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Question 1

Show that the Lorentz transformations in a single spatial direction form a group.

Proof. For simplicity we consider 1+ 1 spacetime. A Lorentz boost is given by

Y —ﬁY)
L
By v
or, using the rapidity,
_ [ coshn  —sinhnp
Lin = (— sinhn  coshp )

The set of 1 + 1 Lorentz transformations SO(1,1)* is a subgroup of GL, (R):
* Identity: Forn =0, L(0) = diag(1,1) = I is the identity in SO(1,1)*;

¢ Closed under composition: For 1,72 € R,

L) L) = ( coshn —sinhm)( cosh7; —Sinhnz)

—sinhn; coshn; J\—sinhn, coshn;

_ ( coshnj coshny +sinhn;sinhn,  —(coshn; sinhn, + sinhn; coshn,)
~ \=(coshn; sinhn, + sinhn; coshn,) coshn coshny +sinhn; sinhn,

_ ( cosh(n; +12) —sinh(n; +12)

. =L(m +
—sinh(n; +72) cosh(m+n2)) (1 +12)

* Closed under inversion: For n € R:

coshn —sinhn) 1 (coshn sinhn) _ ( cosh(-n) —sinh(-n)

- =L(- O
—sinhnp  coshn sinhn coshn —sinh(-n) cosh(-n) (=)

Lop~'= ( =—
7 cosh?n —sinh?n

Question 2

Show that €%, with 0 a constant, is a representation of the group of integers n under the addition operator. If § = n/N, how
many elements does the representation have, and in what sense is it still a representation of the infinite group of integers?

Proof. The map p: Z — GL(C) = C* given by p(n) = e is a group homomorphism, because for any n, m € Z, J
p(n+m)= ei(m+n)9 — einG eimf) =p(n)p(m)
Hence it is an representation of the group Z.

If0 = 7/ N, where N € Z, then e?N? = ¢2™ = 1 and p(2) has distinct elements 1,e", ...,el®¥~D¢ The image of the representa-
tion p has 2N elements.

I am not sure what the final part of the question is asking. If 7/8 € Q, then p has a non-trivial kernel and hence is not faithful.
In fact it descends to a faithful representation of Z/ker p. If 7/6 ¢ Q, then p : n— e is a faithful representation of Zin C. O

Question 3

Write down a set of 3 x 3 matrices to represent the permutation group on three objects, such that the action of swapping the
second and third objects is the matrix

0
(D132); = 0
1

o O =
oS = O

Show that this matrix representation is reducible by the following steps.
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(i) Find a common eigenvector for all the D;. matrices.

(i) Write down a suitable similarity transformation matrix S j., such that (D’ ); =S, D" (S‘l)? with the common eigenvector
becoming (1,0,0) in the new basis.

(iii) Show that the transformation matrices in the new basis take on block-diagonal form.
Proof. Consider the set X = {e}, e, e3} and the free C-vector space C®X = (3. The permutation action of S3 on X induces a left C[S3]-

module structure on C3. The representation p : S3 — GL3(C) afforded by the module is called the permutation representation
of S3. Now p(S3) is the set of the following matrices:

1 0 O 01 O 0 0 1 1 0 0 0 1 0 0 0 1
01 O 1 0 O 01 0 0 0 1 0 0 1 1 0 O
0 0 1 0 0 1 1 0 O 01 0 1 0 O 01 0
It is easy to check that C3 has sub-C[S3]-modules U, W:
3 3
U:= (e +es+e3) W:=1<) ajej: Y a;j=0p=(e1—eo, es—e3)
i=1 i=1

such that C3 = U @ W. Hence C? is reducible.

(i) The common eigenvector is e; + e, + e3, because for all o € Ss,
p(a)(el +ex+ 63) =0- (e1 + e+ 63) =eg() t ey +tes3 =€1textes

as o is a bijection on {1, 2, 3}.
(i) Itis clear that {e; + e, + es3, €1 — €2, €2 — €3} is a new basis of C3. The change-of-basis matrix is given by
1

1
st=[1 -1 1
1 0 -1

which implies that
1/3 1/3  1/3
S=12/3 -1/3 -1/3
1/3  1/3 -=2/3

and that S(1,1,1)T =(1,0,0)7.
(iii) This is a theorem in linear algebra:

Suppose that V = U & W, where U and W are T -stable subspaces of V. Take a basis B of U and C of W. Then BUC isa
basis of V with respect to which T takes the block diagonal form.

Now for any o € S3, U and W are p(o)-stable. So all p(o) take block diagonal form with respect to the basis {e; + e» +
e3, e] — ez, e — ezl O

Question 4

Show that the following matrix generates a rotation around the x axis

b =

o O O O

o O O O

-~ O O O
(=)
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using the exponential R(6) = e~ 1971 Show that the matrix

(Kphy =

o

o
S O O O
o O O O

generates a boost in the x direction with A () = e~ 7K1,

Write the matrix form of the generator K for infinitesimal boosts along the y axis. Multiply an infinitesimal boost along x by
another along y. What does the form of the matrix indicate about whether non-aligned Lorentz transformations can form a
group?

Proof. Recall that the exponential of a matrix is defined by

2%

(¢]
S
i
18

n=0

where the RHS converges absolutely for any A € M,,(C). For diagonalisable matrix A = PDP~! where D = diag(A1,12), we
have A" = PD"P~! and hence

© 1 © D co A oo Al
et=Y —PD”P_ (Z 7) :Pdiag(z 71 Y 72) ! = pdiag(e™,e'2)p™!

n=o0" n=0 n=0 n=0

0 -1
First we diagonalise (1 0 ): The characteristic polynomial is x> + 1, so the eigenvalues are +i. The corresponding eigen-

vectors are (i,1) and (—i, 1). So

Hence
000 0 000 0\ 0 0 o000 00 0}
; 0 0 O 0 0 0 0 O 0 e o 0 0 0 0 O
RO) = =¢ =
©) 1o 0 0 —0|7|o 0o i -illo o & o [lo 0o i -i
0 0 6 O 0 0 1 1 0 0 0 e®flo 0o 1 1
1 O 0 0 1 0 0 0
o1 0 0 o1 o 0
1o 0 %(eie+e‘i9) —%(eie—e‘ie) 10 0 cosf -—sinf
00 %(eig—e‘ie) %(eig+e‘ig) 0 0 sin@ cosO

Hence the Lie subalgebra J; € so(1,3) generates the subgroup of SO(1,3) corresponding to rotation about the x-axis.

0 -1
Next we diagonalise ( 1 0 ): The characteristic polynomial is x? — 1, so the eigenvalues are +1. The corresponding eigen-

vectors are (1,—1) and (1,1).

Hence
0 -n 0 0 1 10 0\(e” 0 0 0\(1 1 0 0\
A(T])ze_inKlzexp -n 0 0 O _ -1 1 0 O 0 e7 0 of|l-1 1 0 o
0 0 0 O 0O 0 0 O 0 0 1 0 0O 0 0 O
0 0 0 O 0 0 0 O0J\O 0 0 1 0O 0 0 O
%(e” +e™M %(— e"+te™ 0 O coshn —sinhnp 0 0
_ 1-eT+e™  1Ee’+e) 0 0 _|-sinhn  coshp 0 0
0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1

Hence K; generates the subgroup corresponding to boost in the x-axis.


Pietro

Pietro


The boost in the y-axis gives the matrix in Lie algbra:

0 0 —i 0
0 0 0 0
5= 1,3
2= o o of€%WY
00 0 0
0 0 —i 0\(0O —i 0 0\ (0 0 0 0
ok |0 0 0 off-i 0 00| {0 0 00
28 0 o offo o o ol o -1 0 0
o 0 0 oflo o oo o o o0 o

Note that (K> K;)? = 0. The one-parameter subgroup generated by K, K is given by

1 0 0 O

; 0 1 0 0
*lthzK] — I_- K K —

¢ k)=l 50 1 o

0 0 0 1

This clearly does not represent a Lorentz boost. The Lorentz boosts do not form a subgroup of SO(1,3)*.

Question 5

The canonical j = 1 representation of the generators of 3D rotations can be derived from following rules:

J3lm) = m|m)
Jelmy =[G +1) —-m(m+ D2 m+1)
Je=Nhzxi)

Write down matrices representing the J; generators using the basis {|1),]0), | - 1)}.

Verify that the generators satisfy the same Lie algebra as that of the SO(3) group, i.e.,
Ui Ikl =i ) €jkmIm
m

Using the appropriate spherical harmonics as basis of the j = 1 representation space, show that /3 generates rotations around
z. Similarly, show that the spherical harmonics representing a direction in the yz plane are rotated around X by J;.

Proof. When j =1,

1 1 1
Jilm) = 5(]+ +J) Im) =5\/2—m(m+1)|m+1> +§\/2—m(m—1)lm—l>
1 1 1
Jolm) = E(h—]_)lm) =Z\/2—m(m+1)|m+1> —Z\/Z—m(m—l)lm—b

J3lm) = m|m)

The spin-1 representation of the generates are given by

—
(=}

0
2
v2 -1 0 1], J3=10

(=)
p—
o
o
|
—
o
o O
=)
—

Verify the commutation relations:

J ]]—l
1,J2 _21

—
(e=)
—

|
—
o
—

|

|

—

(e}

—

—

(e}

—
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NEER 1 0 1 (2 0 0
=z|[o o o|-[o o off=xf0 o of|=i
"l=1 0 1) =1 0 -1 "o o 2
0o 1 o\ft 0o o) (1o oo 1 o
UzJsl=%=({-1 0 1ffo 0 of-fo 0 of|-1 0 1
"o =1 oflo o =1/ {o o =1J{o -1 o
o 0o o) (01 0 0 -1 0
2 2
:g 1 0 -1|-lo 0 o :‘/—,_—1 0 -1|=ij
"o o of o1 0 "lo -1 o
10 oo 10, (01 0\f1 0 0
V2
Uschi=~-[{o 0 o ff1 o 1]-|1 0 1[fo 0 o
00 -1 1 0of lo 1 of/lo 0o -1
o 1 0y {0 0 0 0 1 0
2 2
:g 0 0 o|-[1 0o -1 :‘/7— -1 0 1|=i}
o -1 o/ (o o o 0 -1 0

In summary, [/}, Jx] = i€ jkmJm- U1, J2, J3} generates the Lie algebra s0(3).

The spherical harmonics:

/3 i /6 3 .
Y1100,9) =— P sinfe'?, Y1,00,9) = P cosB, Y1,-100,9) =1/ asin@ e

The one-parameter subgroup of SO(3) generated by J3 is

el g 0
R@)=e 3= 0 0 o0
0 0 e

Hence we have
R(@)Y1,0,¢9) = e 1@ Y110,9)=Y11(p—-a); R(@)Y1,0(0,9) =Y1,0(0,9) = Y1000,9p—-0a), R@)Y1,-100,9)=Y1,-10,0—q)

So the action of e 7193 is equivalent to a coordinate transformation 6 — 6, ¢ — ¢ — a, which is a rotation around z-axis by an

angle a.

For J;, we may have to choose a different parametrisation of S2. T am not sure about what this question want me to show
explicitly.

(What is the general relationship between the angular momentum operator in quantum mechanics and the Lie algebra so(3) ?)
O

Question 6

Consider the Dirac equation of a fermion field in the presence of an electromagnetic field A*
(iyFou+qy" Ay—m)y =0
where the y* are 4 x 4 matrices with the anti-commutation relationship
Yy +ytyt = —2gt

(The important thing to keep in mind here is merely that there are 4 distinct matrices; you shouldn’t need the anti-commutation
relationship itself.) Apply the local gauge transformation to the fermion field

y—y' =€y

where « is also a function of spacetime. Show that local gauge invariance can be restored by applying a simultaneous gauge
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transformation to the electromagnetic field,
Ay— A=Ay +0ux
What must the relationship be between y and a?
Proof. With y — el9%y and Ay — A, + 0y, the gauge invariance requires that
(iY#0u + gy* (Au+0u 1) —m) e 1y =0
Since 0, u (!9 y) = 0,y +iq€l9® yo, a, we have

iga

—qy* e 1"y a + qy" eI wo,x =0

Hence a and y must satisfy
yYHoula—x) =0

Dol=A + C Jon

aestont C = ﬂ%e("‘;Q
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