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1 Charged Particle Motion in Magnetic Field

1.1 Hamiltonian and Magnetic Field

The Hamiltonian of a charged particle in a electromagnetic field:

1 2
H=o—|lp—qAll" +a» ey
m
where A is the vector potential and ¢ is the electrostatic potential.

Recall from EM lectures:

B=VxA E:—Vap—% )

Aharonov-Bohm Effect: the Hamiltonian H involves A instead of B. Does it mean A is
"real"?

e Theory & Experiment: A # 0 = the fringes are shifted in the interference experiment.
The vector potential is "real" in Quantum Mechanics!

There is a problem with gauge transformation.We know from EM that A and ¢ are not uniquely
determined. The fields E and B are unchanged under the transformation:

P
A A+ Vy @H@/—a—? 3)

where Y is an arbitrary smooth scalar field. We see that H depends explicitly on the choice of
X-

Solution: The eigenstates |¢) also depend on yx, but only via a phase, which has no effect on
physical quantities. That is, ||+||? is independent of .

) > |9y == el X/ |y )

Check that TDSE is satisfied under gauge transformations.



1.2 Probability Current

The continuity equation

dp
5 =-VJ (5)
For probability density, p = ||«||>. We have
op _ Lo ot 1 .
o =V 5 T = o (VT HY — HY) (©)

from TDSE.

If we substitute the Hamiltonian from Equation 1 into the expression, we obtain

P .
5 =~ (CR (V= V) +ig (U7 (A Vi 4 UV - A) (A VT 407V - A))
(7
The probability current is shifted by A:
= e vy~ Lyl A ®

1.3 Charged Particles in Uniform Magnetic Field

In classical situation, a charged particle in a uniform magnetic field undergoes circular motion,
which can be characterized by the speed v and radius . The angular frequency w = ¢B/m,
which is independent of v and r, as in the case of harmonic oscillation.

Now we consider the quantum mechanical situation. Let B = Be,. We pick the gauge

A = Bze, )

1 A 0 ?
H= o ((—ﬂi%) + <_1h8_y — qu) ) (10)

We can solve TISE via seperation of variables. We seek solutions of the form

The Hamiltonian

Y(z,y) = ™o () an

Substitute in the TISE:
ik 9\’ 2 ik
ey —1h—8$ + (ik — ¢Bx)” | ¢(x) = Ee™¢(x) 12)

The term p? acts like kinetic energy, and the term (hk — qBz)? acts like potential energy. In
particular, x — hk/¢B is a one-dimensional simple harmonic oscillator. The length scale is
g = \/h/qB. The frequency of the oscillator is ¢B/m, which coincides with the classical
situation.

The energy levels are

En:hw<n+l>:@<n+l> (13)
2 m 2

which are called Landau levels.



We can calculate the probability current:
_ 4B (hk 2
Jy=L (qB x)uwn (1)

Since E,, is independent of the wavenumber %, there are degenercies at each energy level. The
result is not surprising as we can regard it as the superposition of classical circular orbits with
different centers.

We can think of a system of size L, x L, with periodic boundary conditions at least in the
y-direction. Therefore

2w
ke L—yz (15)
Center of the state: b9
m
Then B 1 A
q rea
< <r< —_—— =
0<wo<Le = 0<r<Loly —o ol (17
2 Time-Independent Perturbation Theory
We wish to solve the time-independent Schrodinger equation with an asymptotic method.
Consider the Hamiltonian
H=Hy+\V (18)

where H, is a Hamiltonian that we know how to solve and ) is a small coefficient. Suppose that
we have an orthonormal complete set of eigenstates of Hy:

Hy|n) = E, |n) (19)
We try to solve TISE of H as power series expansion of \:
(Ho + \V) (|n> +A ‘5¢,€}>> + O()\2)> = (Ep + XNEW +...) (|n> +A ‘5¢;1>> 4o ) (20)

Seperating the equation into powers of ), notice the the coefficient of A\ is automatically sat-
isfied. The coefficient of A':

Ho |00} 4V [n) = 6B n) + En [502) 1)
Acting the bra (n| at both sides of Equation 21:
(1l (Ba — Ho) |50} + (n| V [n) = (n| B n) (22)

which implies that
SE) = (n|V|n) (23)

Acting the bra (m| (m # n) at both sides of Equation 21:

(ml (Bn — Ho) [5942) + (m| V |n) = (m| 6BV |n) (24)



which implies that
@\ _ (m|Vn)
<m W" > ~E,_E, (25)

Next we think about the normalization of the state:

1= ((nl+ A (ou () (Im) + A ‘5¢;1>> +oM?) (26)
—1 +2)\Re< n> NS @27

Therefore we pick
<5¢,§1>’ n> ) (28)

Now, assuming that Hy has no degenercies in the energy levels, we can expand ‘51/)7(11)> in the
basis of |n):

Wy _ = IV n)
jow i) = PIY ey (29)

We can calculate the second order approximation. The coefficient of A\%:
Ho @) +V |60} = 6ED n) + 6ED |50iD) + En 602 ) (30)

Acting the bra (n| at both sides of Equation 30:

(I V |50D) = (] (B — Ho) |02 ) + (n| SED |56 + (n] 6B |n) (31)
which implies that
@) _ (1) [(n] V [m)
SED = (n|V |yl = % o (32)
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@me, wmaliix elements
Selection rules from ansulor iwtegrals (8. )

:-—'><M{\7li'> IS VI -2e4D o‘v\.% :f O =4, 21

Then ri>71, @ 11-0, 1= QO+ 77
Eﬁew on 5/%%%5 Jrmonics 0 Yom(0,9) > (-1) Zﬂ,mw, p)

= cml] 2]y = (=pPorh
=) &‘L'W Lo + Li+1 € 27 ov <M1§Ii> =0
LNteﬁmticm cver P A
> = s ’xj oti®
<M‘2l‘f;>=’c' ‘/; d(P elCWL'WmJLP' {’y‘
2 >

=D M =M; £ 6r Mg

{<’m{§I i
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Ic){@mﬂw/ pMmo{éd w W mechonics
lmhﬁﬁ w%fw? i Mcmrf?

4 Wum
. ; .

O v
O

(D ucutim MMW&&%, we commnt tell which fwﬁb& rh
initicd stote gots o the given porticles [ ]éMM )

Frocticelitied
for a sy sbem of /l//mrbo!@d
Wave functin Y = VT, - Tw)
= (Jont) /Jmé@éafvtﬁ afenszty ; J’d’f?},“-,ﬂ)lb
Consider the case N =2 .
Deﬁw @xaﬂﬂm?z 5]?@%&57“ PIZ : 1#()4 % Mo @//[n. Y,)
Suﬂiﬂsa thot H 15 the Hma%hw for 2 rolmd/pmaé’%
M : L P: 2 H 3
We conm fwwl ﬂmuftcmwbqg auponstates of /5;2, ol 4.
Consider these Wﬁm Wf//LM‘é
[Tl = bR D] (probadilivy chousity unchaugeel)
> P.;z‘d/ch,rz,) = g% AF, . 7o) (%r o€ R
But Pf;,’l[f(ﬁ,ﬁ,) Y(r, 7)) = sz il > % = ¢
SN {+ e : " bosons r; €.9. /@/Lomg
- ferxm‘ms 2 eloctrons
In relativisbic QF T, bosons hawe :‘Megu' 5Pz‘m 2 fwms honre
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EQ(W%&- %D ZZSE e -
Hi = 2w ¥ ¢ VWthr) Ho=—-38Fs* V[Va)

TISE : HY (V. ) = EV(n. 7))

7‘:7 %fwm%’h ’{’JC variaples in he cose H., =0

- YT R) = O(T) @, (72)

Substitute jwtp TISE {\/:LMPLF'QI = £, @ir) & oA R <P,
H,Q(r,) = E.@(r.)

2
A

= = B R e
¢CF:JFL) — ’\[:77, (LQ(VI’)@ZCTZ) * @:C}/‘g) (p;CVz,)) fUT LWS
Vz (@r)exr) - €,(7) ¥(r.)) for fermians
( both @Egmta:ﬁe of S ana T

PML exclusibn in,,é@
I—%rfmm, Yr, 1) = o ff @, owmdl ‘é’zm%‘zmﬁmwm

We, ComnOt Ful: two f@t/n@'ms IO z:ﬂua MWmm /




Covunliing quomtum states  (pepeativg in stot. wach . )
Consilir two orbiteds @, . @: (m%w )7% ma/part;&é/: ..
D‘ﬁ»DWSlnwb& 4 difforent studes
O QT @) (7:) ©W2(T)Pall) O Gy ¥.(T) @YUTF)P(T)
Tdosbicod bosons 3 a&(‘ﬁw stoted
O PO O W) Pulin)
B ,.:‘L;(LP-CE) D7) + %C’ﬁ)f@fcﬁ.))
Tlonticod fwmm . 1 stote J—ZL,(LP.CP;) 0.(7,) - CuF)Q(F))
Move aonevally . given stotes of system with monsy particles
Con howe onbitrandy mewy bosons in the sume stete
o /Mﬂ-«%omfl]ﬁ@rmjm th O stete .

Product stete
Suf}?%a ot we howe Stotes [0 forfvmfbcje £ and ¥ ‘FBY‘
Wa‘ofe 2. e write. The, proouct steute
[P, 2> = [ ® %> (tensor Pma&,{w of vectors )
Inner product = <@ Gl > =Bl - <Bulted
Foseb&w.’; H, acts on WS , thow
(A ® id) b, %> = (Adws) ®(dlky) = Blws © 1)
C(‘,{,}SLLCL,% A, ® id is r@l@wbﬁeop with ﬁ;)
Gnemmf stote 1h 5uferf7meb"w : %Ar;j/%j)

ngwmzeoi basis Stodes

For bosons . b, %> = 7 (1¥> 018> +1bs o> )




For formions . [, w> = 75 (14> 014> - 1> o > )

Examln,ﬁz. Two?wﬂdé %«ﬁem in o LD pbox o]@jw?af )
We know the sisgle porticle wowe functions -
2 . pnX
Yn(X) = E ST
Consider stodke with (ni,n2) =(1.2) {or busons
NZ L. TN o 2K WXz . 20X
/L//(X:fYL) ='"Z'(§”4 i L S T St S

.5 ' -

=— -
X |

%J‘iw thott bosons ave more likly Lo be at the some end.
In Ainetce z%w%, the motaiv cyfmfmb‘ca//om‘dzs ore
OW&&M NP ff zﬂeg howe po nteroctons /

%@5& basis stoded ?[%aﬁ’)’m, :
V) = /SFace> ® [spind
L L v
58%1 W—ngm

Y o 51w L sYw

Consicder spin wawe function for two spin-2 particles

Possible stotes
1Y@ T2 Wy o dy . B (11516 + [Ly® 1)), (spumotic)
E’(W»@Iéa) - [L)®]1.3) (ot~ syminetoric)

/40[056@‘614 af w?wfafwmem:a ;

25



Exoﬁﬂmﬁz interacbions

If Miswzhtemobkmpmbl,mdewﬁu gfs;mm
Mo@oﬁe&wwzﬁwﬁﬁafwﬁmmwwﬁw
gFims-»

AFE =) |Jwr, Rl V-7 drdr
UF . F) = 75 (@07 @alPy 2 O.0F) €. (F)
PR s AF e # JEW
whire © OF e = //(Pl('ﬁ)%cﬁ)lzl/[ﬁ %) 7 clr,
AFerchinge = / Q. () (7)) Q3(72) Pur) V(Fi-12) diidrr,

B&Fw@blbﬁ inbed peaon = ,@W QJ«W’?? :f Swist. = L. fe, Efw}/} a—éﬁ"fwf

Comfmf&e, stm

Sufm&ﬁﬂ&mmmom@mwlwo@,wmdff
NF fermions & Npg bosons

‘EKWL? F&rbb&z Ccoordinated . wieue fmwbw aéw% ;

(< NE L e 7R

-~ Q csibe iz {fuwf f;f /V/: /S ﬁcjc/{

!75—35]4 r Jf /VB JLS eAVeV
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(consisbents with polelition of spin )

Ezwufufz Helowm

He has two /E‘DI‘IDP&S ;
*He @ 1n -*2;0 *2€ CﬁEWWOM) Ts =280 K fj

4Hf', Al +2P t2e ( boson) T =@ 1K
Both *He & “He ove 5ufarfﬂwbéa okt Lo | .




Eﬂeo{:&ma stokled c::f He

This 1's the singplest w%{-/pwmé’e systen

7—/% HMM
H = ~—2m CV sz)“4-7fgo (7’ "‘)’“) +4ﬂg,,,ﬂﬂ Ta”

Eorebic ‘%“W eeea:yw - maﬂe,ws electron Teﬂ%ﬁw

‘hhe comnpt setve TISE QML&A? t

T ! S
T}«L &?Miiated cUe wa %W Jmbers
n ) m M s
T T <7 7.
ensriyy totol. [ L 2 Spin)
ZR

Notobrom i conpention In mew%) :

15"

T
1 E t’atc»j. e,fwiwns A O‘)’b{{;&f . (Z: 0./1.2. 4 r— S'P'O{'f]



/

1 S 'Oi: *
[ |

Va.ﬂwof 25+ Volue 0‘3 J‘=ﬂ+$ .

GYUVW‘D'{ 51&3\56@ W% e = R %7 = --mJ’.J’eV
COWM“DM ﬁ’m«w zé’-e, I"ef%&:m ]%wl lsz— W}J@mm@wm duv&r
AE, = <ol ZrgI7-7a™ [o>
mﬁbmteﬁw/ ( see wi K | )
5
Ak, = TK
> Guound stake eneryy E, = ~4R<2+ SR =-3R = 74 geV

[Exf;@hmutal vodue —79 e V)

MWW’VM o 1onezoby ovy

1% joizabion ool ovatin = - grond stote energy
He™ is I/uatdrvgxwwﬂb Bt = ~4Rx2 =-8& 4el/

We Ofeo&;w tzgwut wa 15t iomzobon ecnerqy i1s (4 - é)R = 20.4el/

] ~ HOI At n
ionm2oon energy < 2 pomuzolbon cuergy

5144‘@&[&% eﬂeob of the 2™ plectron

L

First exated stote of He
lﬂ W‘I‘WM% PIW@ R = — 4R (f’lf t n?

ﬁSt@XDEWOESW 2l e m 2
The cﬁnﬁ‘ﬁwm“m 6 157 Do
,é; :,é)z. =0 = = 6



There are two cheoices of =pin - S a8y
ectiner Ypetric. or anb-symmebric spatial wave funcbons
Correcticy fiom e-e h?fw&fm -
B = AEM 1 AE.%@M?& (+ -f;;“n?é,c = trjdet )

F.l

AE stiests = sm)cngm,)} 4»772 7 -7~ ol7 off;_a

AE oxhargy = / (pis (T Wos (1) Pus (F2) P (72 4772.-; I7i -7~ ol7 ol 7
%@xf?ectdm/ SEokchuse > O for viAT.
So 5P:Vl/5 e @Wm W%ng
Coalevdotion of Mﬁﬁfm/ ved  SE exchacge =) 2eV
but in @XPQ/HMAM tis 0.4el/ . Badd aﬁ;mxfw«bm !
( becawse pertuvbation is nat swall)
Sewat = 1 . spins pardld + Faks exclusin
> elecbrns owad each othor in space
> Jower- Codipko ehergy
W s s

‘4/'3(r2*‘“ 2—*) t AL s
Lﬂw
0.8 R

= 5 mach smaller thon ot i groud state.
Wﬁfﬁwa&c&mpwbw?5wwwofwr0@?b

/—L(z}ﬁw excited stoted
1512F> p&éw/wrobbe Wn% B 25 f Mﬁ?«&abh.? iy @%&;m )

The Pot‘ﬁbaj seen. bg 2"0/ eloctron



| .' S A
Ao /i\

§e@fﬁlmx@ﬂwoﬁ¢ﬂf% see Leff = 1L
In foct enargy of 15°2p? is hoyhur thow 15”25’
L owest: tuo excted stokes
15%28% 23S, fower  1s'25? S, hicher
Next conﬁﬁkumm =
jélzpi 5Po, .183'2?;1 5P;) 1512P1 é)/D-.z:,,. _25127:)-"- P4
Looer % hoghes~




EIWUMQ/S N CDLM /ww-baf 1] Pm& em&wkm
—  Feriodic toble ~

F'Frstrm)lf n:i, vﬂ:D,m:anS:i

1§ stotes : Thirel yow Na =Ar Tromsibon mutads Sc — Zn

T ssues

0 %Mup% befm 2ol Y
@ MMMWU.S.WW

Eloctronic structuse jn ﬁ‘ME two yows
B ged - 25
He oo 18% 8,
Jre18%9e% “Su
Be: - 18%9¢* ° 5,
R : 182232'2?1 “P:ol(J=2% o 2)
£ 12225?’2?2‘ BPJ I‘> (sg. . 2) 29 L 1 2
(whish stote. hos Guer ensrgy, wilh be. discussed in 3™

oo e
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N 18%28%2p? Sy 2p: 11 1¢
25 j_slzsz’zf‘ﬂ “Pr LJ=e., 2
- 191251’2705 Py (I =4 o 2)
/e : 181’261"2136 e
3 electrons n 2p srbiteds . (L=1, m=0.21)
Lowest Covdomdo enersy ff pins PamW
Pouls exclusion = 1 electron in each m=0. %1 .
= Totold orbitel vaaf momepluw O
Hunodl ‘s Ruﬁeé To mininmze Corlomb eneray
O Take highest possible total spin allowed by Fude exclusion
O Toke Aghest pussible L consistent with ©

b ;WM@V@% V.5 . atomie numbesr~
o Ze,ff /\/ucﬁeafo/iw?/; JM@J'W&/&MMS.

y 2

E: s HIZ@E
L&Wﬂﬁd&@dﬂfﬁﬂﬂw
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Clossicol thmm% & Ofﬁﬂéiﬁf maliriced
Cuoumtum Mechonics v.s. Stetiscol Mectionics
Two types of averages -

AM = <A> = <PlAIPS

SM: [Alas = ZpuAn

Somabtimes we needl Lty combine thuse two Warys -

| J )

[1> [T>
T2 wawﬂzeof/ ”> +2 ,70&;4&{/7/Jﬁ>
~ = no beam J<=>

How to @W Waﬁ:m"zeof’ beom 1n QM ¢

N.B. Mfmfaﬂ‘zed = ) i)
M‘ﬁ Cjwdc.e, af i & C; gwt% 2] spea‘ﬂc, Fcrﬁ’w;mm,
Consider- SM avernge
[AJow =2 puu = Z pa<nlAlnd
Rewribe <nlAIw> wsing sme olifforent arthmorned basis 71035

Use il =Z:‘:f°f><ﬂf|
2[AJay =2 22 Pn <nlx><x) AlAS BN
=2y (Z<pIm>pucnles) (Al g> = tr(pA)

e ot
<Blpl o>
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We O(A’;f'he =% | ”>f n<nl with dements <plples _Z<ngm>»f>,,,<n}m)
This recdhuces ev @Mcwem?é if Pn = Onm
o is called The p(mfty Motyix .
Tﬂe%wmofﬁm?n.Oanf/.gfﬁ d trp =
—5 represents L'M,Pm stote, ;fa,m( Mﬂd ;iﬁ [SZ LS
EXMM Two f:)a/rtlc& beems (n 1D with Cpposite /nomento zhk
xlk>= e, ¢xl-ky = a7 :

A IH
Ccrﬁuwdj rersion
lﬂl))ré(ikh:—-b) q/\/\
3 |¢xiw|” = 2costkx 55
D%Ftat molrix fg = |US<Yl = Izi(lle)del r IRkl + 1-k3Ck | + )-k3(—k))

=) cr(,ox = ;—% tr(mm(!kkkl t IkXC-k| +|-kX<k | + )-Ie>(——l?l))
27k

-re‘ziqk) = |+tCcoy2kX —7, CDBZ]?%
(OS Q/xpeoteaf)

1
=s(l+t] +€

Incoharent version :
Density matrix p = Z (1kX<kI +1-kS<-k| )
:)ty(é‘i?) =4 flei)ey  Np mterferemce, 'f““ﬁ'% ,

E’Xaw,fb& : Sterm- GWM WFWL{WS a,&a&m h
Foude motrices -

it O f st P [ (2]
O‘X-(t b)f ‘Tf“(o __,)

6:2”} :M> ” Ofl?l\t):'M); Gtxl-—)'> -‘-/“'*">, Ofxté") = “1"‘>
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SPIVWYS f ”>:(c’;) : N}:(?) = [>) :E(l’),Jé—>

For wawfanzaof beom oéws{ad mabrix :
6 =2 (INKH « i)

g
& ((i)“ oy {ipts ‘J) =

Observoboles n St o
By A ity o la sl
gigovalue 1 with (1), O wich >

/3-3 :é(:ﬁ-c’?z) =2 Ne )
For S5Gv. Azl i) wobse
Feodd e sl
+ 7 izool beaw,
tr(peha) = | r(Pahsy) = o
tr(Pehe) = 3 triPadix) = 3

i
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