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Some general remarks about induced modules:
We consider the tensor product of modules over non-commutative rings:
Definition. Tensor Product.

Suppose that R, S are rings, M is a (R, S)-bimodule, and N is a left S-module. Then M ®g N is a left R-module satisfying the universal
property:

For any Abelian group P and balanced map ¢ : M x N — P, there exists a unique group homomorphism ¢ : M®g N — P such that the
following diagram commutes:
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Suppose that k is a field, G is a group, H < G, and W is a k[H]-module. It is not hard to verify that the induced module satisfies the
universal property, so that we have:
Ind% W = k[G] ® ki W

I believe that this is the standard way to define induced modules in most textbooks. The tensor product is useful because we know
the identities:

n n
(EBM,-)®SNEEB(M,-®SM M®sS=SesM=M (M®rN)®sP=M®R(N®sP)
i=1 i=1

which makes the transitivity of induced modules a trivial fact:

Ind§; Ind}' W = k(G] @) (k[H] @ k1) W) = (K[G] @ k1 k[H]) @17y W = KIG] @) W =Ind§ W

Question 1

Find the character table of the alternating group As. It may be helpful to remember that As acts as a group of rotations of the
regular icosahedron.

Proof. Recall from Part A Group Theory (Lemma 44) that the conjugacy classes of A5 are:
¢ the identity;
e all 20 3-cycles;
¢ all 15 double transpositions;
¢ 12 of the 5-cycles;
e the remaining 12 of the 5-cycles, these being the squares of those in the previous class. \/

We choose the representatives e, (123), (12)(34), (12345), (13245). So As have 5 non-isomorphic irreducible representations.
The first one would be the trivial representation 1 on C. -~

Since As is the symmetry group of the regular icosahedron, we have a representation p : A5 — GL3(R) < GL3(C). Using the
method established in Question 4 of Sheet 3, for g € A5 with o(g) = n, we have x,(g) = 1+2Re(,, where {; is a primitive n-th
root of unity. Then we have:

Xole)=1+2=3
xp((123)) =1+2Re{3=1+(-1)=0
Xp((12)(34)) =1+2Rel> =1+ (-2)=-1
1+vV5 1-v5
2

or
2

1+v5 1-v5
2

or
2

Xp((12345)) =1+2Re(s =

Xp((13245)) =1+2Re(s =
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In fact there are two distinct S-Qiy.erﬁ)nal irreducible representations, as we compute the inner product and invoke the
row orthogonality relation.

Now we have 1 1-dimensional and 2 3-dimensional irreducible representations. By Artin-Weddernburn theorem, the re-
maining two irreducible representations satisfy

(degps)? + (degps)® = |As| =1 =2 x 32 =41 = degp, =4, degps =5

We have the following incomplete character table:

As e (123) (12)(34) (12345) (13245)
1g¢1 [ 1 20 15 12 12
1|1 1 1 1 1
1+vV5 1-v5
X2 3 0 -1 \/_ \/_
2\/_ 2\/_
1-v5 1++v5
3 0 -1
X3 > D)
Xe | 4 ag as3 Qgq ass
Xs |5 as ass asq ass

The table can be completed by using column orthogonality relation successively:

1+4as +5a5 =0, 1+|asp>+las|®>=3 ap =1, asp = -1

-
l+as3—as3=0, 1-3-3+4a43+5a53=0 = ag;3=0, asz=1
1+v5 1-v5
+3 x
5 2
1-v5 1+V5
z +3 x

l1+ags—as54=0, 1+3x +4a44+5a54=0 - ag=-1, as4 =0

l+as5—as5=0, 1+3x +4a45+5a55=0 = ags=-1, as5 =0

The complete character table is shown as follows:

As | e (123) (12)(34) (12345) (13245)

T 1g°1 1 20 15 12 12

Gbo(\. S Sawg |1 1 1 1 1
1+v5 1-+v6

So s ca\cwk\jm) v |3 0 1 - _
1-vV5  1+5

lhok @ 3 L@;\“ S GE/ f’ j ? ‘01 2 2
= q,\,,meA,R‘ 2 5 -1 1 0 0 /
o vl fo R ((X(9) =1%el)l-|) )

Question 2

Let G be a finite group with an irreducible representation p : G — GL,(C).
(a) Prove that G has an element a of order 2. " 6\% A,: /D /ﬁ) _
(b) For a as above show that either detp(a) # 1 or else p(a) is central in GL,(C).

(c) Deduce that a finite simple group cannot have an irreducible representation of degree 2. N O+ ‘JL rye ?

Proof. (a) By Frobenius divisibility, we know that dim GL, (C) = 2 divides |G|. By Cauchy’s Th m, G has elements of ordeEy

(b) Suppose that detp(a) = 1. Since a € G is of order 2, p(a) is of order 2 in GL,(C). Hence the eigenvalues of p(a) are in
{1,—-1}. But this implies that the only eigenvalue of p(a) is —1, and since p(a) is diagonalisable, p(a) = —id. Hence p(a)

is central in GL,(C). (b\/ _>/¢\) —_ ;J)
/
(c) Suppose that G is simple and has an irreducible representation of degree 2. Then ker p <G is either {e} or G. In the latter
case p is not irreducible. Therefore Waithful. For g € G, we have L

plla, g =lpa),p(@]l=id = [a,gl=e

_— Booy{
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Hence a € Z(G) and, by simplicity of G, Z(G) = G.y@e G is Abelian. But this contradicts the result in Question 3.(a)
of Sheet 3, which says that every complex irreducible representation of an Abelian group is 1-dimensional. O

Question 3

Let G be a finite group and suppose that V is a simple CG-module.

dim
(a) Prove that ey = dim V¥ Z xv(g)g is an element of the centre of CG.

[Er=2

(b) Let V' be another simple CG-module. Prove that ey kills V' if V' is not isomorphic to V, and that ey acts as the identity
onV.

(c) Let V1,--+,V; be the simple CG-modules (up to isomorphism) and let e; := ey, for i =1,---,r. Prove that e;e; = §; je; for

alli,j=1,---,r,and thate; +---+ e, = 1.

Proof. (a) For h € G, using the fact that yy is a class function, we have

dimV _ dimV « ————— dim
LY w@ng= = X av@hghTh=—===3 yv(h'ghgh=—c LY tv@gh=evh
(a’ci‘w@ I %4( geG |Gl hgh~leG | | geG | e
It newer (3)By extending linearly in C[G], we deduce that ey € Z(C[G)).
(b) For simplicity we use the notation in part (c). By row orthogonality relation, we have Thas ,va).\w\ NS

rl mxa
Jok ° velid
L\J\ VL(Z){‘ 68 a d‘d\/f xjle) = Z)(z(g)xj(g) dim V;6;; (}‘V
il & & G
For i = j, yi(e;) = dimV; = y;(eg). In Question 5.(a) of Sheet 3 we have proven that y;(e;) = xi(eg) implies that e; €
kerp;, where p; : G — GL(V;) is the representation afforded by V;. Hence p;(e;) =idy,. ><

’va’o‘?"—“)\
(lir —

Fori # j, xj(e;) = 0. Note that by Schur’s Lemma e; acting on V; is a scalar. So we have in fact e;- v=0forany v e V;.
x

b) W
( ) ! (c) Consider the Artin-Weddernburn decomposition of C[G] into simple submodules:
\‘le <
r . r .
«dR > clGl =Pv™",  vvecCl@: v=Y v, vievi™Y

i=1 i=1

a SC(/JJJ

A
w6 TIEL(V)
7

Then by (b) e; - v = v; for any v € C[G]. In particular, e; - 1 = e; € V;. Hence

.
1=) e, e €V
i=1

and e;e; =0;je;. {ey,..., e;} is a set of (primitive) central idempotent. / O

Question 4

A conjugacy class g¢ of a finite group G is called real if g is conjugate to g~'. A character y of G is called real if y(g) € R for all
g € G. By considering the vector space

Vi={f:G—C:f(@=f(h"'gh)=f(g™') forall g heG}

or otherwise, prove that the number of real conjugacy classes in G is equal to the number of irreducible real characters.

Proof. First we claim that y is an irreducible character of G if and only if ¥ : g — x(g) is an irreducible character of G.

Let V be a C[G]-module. Then the dual space V' is naturally a C[G]-module which affords the dual representation of V. By
Proposition 5.21 we know that yy» = yv. Suppose that V is not simple. Let U be a non-trivial sub-C[G]-module of V. By
Maschke’s Theorem we have V = U ® W for some sub-C[G]-module W < V. Then V' = U’ ® W' is reducible. For the other
direction, we use the canonical isomorphism V = V" and repeat the same proof. This proves the claim.

(@r Tu\'chr < ’V,’}Q: X, %7 = CQZ 967)
7\ )
(c—/M)
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Since y = if and only if y is real, by row orthogonality relation, we have

< _> 3 1, yisreal /
Xoxi= 0, yxisnotreal
Let Irr(G) be the set of irreducible characters of G. Then the number of irreducible real characters is

1 1

n= Y (xX)=— Y Yx@x®=— Y Y x@xig™"h
xelrr(G) Gl xelr(G) geG Gl xelr(G) geG

By column orthogonality relation, we have

—— ICc(g)l, g leg® X
> 1@ 1)={0 R NN«
Xelrr(G) ’ g ¢g

Let g1,..., gr be the representatives of the conjugacy classes of G. Then the number of real conjugacy classes is

LS| — . Llgr R | —
m= Yo=Y — > x(@xgH= Y x@xE

i=1 1Cc (gl xEDT(G) i=1 |Gl xelrr(G) |Gl geG yelrr(G)

It is clear that m = n. The number of irreducible real characters equals to the number of real conjugacy classes. O

Question 5
Prove that every finite group has a faithful representation. Which finite abelian groups have a faithful irreducible representa-
tion?
Proof. Suppose that G is a finite group. The regular representation afford by the regular k[G]-module k[G] is faithful.
Suppose that G is Abelian. We claim that G has a faithful irreducible complex representation if and o1ily if G is cyclic.

n

= ": Suppose that G has a faithful irreducible representation p : G — GL(V). Since G is Abelian, by Schur’s Lemma any
p(g) acting on V is a scalar gy € C. Moreover, since o(g) < oo, gy is a root of unity. Hence we have a group monomorphism
p:G— C*. Hence G is isomorphic to a subgroup of C* of finite order, which is cyclic/

" <= ": Suppose that G = (g) is cyclic. Consider the set of |G|-th roots of unity in C, H := {w € C* : w/®! = 1}. Tt is clear that
G = H and H < GL(C). This gives a faithful irreducible representation p : G — GL(V). O

Question 6

Let H be a cyclic subgroup of G := S4 and let ¢ : H — C* be a faithful linear character. Write Indg(p as a sum of irreducible
characters of G when (a) H = {(1234)), and (b) H = {(123)).

00 First we write down the character table of G = S4 from Example 5.24:

e (12) (12)(34) (123) (1234)
gl |1 3 8 6 6

|Co(g)| |24 8 3 4 4
X1 11 1 1 1
X2 1 -1 1 1 -1
X3 2 0 2 -1 0
X4 3 1 -1 0 -1
X5 3

-1 -1 0 1
By Frobenius reciprocity, we have
G > G > G
Indy; =) xi{xi,Indj @), =) xi(Resyxi,0) /
i=1 i=1
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(a) For H =((1234)) = {e, (1234),(13)(24), (1432)}, we can write down the following table (two elements in S, are conjugate
if and only if they have the same cycle type):

H | e ((1234) (13)(24) (1432)
x1 |1 1 1 1
x2 |1 -1 1 -1
X3 | 2 0 2 0
Xa | 3 -1 -1 -1
X5 | 3 1 -1 1
o |1 i -1 -1

Hence
(Resf;¢,x1); =0,  (Resf;,x2); =0, (Resf;,x3); =0,  (Resf;p,xa); =1,  (Resfop,xs5), =1,

We conclude that Indg @ =Ya+X5-

(b) For H =<(123)) = {e, (123), (132)}, we can write down the following table:

H | e (123) (132)
nl1 1 1
1l o1 1
2 -1 1
|3 o 0
513 0 0
p |1 o w?

3i. - . .
is a primitive third root of unity. Hence

where w =

(ReSﬁqo,xl)H:O, <Resg(p,)(2>H=0, Resg(p,xg)Hzl, <Resg(p,)(4>H= 1, (Resgq),)ﬁ;)H:l,

We conclude that Indg(p =Xx3+Xat+Xs5-

Question 7

(a) Let V be a simple CG-module and let W be a simple CH-module. Construct a linear G x H-action on V ® W and prove
that the resulting C(G x H)-module is simple.

(b) Let V be asimple CG -module and let Z be the centre of G. Show that for each m = 1, the subgroup
Dp:={(z1,-,zm) € Z™: 21 -+ zpy = 1} of Z™ acts trivially on V=™,

(c) By considering large values of m, deduce that dim V divides |G/ Z|.
Proof. (a) For (g, h) € Gx H, we define
(& h)-(wecw):=(g-v)ec(h-w)

for v € V and w € W, and then extend linearly on C[G x H] and on V ®c W. It is easy to verify that this defines a left
C[G x H]-module structure on V ®c W:

* For (g1,h1),(g2,h)eGx Hand vec weVecW:
(81, 1) ((g2,h2) - (v&c w)) = (8182 V) ®c (hhy - w) = (8182, M h2) - (v @c w) = ((81, 1) - (g2, h2)) - (v ¢ W)

By extending linearly on C[G x H] and on V ®c W we can prove associativity.

» The distributivity is satisfied automatically when we make the definition and extend them linearly.

e ForvecweVecW,
(eg,en) - (V®c W) =VOC W QOMO } QI\@)‘/\

By extending linearly on V ®c W we can prove the identity action.
hoMove \erl'i M

prepiy:
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Let yv be the character afforded by V and yw be the character afforded by W. By the same proof of Proposition 5.21.(c),
we have yve.w = xvxw. Since yy and yw are irreducible characters, we have

h h h h
|G||H|g;6h;{xV(g)xW( )xv (@ xw(h) = (|G| gEZGxV(g)xV(g))(ml h;{xm ) xw (h)

=Qvoxv)(xwoxw) =1 /

Hence yvecw is an irreducible character of G x H, and V ®c W is a simple C[Wodule.

<XV®cWrXV®CW>

(b) BySchur’s Lemma, the action of Z(G) on V is scalar multiplication. We denote this by the central character ¢ : Z(G) — C

For (z1,...,2m) € Z™ and v; ®c -+ ®c Vi, € VO™,

(2150 Zm) - (V1 ®C - ®C V) = 21 - V1 ®C *** ®C Zm - VU = P(21) V1 ®C -+ ®C P(2m) Um
=921 2m)V1 B¢+ B¢ Um = U1 ®yf/ym
By extending linearly on V®™ we deduce that Z™ acts trivially on V®™,

(c) Since Z™ acts trivially on V®", the C[G™]-module structure on V®" descends to a C[G™/ Wdule via

VgeG"vYreVvem gDm-v::g:v/

By Frobenius divisibility, dim V®™ divides |G"/Dp|. \/

It is clear from the definition of D,, that |D,,| = | Z|™} y@e the value of z,, is fixed by z,..., 21 € Z, which are

G: Z
arbitrary. On the other hand, dim V®" = (dim V)™. Hence (dim V)™ divides [G : Z]™|Z|. Let a := [d—] Then | Z|}
i

divides a™ for any m € Z+. We deduce that \/ - L’—\l

. S Mvidsq
/L,?\»‘TS» dow MeUA H 7) 7 Zlals zeC ot LM‘(;/:Q I

Itis clear that EZ is a finitely generated Z-module. Since Z is a principle ideal domain, Z[«] is also a finitely generated

Z-module. Since a-Z[a] < Z[a], by Proposition 7.4, « is an algebraic integer. But «a is also rational, and Z is integrally /A
closed. Therefore @ € Z and dim V divides [G: Z]. O

Question 8

Prove that induction is transitive: if k is a field and J < H are subgroups of G, then
G H1,\ ~ 154G
Ind}; (Ind;' V) =Ind} vV

as kG-modules, for every kJ-module V.

Proof. See the general remark at the beginning of this sheet. / O

Question 9

Suppose that V is a faithful representation of G. Prove that every simple CG -module W appears as a direct summand of some
tensor power V®" of V, by considering the infinite series

> Cowoxven) t"

n=0

where t is an indeterminate.

Proof. Consider the power series in C[[¢]]:

fn= Z(XWvXV®">t —Zﬁlw(g))(v(g) " lGle(g)Z (xv@1)"
n=0
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For sufficiently small ¢ € C, the sum converges to

LZ xw(g) :i
|Gl geg1-xv(g)t |Gl

dim W +Z Tw(g)

1-dimV-t g¢e1—?{v(g)t) /

Since the representation afforded by V is faithful, by the proof of Question 5.(a) in Sheet 3, yv(g) #dimV for all g€ G\ {e}.
Then f(#) contains a non-zero term whose denominator is 1 —dim V - ¢. In particular f(¢) is not the zero function. Hence
there exists n € N such that (yw, yyen ) # 0.

W is a simple C[G # 0, we have

y Goé (Du—(f\

/ r

“JK@U\ cp\/&(.l:l«b V\-) XV®"=<XWrXV®">XW+i;aiXi (JOUu“ w«l/)
wh

N . l
e ¥1,.., Xr are other irreducible characters of G besides y . Passing to C[G]-modules, ﬁ \SU‘\S \‘\l b w

,
on _ paw.xven) ai
ven=whwiver) g BV,

i=1

Hence W is a direct summand of V®". O

Question 10
Construct the character table of Ag as follows.

(a) Use the conjugation action of A5 on its set of Sylow 5-subgroups to construct an injective homomorphism o : A5 — Ag,
and prove that its image contains no 3-cycles.

(b) Use the left-multiplication action of Ag on Ag/0 (As) to construct an automorphism 7 : Ag — Ag and prove that T swaps
the two conjugacy classes in Ag consisting of elements of order 3.

(c) Use the natural 2-transitive action on Ag on {1, 2,3, 4,5, 6} together with part (b) to write down two irreducible characters
12 and y3 of Ag, each of degree 5.

(d) Use A?y, and y»y3 and the Orthogonality Theorems to complete the character table of Ag.

Proof. (a) Note that |As| =60 =5 x 12. By Sylow 1st theorem, A5 has Sylow 5-subgroups. By Sylow 3rd theorem, the number a of
Sylow 5-subgroups satisfies
a=1 mod5, all2

which implies that a =1 or 6.

Note that A5 has 24 elements of order 5, each of which generates a cycle subgroup of As of order 5. Hence As has exactly
6 Sylow 5-subgroups. Consider the action of As on Syls(As) by conjugation:

g-H:=gHg™'

This defines a group homomorphism o : A5 — Sg. It is clear that ¢ is non-trivial. 8ince As is simple, o is injec;i%n
the other hand, we know that As is generated by all 3-cycles, whose image under o is of order 3. The order 3 e[éments
in Sg are a product of disjoint 3-cycles, and hence are elements of Ag. We deduce that o(As5) < éG/Hence we have an
injective homomorphism o : A5 — Ag.

By Sylow 2nd theorem, the action of As on Syl;(As) is transitive. By orbit-stabliser theorem, the stabliser of any H €
Syl;(As) is the identity e. Hence for any g € 0(A4s) \ {e}, g fixes no points in {1,2,3,4,5,6}. In particular, o(As) contains
no 3-cycles.

(b) The left multiplication action of Ag on Ag/o (As) gives a group homomorphism 7 : Ag — Sym(Ag/0(As)) = Sg. It is clear
that 7 is non-trivial. Since Ag is simple, 7 is injective. Hence 7 : Ag — Ag < Sg is an automorphism,

Ag has two conjugacy classes whose elements are of order 3: one is the set of all 3-cycles; the other is the set of all
products of two disjoint 3-cycles. Each of them hgg 40 elements. Since 7 is an automorphism of Ag, it either preserves
the two classes, or swaps the two classes.
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From part (a) we know that all elements of order 3 in 0 (As) are of the form (abc)(def), where{a, b, c,d, e, f} ={1,2,3,4,5,6}.
Take (abc)(def) € 0(As). We note that (abc)(def)o(As) = 0(As), so (abc)(def) fixes 0(As) € Ag/0(As). T((abc)(def))
has a fixed point, and hence can only be a 3-cycle in Ag. We deduce that T swaps the two conjugacy classes consisting
of elements of order 3.

(c) First we consider the permutation representation of S% on V = C8. By Question 2 in Sheet 1, it is the direct sum of the
simple sub-C[Sg]-modules U and W, where

6 6 6
U:=<in>, W!={Zaz’xiizai=°}
i=1 i=1 i=1

It is clear that Resi‘:5 U can only be the trivial representation. Hence y» := Resff6 Aw = Resff6 xv — 1. (The restriction
Resiz W is not necessarily irreducible, but once we calcyutate the character it will be clear). By Question 6.(a) in Sheet 3,
x2(g) =Fix(g) - 1.

Ag has 7 conjugacy classes:

Ag e (123) (12345) (13524) (12)(34) (123)(456) (1234)(56)
|gG| 1 40 72 72 45 40 90
X2 |5 2 0 A 1 -1 -1

Note that )
(X2 x2) = %(52+22ym/+1x45+1 x40+1x90) = 1 ’
Hence  is irreducible. ( « !\U‘@ \_\/\*-Q-— -

W has another C[Ag]-module structure, given by p(g)(x;) := X;(g).;. The resulting character y3 swaps the value on the
conjugacy classes of (123) and of (123)(456), and fixes all another values. Then y3 is also an irreducible character of Ag.

Now we have:

As | e (123) (12345) (13524) (12)(34) (123)(456) (1234)(56)
IgGI 1 40 72 72 45 40 90
X1 1 1 1 1 1 1 1
2 |5 2 0 0 1 -1 -1
X3 5 -1 0 0 1 2 -1
(d) We compute A? y» using Proposition 5.21.(f). For g € Ag, /

1 1
A% xa(g) = 5 (x2(8)* - x2(8h) = 5 (r2(@*-xv(ghH-1)

This gives
As | e (123) (12345) (13524) (12)(34) (123)(456) (1234)(56)
X2 5 2 0 0 1 -1 -1
A%x2 | 10 1 0 0 -2 1 0

Since (A2 x2,A\? x2) = 1, A? x2 is irreducible. /
We compute S? y, using $? y = x5 — A? x2, which gives

As | e (123) (12345) (13524) (12)(34) (123)(456) (1234)(56)
X2 | 5 2 0 0 1 -1 -1
Sy [ 15 3 0 0 3 0 1

We have
(r28°12)=3,  (SPr2x)=1  (Srax2)=1
Hence S? y» = y1 + x2 + X5, Where s is an irreducible character, given by

Ag | e (123) (12345) (13524) (12)(34) (123)(456) (1234)(56)
Xs |9 0 -1 -1 1 0 1

We can write down the incomplete character table as follows:
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Ag e (123) (12345) (13524) (12)(34) (123)(456) (1234)(56)
g% | 1 40 72 72 45 40 90

X1 1 1 1 1 1 1 1

X2 5 2 0 0 1 -1 -1

X3 5 -1 0 0 1 2 -1
Ax2 | 10 1 0 0 -2 1 0

x5 9 0 -1 -1 1 0 1

X6 as1 as2 ae3 g4 aes as6 as7

X7 an arp ars azy ars aze arz

Since | Agl = 360 = 1% + 5% + 52 + 10? + 9% + a2, + a,, we have ag; = a7 =8.

We can complete the table by using column orthogonality relation successively. The complete table is given as follows:

As | e (123) (12345  (13524) (12)(34) (123)(456) (1234)(56)
Ig°1 | 1 40 72 72 45 40 90

x| 11 1 1 1 1 1

X2 | 5 2 0 0 1 -1 -1

xs | 5 -1 0 0 1 2 -1
A%x2 | 10 1 0 0 -2 1 0

xs |9 0 -1 -1 1 0 1

xe | 8 -1 31+v5) 31-v5) 0 -1 0

x7 | 8 -1 31-v5) 31+vV5) 0 -1 0

N o

RN \~
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