Peize Liu
St. Peter’s College
University of Oxford

Problem Sheet 1

Quantum Field Theory

Class Tutor: Krishnendu Ray

15 October, 2020



Question 1. Dirac delta function

The Dirac delta function d (x) is an infinite spike of weight 1 located at x = 0. It is really a distribution, not a regular
function, and strictly only makes sense inside integrals - which means that the relationships discussed below are
only supposed to be true inside integrals. For a function f(x) that is sufficiently well-behaved in the region of x = 0,

Ir[6(x0)] =f f6(x)dx = f(0)

By considering integrals of this form show that
a) Ifl6(ax)] =lal ' If[6(x)];
b) I[6(g(x)]= YN lg (xn)|_1 I (6 (x — xp)], where g(x) has zeroes at {x = x,,n=1...N};
¢) I;[6(x)] =lime_5o KIf [ 5], and find the value of K. What limitations on f(x) are necessary?
d) Ir[6(x0)] =lime-5g KI f [e‘l e ¥le ] , and find the value of K. What limitations on f(x) are necessary?
Note that the results in c) and d) are often used in physics, but that the true Dirac delta function does not have the
same limitations.
Proof. The commonly used domain for distributions is & (R) = C2°(R), the space of compactly-supported smooth func-
tions on an open set U < R. Then all distributions are infinitely differentiable in the sense of distributions.

For clarity we use Tg to denote the regular distribution induced by the function g. Thatis, Tg[f]:= I[g]. Likewise
we denote §[f]:= I7[6(x)].

It is worth noting that expressions like § (g(x)) is not well-defined in an obvious sense. One possible definition is
via mollification. We need the following lemma:

Lemma 1. Approximating the §-Function

Let p, be the standard mollifiersin R. Then T},  converges to § in 2'(R) as £ \ 0.

1
Proof. We know that the standard mollifiers are given by p.(x) = . p(g), and f p(x)dx = 1. For f € CP(R), we

have

1
1.101= [ p(Z)rewar= [ pmirendy

Note that f(ey) — f(0) as € \\ 0, and |p(y) f (€y)| is integrable. By Dominated Convergence Theorem,

lim 7,1 = fR PO dy= £(0) = b1f] 0

In this way we define 6 (g(x)) to be the distributional limit of T, ¢ as £ \, 0, provided it exists.

a)

Ir[d(ax)] —hmf f(x)dx lal™ 1hmf p(x)f )

(DCT)

la|™ fhmp(x)f )dx lal™ fp(x)f(O)dx lal™! £(0)

/ lal ™ 1 15(x)

b) We assume that g(x) is piecewise invertible and the zeros xy,..., xn are simple. Let I, ..., I, be the intervals



on which g is invertible, with inverses g; ', ..., g7 -

Ir16(g(x))] =£{13Lps(g(x))f(x) dx = hmz (g(x))f( )dx

y=gle . L f f°g, 1(Ey)
05 Jgune” Y go g‘l(fy)l
. . fogi'ey .
For sufficiently well-behaved g-, p(y) - ml g(;/e) is integrable. Note that
§°8; &y
_1 fxj)
lim (1) fog; (ey) . - |g’(x-)|1R 0=g(xj) e gl;), xj €{xy,..., xn}
5\0'0 Y |g’ogi_1( )| guifer = !

0 0¢ gy
By Dominated Convergence Theorem, we have

f(x)) dy = Noofxp) Ipl6(x - xj)]

/f[a(g(x))l— Z W) >

= gl YT Elgenl 18 G)

c) The condition that f € C°(R) is too strong for this part. Following the proof of Lemma 1 we give two condi-

tions on f:
ich
1+x2

e fis continuous at 0.

€ LI(R);

The proof is essentially identical to Lemma 1.

dx—hmf f(ex)

lim [ =1
51{% f[x2+£2] 51{13 Rf( )x2+ 2

£X
By assumption {_(i_ ; is integrable. By Dominated Convergence Theorem,
X

+00

=nf0)=alp[6(x)]

—00

1
1 dx—f(O)erxzdx—f(O)arctanx

lim I | —-

lim lim f (£x)

x2 +£ REeN0

Hence we take K = 1/m and obtain that
1 €
1716 =lim—If|——
/ 7100)] e 7 f[x2+82]

d) The conditions on f:
o f(x)e* eL'R);

* fiscontinuous at 0.

hmlf [s e /E —llmf fx)e™? e ¥/e dx:limf fex) e dx
eNo0Jr
By assumption f(ex) e is integrable. By Dominated Convergence Theorem,

lim I [e—l e /e’ ] = | lim f(ex) e dx = f(0) f e dx=vaf(0) = vVaIf[5(x)]
R

e\0 REN

lwe essentially invoke the DCT unjustified. Perhaps the best way is to treat the identity in (b) as definition.



Hence we take K = 1/7 and obtain that

If[6(x)] Zii{%%ff [g‘le_xZ/gz] / 0

Question 2. Lorentz transformations

The four vectors p* = (E, p) and p'* = (E', p') are related by a Lorentz transformation A. We frequently will have to
deal with integrals of the form

fF(p)d4p=fF(p)dEd3p

Find the 4 x 4 matrix representation of A explicitly for a boost § along the z-axis and the Jacobian for the change
of variables p# — p'*. Hence show that the 4-volume element d*p is Lorentz invariant. Now, by making a suitable
Lorentz invariant choice of F(p), show that (ZE,,)_1 d*p is Lorentz invariant if E, = v/ p? + m?

Proof. The Lorentz boost along the z-axis is given by

y 0 0 -py
0 10 O
AP = 0 01 0
-py 0 0 vy

1
VI-F

Note that A(B) is a linear transformation on the Minkowski spacetime (R*,7). The Jacobian is given by the deter-

where y =

minant:
y 0 0 -PBy
0 10 0 s 2y
= = — =1
detJ = det 0 0 1 0 Y =By
-y 0 0 vy

The volume form is given by
d*p’ =detj-d*p=dip

so it is invariant under a Lorentz boost.

We consider the distribution F(p) = F(E, p) defined by
E(p) =8(p" pu— m*)0o(E)

where 0 is the Heaviside step function. The delta measure is clearly Lorentz invariant as p# p,, is, and 0y(E) is
invariant under proper orthochronous Lorentz transformations. Then we have the Lorentz invariant scalar

fF(p) dEd3p=f6(E2—p2—m2)60(E) dEd®p

S(E-v/p*+m?) OS(E++p?>+m?
=f E-vp +m) OE+VP +M) g pydEdp
2E 2E
O0(E—Ep) 1
=f—pdEd3p=f—d3p
2E 2E,
1
Therefore the 3-form —— d3p is Lorentz invariant. / O
2E),



Question 3. Simple Harmonic Oscillator

(See Gasiorowicz Chapter 6 for annihilation and creation operators in the SHO) This problem combines a review
of the harmonic oscillator with that of complex coordinates. In ordinary classical mechanics, consider a two-
dimensional harmonic oscillator with Lagrangian

1 . . 1
L=2m(@*+ G,%) = S mwg (a7 + )

where to get you in the field-theory mood I've labeled x and y as g; and g». Now rewrite these coordinates as

a)

b)

c)

d)

e)

Proof.

ZE(671+1'672)/\/§, z* E(Ch—iqz)/\/z

Find the classical equations of motion in terms of ¢q; and g.

Then rederive them in terms of z and z*, not by just plugging into the preceding, but by rewriting L in terms
of z and z*, and then minimising the action under variations z — z+ 6z and z* — z* + §z*. Treat these
variations as independent.

Find the Hamiltonian in terms of z, z* and the corresponding canonical momenta.

Now write the quantum Hamiltonian using lowering and raising operators defined in the usual way; aj, a“{
for ¢, and ay, ag for g,. Then rewrite in terms of

Az(a1+iag)/\/§, Bz(al—iag)/\/i

Find the commutations relation for A, A", B and BT from those for a; etc., and check that indeed they are an
independent pair of raising/lowering operators.

a) Euler-Lagrange equations:

Substituting L into the equation:
mg; + mw(z)q,- =0, i=12

The classical equations of motion are given by

G +wiq1 =0,  Got+wiga=0

b) We have
z+2z* z—2z*

q1 = \/5’ q2 = NG

which gives

s o, (242 (z2-z)? .

V2 V2i

In the new coordinates the Lagrangian is given by

L=mzz* - mwizz*

Substituting into the Euler-Lagrange equations we obtain the equations of motion:

\ /

Z—i-wgz:o, Z*+w3z*:0

oo do e Mot 2 and e indpundnt



c)

d

e)

The canonical momenta are given by

oL .. oL _ .
Toz P PeTop T

Pz

The Hamiltonian is given by the Legendre transformation:

/

. <k % _ . % o % 2 *y sk 2 *
H=zp,+z p,—L=2mzz" —(mzz" —mwyzz") = MZz" + Mwyzz =

*
bzp
2+ mwzz*
m

The classical Hamiltonian in the original coordinates is given by

2, 2
pitpy 1 5 o o
H:W+§mw0(q1+q2) \/
In the canoncial quantisation, the phase space R? corresponds to the Hilbert space L?(R?). The quantum
Hamiltonian operator is given by
52 52
s _P1tPy 1 5 5 o
H= 7 + Emwo(ql + qz)
with the canonical commutation relation
(i, Pj]1 =116,
From now on we only consider the quantum system and drop the hats for simplicity. The ladder operators
are defined by

1 1
. + . .
a; = ————(mwoq; +ipi), a, = ————|mwoq; —1p;), 1=1,2
l vV 2mwoh ( l l) 'V 2mwoh ( l l)
Then 5
1 1 1 P; 1
T 2.2 2 2 . 2 i
a.a; = m-wgqgs + p; +imwglq;, pil) = — | =mwoqg; + — | — =
i meoh( 0qi TP olds, pil) hwg (2 0di Zm) 2

Therefore the Hamiltonian operator is given by

H=hwy (aJ{al + a;ag + 1)

Using
_A+B _A-B

ay=——-—-
V2

We have

At+BHhA+B) AT-BNHA-B)
+ +

thw()
2 2

1) — hwo (A*A +B' B+ 1)

The commutation relations for the ladder operators are given by

la;,al] = -2mwoilgs, pil =1, lai,all=0,  [a;a]=0

2mwoh
Now we verify these relations for our new ladder operators:

"

. T
a) +iap, a,—1a 1
ah = | 222 A2 =l al) + e a)) =1
. ts
a—liap, a,+l1a 1
[B,B'] = R 1\@ =5 (1av.al1 + 1@z, al1) =1




a+iay a;—ia
[A,B]: , =
V2 V2
. s
a)+iap a,t+l1a 1
4,81 = | 222 =2 = 2 (e af) - ez ) =0

\

Therefore A, A" and B, B are indeed independent pairs of ladder operators.

Question 4. Dirac wave equation

(See the notes on Relativistic Quantum Mechanics) A plane wave solution for the Dirac equation takes the form

y(t,x)=e 1 EP Oy,

where v is a 4-component Dirac spinor satisfying the eigenvalue equation

(p.a+mp-EL)y,=0 (1)

(s o2y o)

where 0 and I represent 2 x 2 null and identity matrices respectively, and o; are the Pauli sigma matrices. Show
explicitly that the determinant condition for solutions to (1) is

with

(B2 = (p*+m?)" =0

and thus that two eigenspinors ¥, have E = y/p? + m? and two have E = —/p? + m?. Show that the eigenspinors
¥p can be chosen so that they are also eigenspinors of the spin projection operator

0 o-p
Find all four independent eigenspinors of definite % for p = (0,0, p).

Proof. We compute the determinant for the eigenvalue equation:

—0"]7—E12 mlg

det(p-a+mﬂ—EI4)=det( m, o-p—El

Since mI, and o - p — EI, commute, we have in fact

det(p-a+mpB—EL)=det((~o-p-EL)(@-p-EL) - m*l,) =det(~(0 - p)*+ (E* - m*) L)

Note that 5 5
(o-p)* = Zl pioi= leflz =p°L
i= i=
We have
det(p- a+mp - EL) = det((E* — p* - m*) ) = (E* - p* — m*)? /

which is the characteristic polynomial of the operator (p- @ + mf). Note that p- @ + mf is symmetric and hence
diagonalisable. The eigenvalues are E. = ++/p? + m?, each of which corresponds to an eigenspace of dimension

o,

For h = diag{o - p, 0 - p}, it is clear that it commutes with p- @ = diag{—o - p,o - p} and . Hence hand p- a + mf
are simultaneously diagonalisable. In order words, we can choose a basis of eigenspinors {yp} such that the spin



projection operator is diagonalised.

1 0
For p=1(0,0,p) and 03 = (O _1), we have

-p—E. 0 m 0
0 p—E; 0 m
@+ -E. = -
pra+mp-Eily 0 p-FE. 0
0 m 0 -p—E.

We can directly read out the eigenspaces:

Vi =span{(m,0,p+E+,0)7,(0,m,0,—-p+Ey)"}

Since
o-p = pdiag{l,-1,1,-1}
itis automatically diagonalised in the basis chosen above. In summary the eigenspinors are given by /
m 0 m 0
1 0 5 m 3 0 4 m

Vg yvpremE VT 0 S P/ ) L 0
0 —p++/p*+m? 0 —-p—+\/p*+m?

Question 5. y matrices

(1) Show that the two sets of ¥ matrices

and
0 I 0 i 0 o
o -1/ -og; 0
are unitarily equivalent ie there exists a unitary matrix U such that y* = UTy*U.
(2) Show that there are no three-dimensional matrix representations of the algebra y*y" +yYy* = 2n*¥ for 4-
dimensional space-timei.e. u,v €1{0,1,2,3}.
Proof. (1) Itis easier to work with Kronecker products. We rewrite the y-matrices as

0 —0 =i
Y =010, Y =038 I, Y =y =-io,®0;

We seek the unitary transformation of the form U = a ® §, with a, f € Mb.»(C). We may further demand that
a, B are unitary. The condition that ¥* = UTy*U implies that

.‘.

o308b=a'01® I, 02®U,~:aT02a®[3T0,~,6

It is tempting to set § = I, and see if it works. We have now
+

03:(1T01a, Or2=0 020

{I,01,02,03} is a basis of M>,»(C). The second equation will hold trivially if « commutes with o». In this



simple case we have
a=ml,+nooy, m,neC

We substitute this into the first equation:

03 = (mlg +ﬁ02)01(m12 +noy)
= |m|201 + |}’l|20'20’102 +1nmo,01+MmMno10s
2 2 — ..
= (Im|”—Inl") o1 + Re(mn){o1,02} + Im(mn)iloy, 0]

= (Iml* = |nl*) o} +2ilm(mn)os
By comparing the coefficients we have
2 2 — 1.
|m|©—|n|“ =0, Im(mn):—él

We also note that a is unitary:

L =a'a = (ml, + 7o) (mly + noy) = (Iml* +n?) I + 2Re(mn) o
which implies that
Im?+In*=1,  Re(mn)=0
Hence |m| = |n| ! and mn i We choose m ! and n i Then a ! (I, —io3). The unitary
n = =—, = ——, 0 = —an = ——. = —=I\U2—102). un
V2 2 V2 V2 V2

transformation is given by?

1
U=—(—-i02)® 1,

V2
In the matrix form,
1 (L -TI
U=_—|"2 2 /
V2\L I

(2) The one-line answer is that the y-matrices generate the 16-dimensional Clifford algebra Cl; 3(R) and hence
cannot have a faithful representation in GL3(R), which has dimension 9. O

/

2We essentially reach this result by guessing. A rigorous proof might require writing down more variables and constraint equations.



