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Question 1

Find the extremals of the functionals (assume that y is prescribed at z = a and = = b):

b
(a) / (y? — y? — 2y cos 2z) dx
a
b, 12

® [ L da
a X

b
() / (y* +y? —2ye”) dx

b
Solution. (a) Let L(z,y,y') = y*—y"*—2ycos2rand S = / L dz. The minimizer y of the action S satisfies the Euler-Lagrange

Equation:
i%_%—o — " 4y = cos 2z
dz oy 0oy gy =
The boundary conditions y(a) = y(a) and y(b) = y(b) are not inhomogeneous. We can make it homogeneous by

y(b) — y(a)

considering v(z) := (z — a) + y(a). Then the linear function v satisfies v(a) = y(a) and v(b) = y(b). Let

g :=y — v. § satisfies the second order ODE with homogeneous boundary conditions:
§'+g=cos2z—v(x),  gla) =7(b)=0

For the homogeneous part, we note that y; () = sin(z — a) and y»(x) = sin(x — b) are two linearly independent
solutions such that y; (a) = y2(b) = 0. The Wronskian:

W(z) = y1(x)ys(x) — yi(x)y2(x) = sin(xz — a) cos(z — b) — cos(x — a) sin(x — b) = sin(b — a)

Let f(z) := cos 2z — v(x). By Section 1.7 in the notes of Differential Equations II, we can write the full solution as:

N A £(9/ (1 P1C0) P F(E)y2(&)yi ()

1 . . . ’ .
= S0 —a) (sm(x - b)/a (cos2¢& —v(€))sin(€§ — a) d€ + sin(x — a)/a: (cos2& —v(€))sin(§ — b) df)
in which:
/I cos2¢sin(§ —a) d§ = /w %(sin(?)f —a) —sin(§ +a)) d¢ = é(cos 2a — cos(3z —a)) — %(cos 2a — cos(z + a))
’ : "1 . 1 1
/ cos2¢sin(§ — b) d¢ = / 5(8111(35 —b) —sin(§+ b)) d¢ = 6(005(31‘ —b) — cos2b) — §(cos(x + b) — cos 2b)

x

[ et@ysinte — ) ag = (o) [

a

sine — a) g+ M= (e apsinge - ) ag
= y(a) /w sin(€ —a) d€ + w ((g —a)cos(§ —a)|s + /w cos(é — a) df)

=y(a)(1 — cos(z — a)) + W(—(x —a)cos(z — a) + sin(z — a))
= —v(z)cos(z —a) + y(a) + W sin(z — a)

b
PO [ e — asinie - 1) e

y(b) —
h_
b —ula b
= y(a)/ sin(§ — b) d€ + % ((E —a)cos(€ —b)|; +/ cos(§ — b) df)

y(b) — y(a)
b—a

b b
[ o(©sine —) dg = y(@ [ sin(e - de +

= y(a)(cos(z —b) — 1) + ((x — a) cos(x — b) — (b — a) —sin(xz — b))



= v(x) cos(xz — b) — y(b) —

b—a
Substitute these expression into ¢ and we obtain:
g(x) = m (é(cos 2a — cos(3z — a)) — %(cos 2a — cos(z + a)) + v(z) cos(z — a) — y(a) — %Z(a) sin(z — a))
+ Sslirlrl({lj:ccj)) (é(cos(?)x —b) —cos2b) — %(cos(x + b) — cos 2b) — v(z) cos(x — b) + y(b) + w sin(z — b))
= m <—;(cos 2asin(z — b) — cos2bsin(xz — a)) + %(sin(x —a)cos(3z — b) —sin(z — b) cos(3z — a))

+ %(sin(m —a)cos(z +b) —sin(xz — b) cos(z + a)) — v(x)sin(b — a) + (—y(a) sin(z — b) + y(b) sin(x — a)))

sin(z — a)

sin(b 1
sin(b — a) + (y(b) + 3% 2b> sin(b — a)

In conclusion, the solution to the original problem is given by:

1 1
=v(z) — 3 €08 2z + y(a) + 3 cos 2a

sin(b — )

sin(x — a)
sin(b — a)

+ (y(b) + é cos 2b) sin(b— a)

y(z) =g(z) +v(z) = —% cos 2z + (y(a) + %cos 2a>

b
(b) Let L(z,y,y') = y'?/2and S = / L dz. The minimizer y of the action S satisfies the Euler-Lagrange Equation:

doL oL _, %"

—— - = = =0 = ' =0
dz 9y’ Oy x3 Y

Hence y is a linear function. y satisfies the boundary conditions y(a) = y(a) and y(b) = y(b). The full solution is

given by
y(b) —y(a)

P - )+ y(@)

y(z) =
b
(c) Let L(z,y,y') = y*> +y"? —2ye®and S = / L dz. The minimizer y of the action S satisfies the Euler-Lagrange

Equation:
d oL oL 0 " -

dwoy "oy VYT
For the homogeneous part, the auxiliary equation:
M-1=0 = Np==1
Then we find that y; (z) = sinh(z — a) and y(z) = sinh(b — z) are two linearly independent solutions such that
y1(a) = y2(b) = 0.

For the particular solution, we try y,(z) = axze®. Then

—e’ =y —yp =a(r+2)e’ —are® =20e" = a= —%
Hence the general solution is given by
y(z) = —%LL‘ e?” +Asinh(z — a) + Bsinh(b — )
With the help of part (a), we can immediately write down the full solution:
y(z) = —%x e’ + (y(a) + ;ae“) m + (y(b) + ;beb> m



Question 2

Find the extremals of

1
(@) / (y? + o' + y'?) dz subject to y(0) = 0, y(1) = 1
0

1,72
(b) Y_de subjecttoy(0) =1, y(1) =2

0 F
1
(©) / y"? dx + y(1)? subject to y(0) = 1.
0

b
Solution. (a) Let L(z,y,y') = y*> +¢' +y?and S = / L dz. The minimizer y of the action S satisfies the Euler-Lagrange

a

Equation:
d oL oL

dedy’ Oy

The second order ODE is linear and homogeneous. The auxiliary equation:

0 = 2 —-2y=0 = ¢y'—y=0

N-1=0 = )\172::|:1

Hence the general solution is given by
y(x) = Ae®*+Be™®

Subtituting the boundary conditions y(0) = 0 and y(1) = 1:
A+B=0 Ae+Be t=1

1 inh
The full solution is given by y(z) = i

Hence A = _ sinhe
ence sinh 1

oemn1 B =g

(b) This is a special case of Question 1.(b). The solution is given by y(z) = i :

1
0(x70)+1:x+1

b
(c) First we assume that y(1) = 7 is prescribed. Let £, (z,y,,y,) = v;; and S, = / L, dz. Then the minimizer y, of

the action S,, satisfies the Euler-Lagrange Equation:

doc oL .,
dz 0y, Oy, N In =
The solution is linear function:
1) —y(0
yp(x) = u i_g( )(m—0)+1= (n—1Dz+1

Then the original functional becomes a function of »:
1 1
/ Y dz +y(1) :/ (n—1)2*de+n*=29" —2n+1
0 0

which is minimized when n = 3 Hence the minimizer of the original functional is given by y = —3% +1



Question 3

Show that the problem of finding extremals of

b
Jy] =/ F(z,y,y) dz

among all twice continuously differentiable functions y for which y(a) is prescribed, leads to the Euler equation
A (0P _oF
dz \9y' )] 0Oy

or
oy’

and to the natural boundary condition

z=b

1
. 1 .
Find the extremal of / <2y’2 +yy +y + y) dz among all y with y(0) = 1.
0

Proof. Suppose that y is a minimizer of the functional J[y] subject to the constraint y(a) = ¢ € R. We consider the set B of all
test functions 5 : R — R such that supp# C [a,b] and n(a) = 0. Note that for any o € R and 5 € B, the function y + an
satisfies the same constraint as y. Therefore we have

By chain rule, we expand this as:

d
0= —Jly+ an]

b b
0 OF OF
— 7F / / — il il
/a da’ @y Tamy tor) - dr / (”ay”ay') d

da w0
/b 8Fd+8F””:b /bdaFd
= —_ x - _ - T
o nay n@y’ a a Tz oy’
OF b (doF OF :
=~ oy L /a n (dxé)y’ - 8y) dz (we used the constraint n(a) = 0)

Since i € B is arbitrary, we infer that y must satisfy the Euler-Lagrange Equation

AOF _OF _
dz 0y oy
with the natural boundary condition
Pl
ay, r=b B
1 .
Let F(z,y,y’) = 5y’2 + vy’ + ' + y. By Euler-Lagrange Equation:
d / / /!
a(y +y+ 1) - +1)=0 = y¢'=-1

1
The general solution is y(x) = —5132 + Az + B. The boundary conditions are:

y(0)=1 = B=1
oOF

1

r=1



1 L 1 1
Hence A = - B = 1. The solution is y(z) = —5332 -t 1.

Question 4

Show that the Euler equation of the functional

z1
/ F(z,y,y',y") da

0

. d . . d .
has the first integral F,, — d—Fyu = const if F,, = 0 and the first integral ' — ¢/ (Fy, - dFy//> —y"Fy» = const if F, = 0.
x X

Proof. By Section 6.2 in the notes, the Euler-Lagrange Equation of this problem is given by

oF _d0F & or
Oy dx oy = dax?dy”

F
If g—y = 0, then the E-L Equation becomes:

d OF d% OF

dz 0y  dx? dy” -
By integrating with respect to x we find the first integral:

oF d OF
87/ - @83/’ = const
F
If oF = 0, by chain rule we find
ox
E_@j+ 8F+ ,,8F+ m OF 8F+ 8F+  OF
de Oz v oy oy’ oy’ 8y y oy’ 4 oy’

Substitute it into the E-L Equation:

8F ,d OF ,d? OF

ay g dz oy’ Ty dx2 oy

dF  ,0F ,,0F ,d9F ,d® OF

a7 oy 4 ay" da: ay’ dx2 3y” N

:>d£ d(y,@F) d( d@F)_y,,d(‘)F_y,,,aF_
dx oy’ dx oy"” dx 0y" oy

N dr i 8F d ,doFN\ d [ ,0F\ _
dx 3y dx oy" az \Y oy )

By integrating with respect to x we find the first integral:

P OF d OF g OF const
v Ay’ Cdz ay” Y oy’




Question 5
Find the extremal of the functional

w/2
/ (y? + 27 +2y2) da
0

™

subject to y(0) = 0, y (g) —1,2(0)=0, 2 (5) — 1.

Solution. Let L(z,y,y',2,2') = y’* + 2’2 + 2yz. The "system" has two "degrees of freedom". The corresponding Euler-Lagrange
Equations are:

aoc o aoc o
dz oy oy dz 92/ 0z
which gives:
2y —22=0 22" —2y =0

In matrix form it becomes:
y// B 0 1 y
2] \1 0)\z

In general, such equations can be decoupled by diagnolizing the coefficient matrix. But for this simple system, we can
decouple them by observation:

2= y// : ZI/ — y/I// : y////

—y=0
This is a fourth order linear ODE. The auxiliary equation:

Mo1=0 = M=1 d=-1A3=1 \g=—i
The general solution of y is given by y(x) = A cosz + Agsinz + Aze” +Age ",

Hence z(z) = y"(x) = —Ajcosz — Agsinz + Aze® +Age ",

The boundary conditions y(0) = 0, y (g) =1,2(0)=0,z (g) = 1 imply that
_ /2 —m/2 _ _ _ _ /2 —m/2 _
A1—|—A3+A4—O A2+A36 +A4€ =1 A1+A3—|—A4—O A2+A36 +A4e =1
Hence A; = Ay =0, A3 =—Ay = 1 The solution of y is given by y(z) = _sinhz and z b
P A2 A M T S i (n/2) yISBIVERDY UL = Go(ay2) Y
o(2) = sinh o

sinh(m/2)



