Peize Liu
St. Peter’s College
University of Oxford

Problem Sheet 3

B2.1: Introduction to
Representation Theory

1 December, 2020



Question 1

Let V be a finite dimensional CG-module and let g € G. Prove that
1 1
Xsv(@ =3 (rv@® +xv(g?)) and ypev(® =3 (xv(g’-xv(g’))

Proof. Since V is a C[G]-module, for each g € G, let gy € GL(V) given by the left multiplication by g. By Question 1 in Sheet 1, gy is
diagonalisable. V has a basis {v1, .., v} consisting of the eigenvectors of gy with corresponding eigenvalues A4, ...,A,. That
is,

gv(vy) = A;v;, iefl,.., n}

1
{E(Ui ®Uj+Vj®V):l<j<is n} is a basis of S?V by Lemma 4.13. g induces gg2, € GL(S?V) such that

1
(gvv e gvvp) +gvv)®gy(v))= E/ll-/lj(vl- ®Uj+vj®Y), 1l<j<isn

N =

1
gSzV(E(VL-@ Vj+Vj® vl-)) =

1
Hence > (vi®v;+v;j®V;)is an eigenvector of gg2(, with eigenvalue A; 1 ;. Since the eigenvectors span a basis of S2V, we have:

1
Yszv(8) =trggey = Z Z Aidj = (Z Y Aidj+ Z)LZ) trgv) +trgl = > (xv(@?+xv(g%)
i=1j=1 i=1j=1

{viAnv;j:1<j<is<n}isabasis of A% V by Lemma 4.13. g induces gp2v € GL(A? V) such that
1 1 ..
8p2 vwinv)= > (gV(Ui) ®gv(vj)—gvv)) ®gv(vi)) = Eﬂi/lj(vi ®Uj—Vj®V;) = /liﬂ,j Vi AV, l<sj<isn

Hence v; A vj is an eigenvector of g2, with eigenvalue 1;1;. Since the eigenvectors span a basis of A2V, we have:

n i-1 1({2n »
7(/\2\/(54):22/1:‘11:Q(ZZ)L Z/lz) (xv(@?-xv(g?) O
i=1j=1

i=2j=1 =
Question 2

Show that every group homomorphism from G to an abelian group A is trivial on the commutator subgroup G’ and hence
factors through G/G’. Show that if N is a normal subgroup of G with G/ N abelian, then G’ < N.

Proof. For g,h e N, since G/ N is Abelian, we have
(gN)(hN) = (hN)(gN) = hlg"'hgN=N = [h,gl=h"'g'hge N
Hence G' < N.

Suppose that ¢ : G — A is a group homomorphism. Then by First Isomorphism Theorem we have
GlkerpZimp< A

Then G/ker ¢ is Abelian. We have G’ < ker¢. That is, ¢l = 0. Hence ¢ : G — A induces ¢ : G/G' — Avia ¢(gG’) := ¢(g) for
geG. O

Question 3
Let k be an algebraicaly closed field.
(a) Suppose that G is abelian. Prove that every simple kG-module is one-dimensional.
(b) Prove that the converse holds provided that |G| # 0 in k.

(c) Deduce from (a) that G has precisely \G :G | complex linear characters.
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Proof. (a) Suppose that V is a simple k[G]-module. For g € G, gy is a k-linear map. Since G is Abelian, for ke Gand v e V,
gvh-vy=gh-v=hg-v=h-gy)
By extending the equation linearly, gy is a k[G]-module endomorphism. By Schur’s Lemma, there exists A € k such that
gv = Aly. In particular, (v) is a sub-k[G]-module of V for any v € V'\ {0}, If dim; V > 1 then this contradicts that V is
simple. Hence dim; V = 1.
(b) For chark y |G|, by Corollary 3.20 of Artin-Wedderburn Theorem, we have the k[G]-module isomorphism:
k[G) = VM g g vV
where V7,..., V; is a complete list of simple k[G]-modules up to isomorphism. By assumption we have dim; Vj = =
dimy V; = 1. Then |G| = dimy k[G] = r. By Corollary 3.16, r is exactly the number of conjugacy classes of G. Therefore
every conjugacy class of G is a singleton. Hence G is Abelian.
(¢) k =C isassumed for this part.
Note that G/ G’ is Abelian (by Question 2 or Part A Group Theory). By (a) every simple C[G/G']-module is one-dimensional
over C. Let V1, ..., V; be a list of such modules. By Artin-Wedderburn Theorem we have
ClG/IG1=2Vi @0V,
Each irreducible representation p; : G/G' — GL(V;) lifts to a representation g; : G — GL(V;) via p;(g) := p;(gG'). Since
01,.., Pn are non-isomorphic, neither are g1, ..., 0. Then G has at least dimy C[G/G'] = [G : G'] non-isomorphic one-
dimensional irreducible representations.
On the other hand, suppose that ¢ : G — GL(V) is a one-dimensional irreducible representation of G over C. Note
that dim¢ V = 1 implies that GL(V) = C*, which is Abelian. Then by Question 2, ¢ induces a group homomorphism
@:G/G' — GL(V). Then V £ V; as C[G/G']-modules for some i € {1,..., 1}.
We conclude that G has exactly [G : G'] non-isomorphic one-dimensional irreducible representations. By row orthogo-
nality theorem, the characters and the isomorphism classes of finite-dimensional C[G]-modules are in bijective corre-
spondence. Hence G has [G : G'] complex linear characters. O
Question 4

Calculate the character of the representation p : S4 — GL3(R) from Example 1.3(d). Let V = C3 be the CS;-module obtained by
viewing p as a complex representation S; — GL3(C). Decompose V ® V as a direct sum of irreducible representations.

Proof. Note thatin a permutation group, two elements are conjugate if and only if they have the same cycle type. S4 has 5 conjugacy

2n 2m
In particular, 8, = — if g has order n. Hence y,(g) = tr Mg = 2cosf = 1+2cos
n

classes with representatives:

e, (12), (123), (12)(34), (1234)

For p(g) € SO3(R) < GL3(R), pg is a planar rotation, so with a suitable choice of basis it has matrix

1 0 0
Mg =10 cosOg -sinfg
0 sinfg cosOg

o(g)’

* xp(e) =dimp R3=3.

2n
* Since (12) has order 2, y,(12) =1+ cos 5 = -1.

2
* Since (12)(34) has order 2, y,((12)(34)) =1+ cos?n =-1

. 2
* Since (123) has order 3, x,(123) =1+ cos 3 =1+2-

)
-—|=0.
2
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27
* Since (1234) has order 4, y,(1234) =1 + cos T =1.

For the C[S4]-module V ® V, by Lemma 4.13 we have the initial decomposition Ve V = S2V & A2V, where dim¢ S2V =6 and
dim¢ A2 V = 3. For the decomposition of S2V and A\? V, we use the character table of S4 from Example 5.24:

e (120 (12)34) (123) (1234)
gl |1 3 8 6 6
[Cog)] | 24 8 3 4 4
1 1 1 1 1 1
€ 1 -1 1 1 -1
Tw 2 0 2 -1 0
X4 3 1 -1 0 -1
v 3 -1 -1 0 1

By row orthogonality theorem we have

xsev = (Xs2v, DT+ (xsev, €) €+ (tszv, xw) Xw + (Xszv Xa) Xa+ (Xs2vo Xv) Av
Ap2v = <XA2V’T>1+<XA2 V) E+ (X p2vo XW) XW +{Xp2 v Xa) Xa +{Xp2 v XV) XV

with the inner product defined in Definition 5.12. Using the formula proven in Question 1, we have

‘ e (12) (12)34) (123) (1234)
stv 6 2 2 0 0
ey |30 -1 -1 0 1

By performing explicit calculations we obtain

Xszv =L+ Xw + xa

Xp2v =XV

We still need to find the C[S;]-module corresponding to y4, which is a 3-dimensional subspace of C* invariant under the
action S4 which is not isomorphic to C3 as C[S;]-modules. The only such subspace is

4
U:= {(xl,xz,xs,x4) ec*: Zx’ = 0}
i=1
The row orthogonality theorem implies that the character uniquely determines the representation. We have

Sfv=CeWeU, AVZV

Hence
VeVz=CeoWeaeUsV

as C[S4]-modules. The corresponding decomposition of representation is

Pvev =pc®pw ®py®py O

Question 5
(a) Let y be a character of G. Show that {g € G: y(g) = ¥(1)} is a normal subgroup of G.
(b) Prove that G is simple if and only if y(g) # x(1) forevery g #1 and y # 1.

Proof. The notation is confusing. I shall use e to denote the identity in G. The underlying field k = C.

(@) Let H:={geG:x(g) =x(e)}. Let p: G — GL(V) be the representation associated with the character y. We claim that
H =kerp. For g € kerp,
1) =trp(g) =trly =trp(e) = y(e)

Hence g€ H and kerp € H.
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On the other hand, suppose that g € H. Suppose that p(g) has eigenvalues 14, ..., 1,, (counting multiplicities). Then

n
x@=) Ai=n=x(e)
i=1

Since |G| < oo, by Lagrange’s Theorem o(g) < co. p(g)°® = p(e) = 1y has the unique eigenvalue 1. Then we have
(8 (8
AT = =28 =1

So the eigenvalues of p(g) are roots of unity. Moreover,

with equality holds if and only if A; =--- = A,,. Hence
n
AM==Ag A Y Adi=n = A1 =--=1,=1 = p(g) =1y = gekerp
i=1
Hence ker p < H. We deduce that H = kerp <G.

(b) Suppose that G is simple. Then H <G is either {e} or G. If H = G, then by (a) ker p = G. The representation is trivial and
x=1.1f H={e}, then x(g) # x(1) for g #e.

Conversely, suppose that G is not simple. G has a proper non-trivial normal subgroup N. Then G/N is non-trivial and
has at least one irreducible representation ¢ : G/N — GL(V). ¢ can be lifted to a non-trivial representation ¢ : G —
GL(V) via ¢(g) := ¢(gN). Then the inflated character y(g) = x(gN). We have y(g) = y(e) for ge N\ {e}. O

Question 6
Let G act on a finite set X and consider the permutation module V := CX.
(a) Let g€ G.Prove that yy(g) = |Fixx(g)| where Fixx(g) :={xe X:g-x=x}
(b) Prove that dec xv(g) =r|G|, where r is the number of G-orbits on X.

(c) Suppose now that the action of G on X is 2-transitive, that is G has two orbits acting on X x X in the action defined by
g (x1,x2) = (g -X1,8" xz) .Show that } ¢cq )(V(g)2 = 2|G| and deduce that V = 1e W for some simple submodule W of V.

Proof. CX or C®X are better notions for free C-vector spaces on X.
(a) Suppose that X = {xy, ..., X,}. Let G acts on X by p : G — Sym(X), which extends linearly to p : G — GL(V). With respect
to the basis {x1, ..., x,,}, the matrix My of p(g) is given by

I, g-xi=xj

(M), = {

0, otherwise
Hence

n
xv(g) =trtMg =) lig.x=x; = | Fixx(g)|
i=1

(b) This is the orbit counting formula in Prelim Group Theory:

Y xv(®) =) IFixx(g)|=rIG|
geG geG

The proofis to count |G x X| in two ways and apply the orbit-stabliser theorem. I omit the details here.

(c) The group action §: G — X x X extends linearly to the representation p : G — GL(C®***%), where C®*X*X) = v oV
canonically as C[G]-modules. Then by Proposition 5.21.(c), we have

xvev(g) = xv(g)?
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for each g € G. By (b) we have

Y av@*=Y xvev(g) =2IG|
geG geG

The action p: G — Sym(X x X) is 2-transitive. Suppose that p : G — Sym(X) is not transitive. Then for any two distinct
orbits A and B of X, Ax A, Ax B, B x A and B x B are distinct orbits of X x X, which is a contradiction. Hence p is

transitive. We have ) yv(g) =|Gl.
geG

Consider the subspace

n
U:= <Zx,-> 3%
i=1

The subspace is G-stable and hence is a sub-C[G]-module of V. By Maschke’s Theorem, there exists another sub-C[G]-
module W of V such that V = U ® W. Passing to characters we have yv = yu + yw.

Note that for g € G,

n n n
g Xi=) §Xi=) X
i=1 i=1 i

i=1

Hence the sub-representation of p on U is trivial. yy = 1.

Now we consider the decomposition of W into irreducible simple C[G]-modules:

r r
w=@VH,  xw=) aixy
i=1 i=1
r
Then by row orthogonality theorem we have (yw, yw) = )_ %, where
i=1

1 1
Qowoaw) =voxv) =20 xu) +Quoxu)=— 1| X rv(g? -2 Y xv(g) +1Gl|= —=IG|-2|Gl+|G]) = 1
Gl geG geG Gl

Since ay, ..., ar are non-negative integers, we must have a; = §;; for some j € {1,...,r}. Hence W = V; is a simple C[G]-
module. We have decomposed the representation

pv=1epw

into two irreducible sub-representations. O

Question 7

Find the character tables of the quaternion group Qg and the dihedral group Dg of order 8. Does the character table determine
the group up to isomorphism?

Proof. The quaternion group Qg = {+1, £i, +j, +k} has 5 conjugacy classes:
{]-}) {_]-}y {i) _i}) {jr _j}) {ky _k}

Note that {1, -1} <Qg and Qg/{1, —1} = V. We first find the character table of V;.

Note that V} has a trivial centre so V4’ = {e}. By Question 3.(c), all 4 characters of V, are linear. y(g) is a fourth root of unity for
each character y and g € V;. With row and column orthogonality theorem, we can easily write down the whole table:

Vi ‘ 1 i j k
1 |1 1 1 1
2|1 1 -1 -1
3|1 -1 1 -1
a1 -1 -1 1

The characters of V; inflate to characters of Qg. We have the table
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Qs | 1} -1} {i,-i} -} -k
1|1 1 1 1 1
Yo | 1 1 1 -1 -1
¥l 1 1 -1 1 -1
¥a | 1 1 -1 -1 1
xXs | a b c d e

where a e N and b, ¢, d € C are to be determined. By column orthogonality theorem we have

12+12412+1%+|al* = 1Cc(1)| = 8
12+12412+12+|b? = |C5(-1)| =8
P+124+ 12+ (D2 + e’ = 1Cgl)| =4
12+ (-D2+12+ (D2 +1dP = |Cs()| =4
P+ D2+ (12 + 1%+ e = |Cok)| = 4

Hence a=2, b= +2, c = d = e = 0. By row orthogonality theorem,
8(1,ys)=a+b+c+d+e=0= b=-2

Hence the character table of Qg is given by

Qs | {1} -1} {,-i 1§, k-k
1|1 1 1 1 1
T |1 1 1 -1 -1
7|1 1 -1 1 -1
il 1 1 -1 -1 1
¥s | 2 -2 0 0 0

Next, we consider the dihedral group Dg = (r,s| r?,s% rsrs). It has 5 conjugacy classes:

{e}, s}, {5, 8%, {r,rs%), {rs,rs)
Dg and Qg have the same number of conjugacy classes and the same sizes for each class. Note that {e, s2}<1Dg and Dg/{e, s%} =
V. Then Dg = C2 X Vy.

Note that when we solve the character table of Qg, we use no information of Qg more than the size of conjugacy classes and
that Qg = C, x V4. This forces Dg to have the same character table as Qg. But Qg Z Dg. Hence the character table cannot
determine the group up to isomorphism. O

Question 8

Let H be another finite group whose character table is equal to the character table of G. Prove that |G’| = |H’ | and that
1 Z(@)] =1Z(H)I.

Proof. Let x1,...,xr be a complete list of characters of G and x},..., ¥ be a complete list of characters of H. Let Cy,...,C; be the
conjugacy classes of G and Cj, ..., C}, be the conjugacy classes of H. G and H has the same character table implies that r = s,
and y;(g) = x;(h) forge Cj, he C}, i,jefl,..rh

Take ge Cjand he C}. By column orthogonality theorem, we have

— =1Ce(@1= Y Ixi(@F =Y Ixi (WP =ICu()| = —~
IG5l i=1 i=1 IG5l

4

|G| . |H|

Without loss of generality we assume that |G| = | H|. Take C; = {eg}. Then we have |G| = |H|/ IC}I < |H|. Hence we must have
IC}I =1and |G| = |H|. Therefore |C;| = IC}I for all conjugacy classes.

Note that g € Z(G) if and only if the conjugacy class of g is the singleton {g}. Therefore Z(G) = Z(H) are the number of
singleton conjugacy classes in G (and in H). O
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Question 9

(a) Let y be a character of G. Show that y (g7!) = x(g) forall g€ G.

(b) Show that g € G is conjugate to g~! if and only if y(g) € R for every character y of G.

Proof. The underlying field k = C.

(a)

(b)

Let p : G — GL(V) be the representation associated with y. Suppose that p(g) has eigenvalues A,,...,A4, (counting
multiplicities). Then p(g’l) = p(g)’1 has eigenvalues JLII, - /1;1. In Question 6.(a) we have proven that the eigenvalues
are roots of unity. Then

LA =1=147 = 4 = A=A

forie{l,..., n}. Hence

n n __ n -
1@ H=trp@@ =Y A=Y Li=Y Li=x(®
i=1 i=1

i=1
Suppose that g is conjugate to g~! in G. Since y is a class function, we have
1@ =xg =10 = x(@eR

Conversely, suppose that y(g) € R for every character y. Suppose that g is not conjugate to g~'. Let y1,...,x, be a
complete list of irreducible characters of G. By column orthogonality theorem, we have

r r
0= xilg Hxi®@ = xi(g?
i=1 i=1

Then y;(g) =--- = x,(g) = 0. But for the trivial representation 1, we have y1(g) = 1, which is a contradiction. Hence g is
conjugate to g~ L. O
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