ) has limit points in U. Since u is analytic, by identity theorem u is constant on
the whole U, which is a contradiction. O

Lemma 4.75

Suppose that f: U — V is holomorphic and u: V — R is harmonic. Then uo f: U — R is also harmonic.

Proof. Being harmonic is a local property. It suffices to consider any B(zy, r) € U. Suppose that wy := f(zp). Fix € > 0 such that
B(wy, ) < V. By continuity of f we can find § > 0 such that f(B(zy,5)) < B(wy, €). Since B(wy, €) is simply-connected,
we can find a holomorphic function g : B(wy, &) — C such that Reg = u. Hence on B(zy,6) we have uo f = Re(go f).
uo f is harmonic on B(zy, r) and hence on the whole U. O
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4.9.2 Poisson Kernel.

Now we turn to the simplest case of Dirichlet BVP. We can express the value of a harmonic function in the unit disk in terms
of its value on the boundary by the so-called Poisson formula. All we need is the mean value property of harmonic func-
tions.

Theorem 4.76. Poisson Formula for Harmonic Functions on the Unit Disk.

Suppose that u :B(0,1) — C is harmonic on D. For z € D, we have:

127 1-|zf
u(zo):gfo P u(e') do

Proof. For any z( € D, the automorphism

(pZO (Z) =

zZ0— X%
1-—

of the unit disk exchanges 0 and zp. Let v := uo¢,,. Then v is also harmonic on D and v(0) = u(zp). By mean value
property, we have

VAY4

1 27 ip
v(O)—ng v(e”*)dp

Notice that ¢, maps 0D to 0D by

elf = & e = ef= &-e e
1-Zpelf 1-Zzgei®
Take the differential and modulus on both sides:
2 2 2
; : zol°—1 1|z 1-|z
iePdp=ieldg—2L L dp=do——20__ 4o 1120
(1_Z0e16)2 |1_Zoe19|2 |e19 —Z0|2
Substitute back to the integral and we have:
2T ] —|gg? .
iz = —— [ LB ity g 0O

2mJo el —zy|?

1—1z0[2
Remark. The factor “elilp is called the Poisson kernel of the unit disk:
e"v -2y
1-|z2 (( + z)
P, z):= =Re
¢ I{ - z/? (-z

The factor ({ + z)/({ — z) is called Schwarz kernel.

The Poisson Integral Formula is also written in the following form:

2 .
u(z) = L[ P, 2)u(() do where ¢ = el
21 Jo

Alternatively, in the polar coordinates, the Poisson kernel is given by

1-72

_ ,if N 1)
1-2rcos(¢p—0)+r? where{=¢", z=re

P({,z2)=P¢p-0,r)=

1 [ 1-r?
y = lr
uin¢) 27:,[0 1-2rcos(¢p—0)+r2 u(1,0) do

Corollary 4.77. Properties of Poisson Kernel.
(i) P({,z)>0forall ze D and { € OD;

2
(ii) f P((,z) dO =27 for all z € D;
0

(iii) Fix { € 0D. Then P((, z) is harmonic in D.
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Proof. (i). Trivial by definition.

21 21 2 2n
(i), f P((,2) dO = f 1120 4o [T dp=2r.
0

|e19—20|2

(iii). P({,z) =Re (ﬂ) and the Schwarz kernel is holomorphic in D. O

4.9.3 Dirichlet Boundary Value Problems.

Now we can discuss the existence and uniqueness of the solution to Dirichlet BVP on the unit disk.

Lemma 4.78

Suppose that f: 0D — R is continuous. Then u : D — R defined by the Poisson integral

21
u(z) = fo P, 2 f(©) dO

is a bounded harmonic function. Moreover, u(z) — f({) as z— { atany { € 6D.

Proof. Since 0D is compact, and P({, z) and f({) are continuous, P({, z) f ({) is bounded. Hence u(z) is bounded. u is harmonic
because

2m 2m
V2u(z) = V2 ( fo P, 2)fQ) de) =], FQOV?P(,2)dO =0

Now we fix { = el% € 9D and £ > 0. Since f is continuous at {, there exists § > 0 such that | f(e'?) — f(e!%)| < e whenever
|60 — 0| < 6. Then

u(z) - f(e%)| = ¥ f 2ﬂP(e“’ z) (f(e“’)—f(ei%))de
27 Jo ’

< P(e10,2)|f ) - fe%)|do + — f PEY, 2) | f(e?) - fe)|do
278 J19-6,1<6 27 Jio-0o1>6
=L+

For Iy, since | f(e!?) — f(e!?)| < &, we have

1

I = — PE? z)|f(e?) - %) do < — eP(€ z)do <e
" on 10—-00]<5 ! ! 27 J|9-00|<6
For I, for |0 — 6y| = 6 the Poisson kernel
. 1- rz 1- r2
P 2)=Pp-0,r) = < -0

1-2rcos(¢p—0)+r2 1-2rcosé+r?

as r — 1. Hence for fixed € and 6 we can find n > 0 such that P(¢—6,r) < e whenever |6 —0y| = 6 and |z - elfo | < 1. Then

1
L= - P, 2)| fe) - Fe™)
27 J10-6,|=26

do < e‘f(eig)—f(eieo) df < Me
27 10—60|=6

where M:= sup |f(e'?)]. Hence |u(2) - f(e%)| < (1 + M)e. The convergence hence follows. O
0€[0,27)

Theorem 4.79. Dirichlet BVP on the Unit Disk.

Suppose that f: 0D — R is continuous. Then u: D — R defined by the Poisson integral

2n 1-— |ZO|2

i
m fe") do

2n
u(z)=f0 P(,2) () d6-—f

is the unique solution to the Dirichlet BVP:

V2u=0 inD u=f onoD
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Proof. By the previous lemma, the Poisson integral u(z) is a solution to the Dirichlet BVP. Suppose there is another solution v.
Then u — v is a harmonic with u#— v = 0 on 6D. By extreme value property u — v is constant in D and by continuity u = v
as claimed. O

Remark. Very often we are dealing with piecewise continuous functions as boundary value condition instead. In this case the
uniqueness does not hold. However, if we restrict to bounded harmonic functions on D which agrees with f at those points
on 0D where f is continuous, Dirichlet BVP still has unique solution.

Remark. As an application of Theorem 4.79, we can prove the converse of Theorem 4.73.

Theorem 4.80
Suppose that U < C is adomain and u: U — R satisfies the mean value property. Then u is a harmonic function.
Proof. For any B(zy,r) < U, u satisfies the mean value property on B(zy, 7). By Theorem 4.79, (with an appropriate linear
mapping) there exists a unique harmonic function v : B(zp, 7) — R such that # = v on 6 B(zp, r). Both u and v satisfies

the mean value property and hence the extrem value property. It follows that = v in B(zy, r). Since B(zy, r) is arbitrary,
u = vin U. Therefore u is a harmonic function. O

Remark. The Dirichlet BVP on any simply-connected domain with well-behaved boundary can be transformed to the Dirich-
let BVP on the unit disk. As an example we give the explicit formula for the solution to Dirichlet BVP on the upper half plane.

Theorem 4.81. Dirichlet BVP on the Upper Half Plane.

Suppose that f: R — R is continuous and both xlﬁirpoo f(x) and xliIPm f(x) exists and are finite. Then u : H — R defined by

the integral
+00
u(z) =Re(— f(t) dr )
MJ-oo [—2

is the unique solution to the Dirichlet BVP:

V2u=0 inH u=f onoH

Proof. For any zj € H, consider the biholomorphism

1//()—

-2
which maps H onto D, (—oo, +00) onto dD \ {1}, and zy to 0. Then o f is continuous on 4D \ {1} and bounded on dD. By
Theorem 4.79 and the remark after it, there exists a unique bounded harmonic function v: D — Rsuch that v = yo f
on 0D\ {1}. Hence u:= ¢! o v is the unique solution to the Dirichlet BVP on H.

Now we turn to the computation of the explicit formula of the solution. By mean value property we have

1 2n .
v(0) = —f v(e'?) do
21 Jo

Since ¥ maps (—oo, +o0) onto 0D \ {1},

- -
el = %0 = 0= —ilog( %0)
t—2p =2
Take the differential:
t—2z Zo — Zo — 21 2
do = —i ZO-(— 2 _Z‘)) P e P el - ( )dt
t—2zo (t—Zg)? (t— z0) (£ — Zp) 12 —2tRezy+z9/% i(t— zp)
Since v(0) = u(zp), we have
1 +o0o 2 +o0o f(t) )
=— DR dt=Re dr O
u(zo) 2ﬂf_oo F@ e(i(t—zo)) (m o —2Z

Remark. In the Cartesian coordinates, the result can be written as

¢
uix, y) = J/f _fn

oo (t— x)2+y
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