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In these problems K denotes an arbitrary field and K[x] denotes the ring of polynomials in one variable x over K. If p is a prime
number, then [, denotes the field of integers modulo p.

Question 1

Let E/K is a finite extension of fields and let @ € E/ K. Prove that there is a unique monic irreducible polynomial p € K[x] such
that the homomorphism

K[x] — K(a)
which maps x — a, induces an isomorphism

K(a) = K[x1/{p)

Proof. First, suppose that [E: K] = n. Then {1, a, ...,a"} is linearly dependent over K. Hence there exists day, ..., @, € K such that
f(a) =ana’n+~-+a1a+a0=0

and hence « is algebraic over K. /

Let m € K[x] be the minimal polynomial of a over K. That is, m is a monic polynomial of least degree such that m(a) = 0. By
definition m is irreducible.

For f € K[x] such that f(a) = 0, by division algorithm there exist g, r € K[x] such that f = gm+ r where degr < degm. Hence
0= f(a)=qgl@m(a)+r(a)=r(a)

By minimality of degm we must have r =0. Hence m | f.

Now suppose that m;, m, are minimal polynomials of @ over K. Then we have m, | my and my | m;. Thatis m; (x) = amy(x)
for some a € K. But both m; and m; are monic. Therefore a = 1 and m; = my. We deduce that the minimal polynomial of a

is unique. /
Recall that the polynomial ring satisfies the following universal property:

For any unital commutative ring E, a € E, and unital ring homomorphism f : K — E, there exists a unique ring homomor-
phismev, : K[x] — E such thatevg ol = f andevy(x) = a.

K —>f (E,a)
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(K[x], x)
where ev,, is called the evalution homomorphism.

With f : K — E being the inclusion map, we apply the First Isomorphism Theorem to the evalution homomorphism:
Kl[a]l =imevy = K[x]/ kerev,
We have shown previously that kerev, = (m(x)). Hence
Kla] = K[x]/{m)

Since K is afield, K[x] is a principal ideal domain. As m is irreducible, (m) is a maximal ideal in K[x]. Hence K[a] ~ K[x]/{m)
is a field. Since K («) is the field of fractions of K[a], we have K[a] = K(a). We conclude that

J Porpeck! ®

K(a) = K[x]/{m)

Question 2

Prove the Tower Law.



Proof. The Tower Law states that for field extensions F€ K < L, [L: F] = [L: K][K : F], where [L: F] := dimg L and similar for the
other two.

Let 28 be a basis of L over K and €6 a basis of K over F. We claim that 8¢ :={xy € L: x€ 9,y € €} is abasis of L over F.
For u € L, there exists a unique expression:
U= i TiX;
i=1
where x,..., X, € 98 are distinct and ry, ..., 1, € K.

For each r;, there exists a unique expression:
m;
ri=) AijVij
j=1
where y; 1,..., Yi,m; € € aredistinctand A; 1,..., Aj m; € F.

Combining the expressions we express u uniquely in the spanning of %%

N Pernops give Mafe
u=;j2217ti,jxiyz',j v dexoul Wwy s
eXpreSSIoN 1S wnQue.

Hence 8% is a basis of L over F. In particular,
(L:F] = card B€ = card B - card€ = [L: K] [K : F] /

Question 3

Find the minimal polynomial for

V3

14213

over Q; that is, the monic polynomial m(x) of smallest possible degree with rational coefficients satisfying
V3.
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Solution. Let u= L We have
14213

&

— 1/3y,, _
u—m2(1+2 )u—\/§

= 28u=v3-u

== 2u3=(\/§—u)3=—u3+3\/§u2—9u+3\/§
= & +3u=V3W?+1)

= 1 (u? +3)% =3(u’ + 1)

= ub+3u*+3u%-3=0 /

Hence f(x) := x% +3x* + 3x?> — 3 € Q[x] is an annihilating polynomial of u.

By Eisenstein’s criterion with p = 3, we find that f is irreducible. Since the minimal polynomial of u divides f, we deduce
that f is the minimal polynomial of u. O
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Question 4

The formal derivative D : K[x] — K[x] is defined by
D(ap+arx+--+apx") = a1 +2ax+---+ napx"

Prove that if @, b € K and f, g € K[x] then
(@) D(af+bg)=aDf+bDg
(b) D(fg)=fDg+gDf
(c) Dh(x)=Dg(x)Df(g(x)) when h(x) = f(g(x))
If a € K show that
(d) (x-a) divides f(x) in K[x] if and only if f(a) =
(e) (x—a)?divides f(x) in K[x] if and onlyif f(a) =0 = Df(a)

Deduce that if the polynomials f and D f are relatively prime in K[x], then f has no multiple root.

n . m )
Proof. Suppose that f = Z c;x' and g = Z d;x', where cp,,d,, # 0. Without loss of generality we assume that n = m and put

i=0 i=0
o Wnese 1S N CodaX™
i1 == dy = 0. FOr exowmple.

(@) D(af +bg) = D(az cixt +b)_ dixi) = D(Z(aci + bd,-)xi) Z i(ac; +bd;)x'™! (V\Qiﬁbﬁ Showkd\ b2
i=0 i=0

i=0 i=0 2n-\

n ) n ) (- \4—\\(. du-\:\"x’
=a) ic;x' ' +b)Y idix'""'=aDf+bDg J J ?E\:o
i=0

i=0

n n 9 n
(b) ng+ng:(Z cixi)(Zidixi‘l) (de)(ZlC, l)é Z i( k—1i)cpdy_ lx +ZZtckdk ,x
i=0

i=0 i=0 k=0i=0 k=0i=0

:éékekdkixk_l =D(i icidk,,x )—D((Z cix )(Z dix' ):D(fg)

k=0i=0 i=0
(c) We use induction on n to show that D(g") = ng" ' D(g). Base case: When n = 1 it holds trivially. Induction case:
Suppose that it holds for all k < n. Then
D(g"=D(g-g" N =g""'D(g)+gDE" ) =g""'D(g+g-(n-1g" *D(g) = ng" ' D(g)

By linearity of D,
n .
D(h)zD(Z a,-g(x)’)zZaiD(g(x)) Y iaigx)""'D(g)=Dg-Dfog J
i=0

i=0 i=0

(d) By division algorithm there exist g € K[x] and r € K such that f(x) = (x—a)q(x) + r. Then f(a) = (a-a)g(@)+r =r.

Hence
fX)=x-a)qx)+ f(a)

In particular, (x — a) divides f(x) in K[x] if and only if f(a) = 0. \/

(e) If (x—a)? divides f, then f(a) = 0and f(x) = (x—a)?g(x) for some g € K[x]. Then D f(x) = 2(x— a)g(x) + (x— @)’ Dg(x).
Hence Df(a) =
Conversely, if f(a) = Df(a) =0, by (d) x — a divides f. Hence f(x) = (x — a)g(x) for some g € K[x]. Then Df(x) =
g(x)+ (x—a)Dg(x). 0= Df(a) = g(a) implies that x — a divides g. Hence (x — a)? divides f- \/

If f and Df are coprime, then exists a, b € K such that af(x) + bDf(x) = 1. Hence f and D f have no common roots. By (e)
we deduce that f has no multiple root. J

Giood.

Question 5

Show that if a € Z is divisible by a prime p but not by p?, then x" — a is irreducible over Q for all 7 > 1. Show also that it has no
repeated roots in any extension of Q.
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Proof. The first part is a special case of Eisenstein’s criterion. Suppose that f(x) = x" — a is not irreducible in Z[x]. Then there exists
non-constant g, h € Z[x] such that f = gh. Let 7 : @ —» Z/pZ induces the homomorphism 7 : Q[x] — (Z/pZ)[x]. The image
of f,g, hare f,g,h. So f = gh. Let by, ¢y be the con$ ant coefﬁc1ents ofg and h. Then a = —bycy. Since p | a, we have 0 = bycy
in Z/pZ. Since Z/pZ is a field, it has no zero-divisors. So p | by aﬁd p | co. Hence p | a, Wthh isa contradlctloanence
f(x) = x" — aisirreducible in Z[x]. By (a corollary of) Gauss’ Lemma, f is irreducible in Q[x

nk o bit more S needed.

The formal derivative of f Df(x) = nx"""!, has a unique root x = 0 in any extension of Q. But x = 01is not aroot of f, as
f(0) =—a#0 (otherwise p? | ). fand D f have no common roots, so f has no repeated roots in any extension of Q. ‘/ O

Question 6

Show that if m is any positive integer, then the polynomial x”" — x has no multiple root in any extension of fields L : Fp.

Let
K:{aeL:a”m =a}
be the set of roots of xP" — x in the extension L. Show that K is a subfield of L.
Let n be a positive integer. Show that if m divides n then p” — 1 divides p” —1in Z and x?" — x divides x”" — x in Fplx].
Proof. Note that any extension field of [, has characteristic p. Let f(x) = x? " — x. The formal derivative of fis
Df(x)=pmxP" 1-1=-1

as p” = 0. Df has no roots in any extension of F,. Hence f has no multiple roots in any extension of F,. /

For a1, ay € K, it is clear from definition that a; a» € K and al‘l € K. By Binomial Theorem,

%
M%umm for ~q7 §

because p divides

pm pr-1 pm!

(a1+a2)p —af +a2 + Z ma

k p"-k _ _p™" p™
1% =a; ta

mfork<p .Hence a; + ax € K. /

If p=2, then —a = a € K. If p>2, then p™ is odd. Hence (-a)?" = (-1)?" aP” = —a. Hence —a € K. We conclude that K is a

subfield of L. Don't Q Srek (go) QhQCR O ic K

Suppose that n = km for k € Z,"Then

km _ 1=( km-1 (k-1)m

p p-DE" 4t p D =(p-DP™T -+ p+ D +eokpm+ ) = (p" - D(PE 4 p 4]
Hence p™ —1 divides p” — 1 in Z[x]. \/
Note that x”" — x = x(xpm_1 - 1) and x?" - x = x(xpn‘1 - 1). Since pz— 1 divides p" — 1 in Z, we have (xpm_l - 1) divides
(xpn’l - 1) in x € Z[x]. Hence x”" — x divides x”" — x in Fplx]. J O
: cox! ®
: e &
S by same argunenkas oloove , with P& .

Question 7

(@) Let f(x) = x> —s1x> + spx— 33 = (x—a)(x— B)(x —y) € Q[x] where a, B,y € C. Denoting o; = a’ + i +y for i =0, show
thatog=3,01=syand o, = s1 — 25, Show further that

Or=S810r-1—8520r-21830,-3

forall r = 3.

(b) Letd = (a—B)(a—7y)(B—7y)and A = 52. Show that

3 2.2 3 2
A= —45753+ 5785 +18s15283 — 45, — 2753



[Hint: You may find it useful to consider the Van der Monde determinant

1 1 1
det|] « B v
2 By

and the determinant of this matrix multiplied by its transpose to deduce first that
Ogp 01 O3
A=det| o1 o2 o3 |l
02 03 04
Proof. (a) By comparing the coefficients we observe that

si=a+pf+y s2=af+pPy+ya s3=apy

Henceog=a’+p2+y’=3.01=a+B+y=s1.02=a’+ 2 +y*=(a+f+7)* —2(af+ Py +ya) = s? - 2s,.

In general, we expand the expression below

S10, 1= 50,2+ 530, 3=(@+B+P) @ L+ Ly —(@B+py+ya)@ P+ 2y D +aBy@ S+ T3 +y D)
=a"+p +y G- Perhops Show Mo woc\Q'\r\q)

Y

(b) First we calculate o3 and 0 4:
03 =258102— 501+ 5300 = s? — 28515 — 8152 +3853 = sf‘ —35152 +3s3
— _ A 2 2 2 _ A 2 2
04 =8103— 8202+ 5301 =35 —357S2+385153 8752 —285+5153=5] —457S2 +48153—28;

It is well known that the van de Monde determinant satisfies

1 1 1
(@a-Pla-yB-y)=det] a« B vy
2 p2 .2
a® p° vy
Hence
T
1 1 1 1 1 1 3 a+pf+y  a’+pP+y?
A=(a-P*a-p*B-pi=det|| a B vy a B v =det| a+p+y a?+p2+y? aS+p+y°
@ By @ By 2+P+y? B+ +Y at+ eyt
g9 O1 () o9 O 0y — 8101+ 8200 (o)) (oa] S2 gg O1 S2
=det|o; o0, o3|=det|o; 02 03-S$102+501|=det|lo; o0, s309|=det|lo; o2 3s3
02 03 04 Oy 03 O04—8103+ 802 02 O3 $301 02 03 8183
oo (28] 2 oo O1 2
=det (oA g2 3s3 =det|o; 03 3s3
O2—S$101+ 00 03—S102+ 01 15338183+ S5 S 383 s5-2s183
3 S1 S2
=det|s; s-2s 3s3 =3((s5 —252) (55 —25153) —955) — 51 (51(53 — 25153) — 35253) + 52 (35153 — 5257 — 25))
S 3s3 $5—25183

2.2 3 3 3
= 18518283 + 5755 — 45, — 48753 — 2753

\/ wmo\(‘ﬂ\l ) -
o Sure Yhok wosn't fua.



Question 8
Let E/F be an extension field of prime degree ¢ and let a € E\F. Let M, be F-linear map induced by the multiplication by « :

My:E—E

u—a-u

Show that the characteristic polynomial of My, is equal to the minimal polynomial of a. [Hint: Cayley-Hamilton.]

Proof. Consider the tower of field extensions: F € F[a] < E. By tower law, [F[a] : F] divides ¢ = [E : F]. Since ¢ is prime and a ¢ F,
[Fla]: F] = ¢ and hence E = Fla]. \/

We claim that {1,a,...,a’"'} is a basis of E = F[a]. let m be the minimal polynomial of & over F. For f € F[x], by division
algorithm, there exists g, r € F[x] such that f = gm+r and degr <degm = ¢. Then

- -1
¢ -1y

fl@=r@=a+aa+---ar1a 1 espan{l,a,...,a

That is, {1, a,...,a’" 1} spans F[a]. On the other hand, suppose that ay,...,a,-; € F such that ag + a;a +--- + ag_lo/‘l =0.
Then ay = --- = ay—; = 0 by minimality of of degree of m. Hence {1, «, ..., allis linearly independent.
Let m(x) = x! + ag_1x¢~1 +--- + a; x + ag be the minimal polynomial of @. Then

al = —(ag_lx[_l +--+ayx+ap)

With respect to the basis {1, a, ..., ae’l}, the matrix of My, is the (transpose of) companion matrix of m:

0 1
0 1
—dy -t —a4e-2 —a4r-1
From linear algebra wo know that the characteristic polynomial of this matrix is exactly m, which finishes the proof. O



