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Question 1

For each of the following theories compute the canonical scaling dimensions of the fields and write down
all the relevant and marginal operators (Remember: the operators should not have free Lorentz indices).

Furthermore, give the scaling dimension of the coupling constants appearing in the Lagrangian.

Two scalar fields in d =3 and d =4

1 1 A 2
L= 5 (3u<251)2 + B} (8,@2)2 + a0 (¢il + ¢%) + fﬂﬁ%(?%

Dirac Lagrangian in d =4

L = pil*d,1p — map)

Coleman—Weinberg model in d =4

L=~ (F)® + (Du0)* +m6 4 Ag*

where the field ¢ is real, the signature is Euclidean and D,¢ = (0, + eA,) ¢.

Proof. The scaling dimensions can be computed by a naive dimensional analysis. First we put everything into the

natural units: ¢ = A = 1. Then let [A] denote the mass dimension of the physical quantity A. Then we

\/ have:

d—2 d—1

An operator is relevant if the coupling has positive mass dimension, and is marginal if the coupling is

dimensionless.

v
P
Y

Two scalar fields in d = 3 and d = 4:

For d = 4, [¢] = 1. The relevant operators are given by ¢, ¢3, with coupling scaling dimension —2.
The marginal operators are given by (9,01)2, (9,62)2, (0,¢1)(0"¢2), 1, #3, p3¢3. In particular, we
have [A\] = [p] = 0.

1

For d = 3, [¢] = 5 The relevant operators are given by ¢?, ¢3 with coupling scaling dimension

—2, and ¢, ¢3, p?¢3 with coupling scaling dimension —1. The marginal operators are given by
(a,u(bl)za (a,u¢2)27 (au¢1)(au¢2)7 ?7 ¢gv ¢411¢%a ¢%¢[21 In partiCUIar7 we have [)‘] = [IO] =L
Dirac Lagrangian in d = 4:

3 _
We have [¢] = 7 The relevant operators are 1), @) with coupling scaling dimension —1. (This is

a free field theory and has no coupling constants.)
Coleman-Weinberg model in d = 4:

(I don’t know about quantum electrodynamics...) We have [¢] = 1, [e] = 0 and [0,] = [A,] = 1.
It seems that the only relevant operator is ¢? with coupling scaling dimension —2. The marginal
operators are F* Fy, (0u6)%, (Au9)?, (9.0)(A"9), 6. O
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Question 2

The beta function describes the dependence of a coupling parameter g on the energy scale p of a given
physical process:

_ 99
5(9) = M@

such that at fixed points of the RG flow beta functions should vanish. Consider a nonabelian gauge theory
with gauge group SU(N,) and Ny Dirac fermions in the fundamental representation of the gauge group. For
large N., Ny its perturbative beta function is given by

1 1

Blg) = = (11N, — 2Ny) ¢° —

1 /34, 13
1672 3

N2 NN P+
(167'('2)2 3 [ 3 f C)g +

Determine for which region of the parameters Ny, N. there are fixed point consistent with perturbation
theory.
Proof. The equation 3(g) = 0 at order ¢° is given by

o 16m*(11N, — 2Ny)
9 = TN.(3AN, — 13N;)

The equation has real solution g # 0 if and only if

(11N, — 2N;)(34N,. — 13N;) < 0.

34 11
Therefore the fixed point exists only if ﬁNc < Ny < ?Nc.

Question 3

Given the finite conformal transformations check explicitly that a special conformal transformation is equiv-
alent to an inversion followed by a translation followed by another inversion. How are the parameters a* and
b* related?

Proof. A special conformal transformation is given by

xh — g2

/M: .
. 1-2b-2+ 22

Let I: # +— x#/x? be the inversion and Ty : z* — z# + a* be translation by a. We have

o L@ (x)* = b (z) 2
T T2 I(@)I(2) 2 + b (2) 2
I(z)k - b
((x) —b)?
T poI(x)"

= 7(11_1)0[(37))2 =IloT pol(x).

Hence we have a* = —b*.
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Question 4

From the action of the conformal generators acting on functions, verify all the commutation relations of the
conformal algebra except those between two Lorentz rotations.

Proof. The Lie brackets of the generators of Poincaré algebra has been verified in different contexts. We repeat
the calculation here. First we note the canonical commutation relations:

[l'ual'u] = [aua al/] =0, [auafbu] = Ny
So we have

[PIM PV] =0;
[Ppa L;w] = [apa mu]&, — (05, m,,]@u = NppOy — Npw O = _i(npupu - npupu)-

Next we consider the dilations:

D, D] =0; /
(D, P,] = —[2"0,,0u] = —0, =iP,;

D, L) = [2°05, 2,0, — ©,0,] =0 (since L, is skew-symmetric.)
Finally consider the special conformal transformations:

(K, K] = — [22,2"0, — 220, 22,27 0y — :L’28p]
=— [a;28u,x28p] —4[x,x" 0y, x,x° 0] + 2 [mua;”ay,mp] +2 [xzau,xpm"(%] (/
= —22%(2,0) — 2p0) — 0+ 2(2°w,0, — 2 e’ 0y) — 2(2*2p0) — 2?1z’ dy)
=0
(K., P)] = — [22,270, — °0,,0,]
= —2[z,2”,0,] 0, + [2%,0,] 9,
= 2Nwa”0, + 2 (2,0, — x,0,)
=21 (D — Lyw)
(K, D] = — [22,2°0, — 2°0,,, 2”0, |
= 2" [K,, P)] — [22,2°0, — 2°0,,,2"] 0,
= 2x,x"0, + 22,2"0, — 2:628# —2x,2"0, + x28u
=2x,2"0, — :c28M
—iK,,
(K, Lup) = Ky, 2p Py — 2, By
=xp [Ku, P — 2, [Ky, P+ Ky, xp) Py — [Ky, 2] P,
= 21 ((@pnuw — 2u1pp) D — (@p Ly — wvLyp)) + -
=1 Kp — nupKy) - a
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Question 5

Quadratic Casimir. Consider the following quadratic operator
Cc® = L, I" + aP,K" + 8K, P" + yD*

and fix the coefficients «, 8, such that it commutes with all the generators of the conformal algebra.

Proof. This question is a computation by brute force.

(€, Lyo) = [Luw L', Lyo] + a[PuK*, Lyg] + B P", Lpo] +7[D?, Lyo]
= —1(Lyptvo = LuoMvp = Luptuo + Luotiup) LM — 1 (L“pnyo — L¥on”, — LZUNU + L”an“p) Ly
+ ai(Ponpy — Ppliop) K + ai(Konp! — Kpno) Py
+ BU Kooy — Kpnop) P + Bi(Ponpt — Pons) Ky
=0

The calculation for P,:

(€@ P, = [L, LM, P, + a[P,K", P,] + B[K,P", P,) + [D?, P,]
= —1 (nyppu - nupPy) L — i(nuppy - ﬁVpP“) L,uu
+ 20i(Dnt, — L") P, + 28i(Dnyp — L) PH + 29iDP,
= i(2a+ ) DP, +i(28 + 7)P,D +i(2 — 2a) P*L,,, +i(2 — 268) L., P".

So [, P)] =0 if

20+v=204+vy=2-2a=2-23=0.
That is, we have o« = 8 =1 and v = —2. The calculation for K, is similar: l/

o

€% K, =i(2a +~)DK, +1i(28 + 7)K,D +i(2 — 20) K*L,,, + i(2 — 28) L, K" = 0.

The calculation for D:
€®, D] = o[P, K", D] + B|K, P", D]
= —aiP, K" + oiK,P" — BiK, P" + BiP, K"
= (—a+ B)iP, K"+ (a — B)iK, P"
=0. O

Question 6

Following the method of the lectures, derive [K,, ¢ (x)] for a primary scalar operator.

Proof. Following the lecture, we consider the group element

IA(M =:= exp(—iz"P,) K, exp(iz"P,) = exp(iz” ad P,) K,
where ad P, = [P,, —] is the left adjoint action of P,. Expanding the exponent:

7> : 1 o 1 o
K, =K, +iz"[P,,K,| — §$”x [Py, [Py, K,]] — gx”az x[P,, [Py, [Py, K],
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and all higher powers of action by P vanish. We can compute term by term:

[Py, K| = —=2i(Dnpy — L)
[Py, [Py, Ku]] = —2i (”7W[Paa D] - [PmLuVD
= =2 (s + 1uo Py — v By)
[Pm [Pm [PmKum =0.

Hence /
[?u =K, + 22" (Dnuw — L) + 22 (M Py + Mo Py — Ny P)-

For a primary scalar operator ¢ (x), we know that:

[P;m ba(z)] = 10,0a(7), [Luya $a(0)] = 0, [K/u $a(0)] = 0.

Therefore \/

[I?u, $a(0)] = 21‘”[D, $a(0)] + xyxa("hw[Po: $a(0)] + nuU[Plu $a(0)] — WVU[PAH $a(0)])
= 2iAz,00(0) + 217,27 0y 90 (0) — i720,64(0)

Therefore we have
(K, pa(x)] = 2iAx,¢0(2) + 212,27 05da () — ix20#¢>a(x). \/ O
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