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Section A: Introductory

Question 1

" ) k[x,x71]
Calculate Tor{ (M, M) where R = k[x], k is a field, and M = ?
xkl[x
Proof. We have a short exact sequence
. klx,x™1
0 — kixl =% kigx ] — 22X L oy (+)
xk[x]

By Flat Resolution Theorem 6.33, we can compute the Tor modules using a flat resolution. We claim that k[x, x~']
is a flat k[x]-module.
This is because k[x,x™!] = | J x "k[x] is a filtered colimit of the modules x~"k[x]. For a short exact sequence of

neN
k[x]-modules

Tensoring x~"k[x] gives
00— x"A —— x™"B— x"C —— 0

which is still an exact sequence. So x "'k[x] is a flat k[x]-module. By Corollary 6.29, k[x,x '] is flat. So (x)
klx, x71]

provides a flat resolution for M :=
xk[x]

. Applying (- ® ) M) to (*):

0 — kixl®q M — klx,x 1 ®qM —> M®gqM — 0

1

By Question 4 of Sheet 2, we have k|x, x4 Ok M= Mix Y. Since x=0in M, forme M[x '], m=x"1-x-m=0.
Hence M[x1]. The (augmented) chain complex is given by
0 > M > 0 >M®k[x]M—>0
Taking the homology of this chain. We obtain!
M n=1
Tork™ (M, M) = m
0 otherwise

Section B: Core

Question 2 B+

klx,
L ;’ ] with k a field (viewed as

as an R-module).

Calculate the ring Extj, (k, k) where R =

)

Proof. First we find a free resolution for k. Let 7 : R — k be the quotient map. Then kerz = {x,y). Let a : R — R be the
homomorphism given by (r,s) — xr + ys. Then ima = (x,y) = kern. We have kera = (y) ® (x). Let f: R* — R?
be the homomorphism given by (r,s) — (yr,xs). Then im 8 = kera, and ker 8 = (x) ® (y). Let y : R* — R® be the
homomorphism given by (7, s) — (xr, ¥s). Then imy = ker f and kery = im 8. So we have a free resolution

N DS R

7 7

> k

~
o

Applying the functor Hompg(—, k):

1 This looks strange as we expect that Torg WMM,mz=Me kix] M. But it is also possible that we could show M ® ) M = 0 directly.
You can, and it's not very difficult.



ey g 0, g2 s k2 > k?

~

Taking cohomology we obtain the Ext modules

k n=0
Extg(k,k);{ " V4

K n=1

Next we shall prove that the Yoneda product on Exty, (k, k) makes it a graded ring

° ~ k[x’y] _ — — . .
Exty (k, k) = ) =R,  |xI=1yI=1This is a reasonable guess,
Y but it actually isn't the correct ring!

To prove this, we compute the Ext in another way. We use P, to denote the free resolution for k obtained above.

From the discussion in Section 9.1, Extg(k, k) is isomorphic to the quotient of the module of the chain maps
P, — P.[—n] by the submodule of null-homotopic chain maps.

We compute Ext}2 (k, k). A chain map f. : P, — P.[—1] is the commutative diagram:

Y, R 'B>R2 Y, R 'B>R2 Ty R—>0
iﬁl Us sz lfl
'B>R2 LN ﬁ)RZ Yy R 0

To make this diagram commutative, we must have

¢n 0
f1=(<l)1 %), fn=L0 ),nzz
It isn't true that the components of?4 must lie in the ideals (x) and (y).

where @n, Yn € RSAUSY Ty \yriting them as 2x2 matrices of R-elements.
Y@P2n-1= XP2p, XY2n-1=YV¥2n
Hence 25,1 € (x), P2, € (¥), W2n—1 €(y), and Y2, € (x). Since xy = 0, the equations above are equal to zero.

If f. is chain null-homotopic, then there exists h. : P, — P, such that f;, = h,_; 00, + 0, 0 h;. If we write

I 0), nz2

hi =c, h, =
1=C n 0 g

Then f,, = hp—1 00, + 0, 0 h;,, implies that

pr=(+f)x, Y1=(c+g)y

andforn=1,

P2n-1= (fan-1+ foan)x, Won-1=(gn-1+82n)Yy
Pon = (on + f2n+1)}’: Won = (g2n+ g2n+1)X

We note that as long as @21 € (x), P25, € (¥), Wan-1 € {¥), and Y2, € (x), the chain map k. can be solved by the
above equations successively. So every chain map f, : P, — P.[-1] is null-homotopic. This is absurd. I don’t know

there fuas gone wrons It is indeed wrong, but is it necessarily absurd? See above.

O



a_
Question 3

Consider the functor F : Z-Mod — Z-Mod, A — A[2°] = {a€ A:3neN s.t. 2"a=0}. Prove F is left exact and

calculate the groups and maps in the LES of derived functors associated to the SES0 — Z Lz LA Zi12—-0

Proof. Suppose that f : A— Bis a Z-module homomorphism. Then the restriction f|g,) : F(A) — F(B) is a well-defined
Z-module homomorphism, as

aceF(A) = 2"a=0 = 2" f(a)=0 = f(a) € F(B)

We write F(f) := flga). Itis not hard to verify that F is indeed a functor from Z-Mod to Z-Mod.

Consider the short exact sequence of Z-modules

Applying the functor F:

F F
0 — ry) 2 py E8 po) — 0

By definition, ker F(f) < ker f = 0. Hence F(f) is a monomorphism. Also,
ker F(g) =kergn F(B) =im f n F(B) 2im F(f)
For b € im f N F(B), there exists n € N such that 2”b =0 and a € A such that f(a) = b. Therefore f(2"a) =2"b=0
and hence a € A. Thus b eim F(f). So we have ker F(g) =im F(f). This indicates that F is left exact. \/
To compute the long exact sequence associated with the short exact sequence

00— 7—2y7__ s 7/27 —30

We need injective resolutions for Z and Z/2Z. They are given by

0 i > Q > Q/1Z — 0

0 — 712 M2 g1z =25 g1z —> 0

Apply the functor F. Since Z and Q are torsion-free, F(Z) = F(Q) = 0. F(Z/2) = Z/2. F(Q/Z) = Z[27']/Z =
{E: nez., 0sm<2"}.
2}1

0 5 0 5 0 > 71271112 — 0

0 > Z12 1/2> Z[27/1z —2) ZI27Y11z — 0

Taking the cohomology, we have

n=0
Z2 Yz n=1
R"F(z) = , R"F(z/2) = n=1
0 otherwise
n=2

4

We put these modules into the long exact sequence of the derived functors:

this is also 0 (why?)



n=0 0 s 0 s Z/2

1/ Correct, but...
n=1 zZi2 Yz — 7127117z = Zixgliz
n=2 0 s 0 S .

Section C: Optional

Question 4
k:field,R:= k[x]/x3, M := k[x]/x, N := k[x]/x2.

Write down explicitly (all objects and morphisms in) a SES of R-projective resolutions using the horseshoe lemma

on the following Mody-SES: 0 — M 4N L M—-0





