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Section A: Introductory

Question 1

Let M and N be manifolds with boundary. Show that

O0(M x N)=(0Mx N)u (M xdN)

Question 2

Construct atlases on the topological manifolds: (a) S”, (b) RP", (c) CP".

Section B: Core

Question 3

Recall that an n-dimensional (topological) manifold M is a topological space such that

1. each point of M has a neighbourhood homeomorphic to R”,

2. M s second countable (i.e., it has a countable basis of open sets), and

3. M is Hausdorff (i.e., different points have disjoint neighbourhoods).

Give examples of topological spaces that satisfy exactly two of conditions (1)-(3) for n = 1.

Proof. 1&2:

v

1&3:

2&3:

?eﬂ,@@@% \ very dedailed  estplavaioud

Let X be a “line with two origins”. That is, we define X := (R x {0,1})/ ~, where (x,0) ~ (x,1) for all x #0.

For each x € X, if x # (0,0), then x € X\ {(0,0)} = R. Hence x has a neighbourhood homeomorphic to R. If
x=1(0,0), x€ X\{(0,)} =R, and x still has a neighbourhood homeomorphic to R.

To show that X is second countable, note that X \ {(0,0)} = R has a countable basis &%, and X \ {(0,1)} =R has
a countable basis %#'. Then 2 U %’ is a countable basis of X.

X is not Hausdorff because (0,0) and (0, 1) does not have disjoint open neighbourhoods.
Let R’ be R endowed with the discrete topology. Let X :=R x R'.

For (x, y) € X, R x {y} is an open neighbourhood of (x, y), which is homeomorphic to R. Since both R and R’
are Hausdorff, X is also Hausdorff.

Suppose that & is a countable basis of X. For each y € R, the subset Rx {y} is openin X. Then Rx {y} = U; U;
for some {U;} € %. Then there exists some Uy=1x{yte B with I <R open. In particular Uy # Uy forx#y.
Therefore we have a injection R — &. The basis & is uncountable. Contradiction. Hence X is not second
countable.

Let X =[R2,

It is clear that X is Hausdorff (since it is metrisable). X has a countable basis given by

1
{B ((671, QZ); ;) < RZ: ql) QZ € Q) ne N}
Now suppose that each x € X has a neighbourhood homeomorphic to R. Let U be a neighbourhood of 0 € X

such that U = R. Then U\ {0} =R\ {*} for some * € R. Note that U \ {0} is path-connected whereas R\ {*} is
not. This is a contradiction. Hence X does not satisfy the condition (1). O
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Question 4

(a) Construct a cell decomposition of RP",

(b) Use this to compute the homology group H. (RP";Z).

(c) For what n is RP" orientable?

(d) Compute H, (RP";Z,).

(e) Compute the cohomology ring H* (RP"; Z,).

Proof.

(a) We can construct a CW-complex structure of RP” inductively as follows: Let RP! = S!. For each n, let
\( RP"=RP""!u,e", where the attaching map ¢ : §"~! — RP"~! is the double covering map.
(b) For each k < n, RP" has exactly one k-cell. The cellcular chain complex is given by

0 0
z— .. 2717

For k€ Z,, 0r : H,(RPF,RP*~1) — H;_; (RP*~!,RP¥2) is determined by the degree of the map

ok = sk-1 Pk, ppk-1 Ty ppk-1jppk-2 = gk-1

which is degid + deg(—id) = 1 + (-1)*. Hence ;. = 2 for even k and ;. = 0 for odd k.

The cellular chain complex is given by

z > e > Z A > Z A > Z

Taking the homology, we have

Z k=0 Z k=0,n
H.(RP"=<27/2 k=1,3,..,n—1 (neven)  H (RPN ={7/2 k=1,3,..,n—2 (nodd)
\( 0 otherwise 0 otherwise

(¢) When n is even, H,(RP") = 0, and RP" is non-orientable; when # is odd, H,(RP") = Z, and RP" is ori-
\( entable.
(d) If working with Z/2-modules, we have the cell¢ular chain complex:

0 0

712 —% i —5 71295 772 95 710 Oy 710 04 710

Taking the homology, we have

\(

(e) By universal coefficient theorem for cohomology, we have the short exact sequence

; z/2, 0<ks<n
Hi(RP™Z/2) =
0, otherwise

0 — Ext},(Hi_1(RP";2/2),Z/2) — HF¥®RP";Z/2) — Homz»(Hi(RP";Z/2),Z/2) — 0

Since Hi(RP";Z/2) = Z/2 is a projective Z/2-module, the extensions module Ext%/Z(Hk_l([RP”;Z/2),Z/2) =0.
Hence Hk(RP”; Z12) = Homgz»(Hp(RP"™;,7/2),7/2) = Homgz,2(Z/2,7/2) = Z/2. The cohomology groups are

k " 712, 0<sk<n
H*(RP";712) =
0, otherwise



For k, ¢ € N such that k+ ¢ < n, let wy, w, be generators of Hk(IRP”; Z/2) and H? (RP"; 7/2) respectively. From the
intersection theory, these forms arises naturally from the inclusions RP"~¥ ¢ RP" and RP"~¢ ¢ RP". Since all
spaces involved are Z/2-orientable, we have

Wi~ Wy = Wgpn-k ~ Ogpn-t = Ogpn-knppi- = O+¢ € HYERPZ/2)

{ e— Agoin eyl
H ®RP"Z2/2)=7/2[x1/ {x""), |xl=1 . eyo{i&t\/\d O

W he et
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Let x be a generator of H! (RP";Z/2). The the cohomology ring is given by

Question 5

Show that the 1-jet spaces J' (R, M) =R x TM and J'(M,R) = T* M x R.

Proof. By definition,
JTRM = |IH®R M =| JCC®R M/ {f~g = f(h=g)rf()=g B}

teR teR
For g € M and v € TyM, let f; 4, € C°(R, M) such that f(f) = g and f'(#) = v. By definition f; 4, = gr,q',v €
];(IR, M) if and only if ¢ = ¢’ and v = v'. Then (¢, q,v) — (¢, ft,q,v) is a well-defined map from R x TM to THR, M)
with inverse given by (¢, f; 4,0) — (£, g, v). Itis clear that the following diagram commutes

given Ao Ribze kumdles E—8, E'—B itk ) in powkculox, (t,q'u)w(t,/(?%\‘)
houeouworpiic #’b’tﬂ), You oM oJWGlAjS Coustuuct RxTM —— ] (R, IW) 55 wot QN{dw+l>. coknnons |

o Prime-gusowing P echou e E') \ / (envew Hhaugh f 7S, Lock, coutuuoms)
bt umles  Hus wop awdl its et \B Ve Ty o o

o%e  coubnuous, you v '} oledmee
Hot S=E' as e leumdles.
So this defines the 1-jet space J! (R, M) as a trivial vector bundle over R. In this sense we have J! (R, M) = R x TM.

By definition,

VMR = | Jg(MR) = || CMR)/{f ~g <= f(@) =g(@) ndfl,=dglg}
qeM qeM
For t e Rand w € T, M, let fy1, € C°(M,R) such that f(g) = t and df|; = w. By definition fg 10 = §4,rv' €
]}J(M, R) if and only if = ¢’ and w = w'. Then (q,w, t) — (G, fg,t,0) is a well-defined map from T*M xR to J1 (M, R)
with inverse given by (g, f,+.0) — (g, w, t). As both bundles are defined fibre-wise on M, it is clear that the follow-

ing diagram commutes

saume. 'isue” os  above e Aepology of et spaces i

. j ¢ M Qu
. 1 fricky 4o ok aith ¢
T"M xR _— I (M’ R) worRe ok especked 1o (Ve e

\ / g‘sgw.oz?\/mw\ °£ ?x“wtﬂ undles )tiga%&fy‘
Tq g T just wosde fo  poivt ot Hot
M showsvg o Libre - (\Jlﬂaeft:;ﬁa bijeckou
gerst

N v epouglh ™

So this defines the 1-jet space J' (M, R) as a vector bundle over M. In this sense we have J'(M,R) =T*M xR. O

Question 6

Prove that the cobordism group Q(S)’O of compact oriented 0-manifolds is Z.

Proof. Note that the 0-manifolds are discrete countable topological spaces, of which the compact ones are the finite
topological spaces. Note that if X is a compact 0-manifold with cardinality n, then Hy(X) = Z". By choosing the
generators of Hy at each connected component of X, we see that X has 2" distinct orientations. Let ¢ x : X — {+1}
be the map which choose the orientation at each point. If X = {x,, ..., x;}, then let ¢ x := Z?:l Qx(x;).

* ¢_x = —¢x: Obvious by definition.



* ¢xuy = Px + Py: Obvious by definition.
* Any two oriented compact 0-manifolds X and Y are cobordant if and only if ¢ x = ¢y

"= ": Suppose that M is an oriented cobordism from X to Y. Then M = — X011 Y. Note that M is a compact
orientable 1-manifold with boundary. Then M is a disjoint union of compact intervals and circles S'. The
boundary 0M = {a;, b;: i =1,..., m}, with @ap(a;) = —1 and @gp(b;) = 1. Then ¢pgp = p_xuy = 0. Hence
Ox =—¢p-x=—_xuy +dy =¢y.

<= ": Suppose that ¢x = ¢y. Then ¢_x,y = 0. Let x3,...,x, € =X LY be the points with positive orien-
tation, and yy,..., ¥, € —X U Y be the point with negative orientation. Then we define M = [0,1] x {1,..., n},
which is a compact oriented 1-manifold with boundary {0,1} x {1, ..., n}. We then definea: — XU Y — 0M by
a(x;) =(0,i) and a(y;) = (1,i). Then M is a cobordism from & to —X 11 Y, and hence a cobordism from X to

; pertectl ()

Now we can conclude that ¢ defines a group isomorphism from QSO to Z.

Question 7
Lety : M — N be diffeomorphism of smooth n-manifolds. Show that the cobordisms W,, and W, are equivalent if

and only if  and v’ are pseudo-isotopic.

Proof. Suppose that Wy, and W, are equivalent. Let ® : W, — W, be an equivalence of cobordism. We claim that
Y= (y' xidy) o®: M x [ — N x I is a pseudo-isotopy from v’ to . To see this, we can compute:

W (x,0) = (@' xidp) o (¢)) " opo(x,0) = (@' xidp) o () ' (x) = ' xid))(x,0) = (¥ (x),0)
Y(x, 1) = @ xidp) o (@) odi(x,1) = @' xidp) o () ' w(x) = (@' xid) (W) Loy (x),1) = (w(x),1)

\/Hence w and ' are pseudo-isotopic.

Conversely, suppose that W : M x I — N x I is a pseudo-isotopy from 1 to v’. We claim that ® := (y~! xid;) o ¥ :
M x I — M x I is an equivalence of cobordism from Wy, to W,.

D(x,0) = (" xidp) (Y (x),0) = (x,0) = ¢y " o ¢y (x,0)

(x, 1) =~ xid) @' (0, 1) = (@ oy (x),1) = ¢7 o (x,1) cleox cud
\/ . ‘ . ‘ to e pount
Hence @y, (;; = ¢; o ¢} for i € {0,1}. The cobordisms Wy, and Wy, are equivalent. O

&

Let W be a cobordism from M, to M;, and suppose that W, My, and M; are simply-connected. Show that the
following are equivalent:

Question 8

1. the embedding ey : My — W is a homotopy equivalence,
2. H, (W,Myp) =0,
3. H*(W,M;) =0,
4. H. (W,M;) =0,

5. e;: M; — W is a homotopy equivalence.

Proof. Suppose thatdimW = m + 1 and dim My = dim M; = m.

1 = 2: Consider the long exact sequence of relative homology:



2=—=3:

3—=4:

4—5:

5 .
s Hy M) 0 vy —T s W, Me) —2s H (M) 2N ) ——

Since the embedding eq : My — W is a homotopy equivalence, it induces isomorphisms of homology groups
(e0)n : Hn(My) — H, (W) for each n € N. By exactness at H,(W) and at H,_; (M;), we must have 7, = 0 and
6, = 0. By exactness at H, (W, My), we deduce that H,, (W, M) = 0.

We need to use a generalised version of the Lefschetz duality. First we note that W is orientable since it is
simply-connected. We quote Theorem 3.43 of Hatcher:

Suppose that W is a compact orientable (m + 1)-manifold with OW = My U M,, where My, M, are
compact m-manifolds such that 0My = 0M, = My n M;. Then cap product with the fundamental
class [W] € Hy,(W,0W) gives isomorphisms Dy : H* (W, My) — H,,_ (W, My) forall k € N.

So H,, (W, Myp) =0 for all n € N implies that H" (W, M;) =0 for all n € N.

By the universal coefficient theorem for cohomology, we have the short exact sequence
0 — Ext},(Hp1(W,M)),Z2) — H"(W,M,) — Homgz(H,(W,M;),Z) — 0

Since H"(W, M;) = 0 for all n € N, we have Ext%(Hn_l (W, M,),Z) =0 and Homz (H,(W, M;),Z) =0 for n€ N.
Since M; and W are compact, they have finitely generated homology groups. From the long exact sequence
of relative homology, it is easy to prove that the relative homology groups H, (W, M) are also finitely gener-
ated (the proofis similar to a step in Question 10 of Sheet 4 of C3.1 Algebraic Topology).

By the structure theorem for finitely generated Abelian groups, H;, (W, M;) = Z* & T,, where T, is the torsion
subgroup of H, (W, M;). Then by elementary homological algebra,
0=Exty (Hy(W,M1),Z) = Tp,  0=Homz(H,(W,M),2)=2"

Hence H,,(W, M;) =0 for all n € N as claimed.
For this step we need some homotopy theory, which I think is not covered in C3.1 Algebraic Topology.

Since W and M; are smooth, by Proposition 1.6.5 they have handle decompositions. In particular they are
CW-complexes. By the relative Hurewicz Theorem, the Hurewicz map # is a morphism between the long
exact sequences of relative homotopy groups and relative homology groups:

— Tpri(W,My) —— mp(M1) —— mp(W) —— (W, My) —

I [T

— Hprt (W, M) — Hp(My) — Hy(W) — Hp(W, M) —

Since (M;, W) is a pair of simply connected spaces, and H,(W,M;) =0 for all n € N, then h: n,(W, M;) —
H,(W, M) is an isomorphism, and hence (W, M;) = 0 for all n € N. Therefore the embedding e; : M; — W
induces isomorphisms of homotopy groups 7, (M;) — 7m,(W) for each n € N. By Whitehead’s Theorem, e;
is a homotopy equivalence.

: We can simply swap the labels of My and M,. Then the above sequence of arguments 1 — 2 — 3 —

4 = 5becomes5 = 4 = 3’ = 2 = 1, where 3’ is the statement that H* (W, M) = 0. This finishes

the proof. O
Ing me‘mé w Q@ QQ/WPLII/V‘&A’S/
bt oy well dove | 0



Section C: Optional
Question 9
Let f: M — N be a submersion.

(a) Show thatif f is proper; i.e., f 1K) is compact for every K < N compact, then M is a fibre bundle over N
with fibre f~!({y}) for y € N.

(b) Give a counterexample when f is not proper.



