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Remark. In a 2D conformal field theory, the global conformal transformations on CP! are exactly the Mobius
transformations, which form the group PSL(2, C).

Question 1

(a) Given four point in the complex plane zi,---z4 show that the cross-ratio n defined in the lectures is
invariant under global conformal transformations.

(b) Find a global transformation that maps the points (0,1,2) to the points (0, 1, 00).

Proof. (a) The cross-ratio is defined by
_ (21— 22)(23 — 24)
C(z =) (22— za)
It is clear that n is invariant under translations, dilations, and rigid rotations. Indeed, such global
transformations can be represented by f(z) = az + b for some a € C\ {0} and b € C. We have

fun = (f(z1) = f(22))(f(z8) — f(24)) _ a®(z1— 22)(z3 — 21) _ (21— 22) (23 — 21) _ .
U (f(z) = f(23)(f(22) — flza))  aP(z—z3)(z2 — ) (21— 23) (22 — 24)

Furthermore, 7 is invariant under inversion I(z) = 1/z:

L. (/21 —1/22)(1/23 —1/z4) _ (22 — 21)(24 — 23) _ (21 — 22)(23 — 24)

(/21— 1/23)(1/22 = 1/z4) (23 — 21)(2a — 22) (21— 23)(22 — 24)

Therefore n is invariant under any global conformal transformations (where we used the fact that a
special conformal transformation is a composition of some translations and the inversion). QK

b
(b) Consider a Mobius transformation 7'(z) = azi— y (ad — be # 0), which is conformal on the Riemann
cz

sphere CP!. We want 7'(0) = 0, T'(i) = 1 and T(2) = co. This implies that b/d = 0, 2¢ + d = 0,

1 1
and ai + b = ci + d. Solving these equations we obtain a = — <2 + i) d,b=0,c= —§d, and d # 0.

Therefore the Mobius transformation is given by

T(z):(1+2i)zi2. O

Question 2 (vertex operator)

Consider a free scalar field in two dimensions ¢(x) and the operator O, = : €®¥(*) : where « is a real
constant. Focusing only in its holomorphic dependence, compute the OPE of this operator with the stress
tensor and verify that it is a primary operator of a given weight that you should compute.

[ Note: The normal ordering symbol is meant to remind us not to Wick contract two scalar fields within the
operator. |

Show that the two point function of such operators behaves as it should.
Proof. For the free scalar field CFT, the (holomorphic! part of) propagator is given by

(P()e(w)) = —5- In(z — w),

T suppose this should be called meromorphic in the context of complex analysis, but holomorphic is fine in the context of Riemann
surfaces...



and the stress-energy tensor is given by
T(z) = =2m:0¢(2)9p(2): =: =2 lim (0p(2)dp(w) — (p(2)dp(w)))

— —2n Jim (9p(20p(0) + - o ).

Ax (Z — w)2
By performing Wick contractions, the OPE T'(z) :el®?(*): is given by:
T(2)On(w) = =27 : 0 (2)Dp(z) 161 W) ;

= —27rz (iz!)” :00(2)0p(2) 1 p(w)":

= 2> B oo hpu) s +2m (Dp(2)p(w) 00 2o w)

+n(n — 1) (9p(2)p(w)) (Op(2)p(w)) s p(w)"*2)

:_%Z(iZ!)n (:8¢(2)w(w)”=+<—2n ! ):8¢(z)<p(w)"‘1=+n<(zﬁ_)21) _1w)2:90(w)”_2:>

~ drz —w (2
a2 :eiago(w) . ) :8S0(Z) eiacp(w) . . .
- + i -+ entire functions.
87 (2 — w)? Z—w
2 . plap(w) . O 2 jap(w)
_ @ g © + entire functions. Good
87 (2 — w)?

Z—w . .
L) B = Bup + (7 — w) %0 — reg;ﬂar, trick for single pole

Hence O, = :€!%: is a primary operator with conformal weight h = . The OPE O, (2)O4(w) is given
T

by performing infinitely many times of Wick contractions:

B 00 00 00 (ia>p+¢1+2r (p—|—r)!(q—|—1“)!l No(w) s o(2)Po(w):
=X Gl A PR e

_ > X (ia)Pta , . > (—a?) ;
DoY) | | X (el)e(w)

r=0

_ oo p(2)p(w)) , giap(2) glap(w),

Q

s plop(2) glap(w)

W

[N 3

=(z —w)

OPE @x&w = (&d(}y>
17 :0a(2)Oa(w): . expectation is taken by default...?

|2

=(z—w)

Therefore the 2-point correlation function is given by What is the 1 doing here?

a2
(0a(2)On(w)) = On(2)On(w) — :O0n(2)Op(w) : = (1 —(z— w)4w> :04(2)O0q(w):.
The result does not look right... Perhaps we need another 2-point correlation function:
(Oa(2)O0_a(w)) = (z — )" /* : 04 (2)O_a(w): + entire functions. O

That’s right, the 2 pt function is between the operator and its conjugate

String interaction n-pt function.
State operator correspondence

(9 (0)[0> = 1he> > <hul = fim 2 o927 <Owi Oun> 2:¢i =10

9 Momentum conservation!



Question 3

(a) Calculate the four-point function (0pdpdpdy) for the free two-dimensional boson, using Wick contrac-
tion. Compare it with the general expression given in the lectures and determine the function g(n) in
this case.

(b) Calculate now the correlator (T'(z)0pdpdpdy), where T'(z) is the holomorphic stress tensor given in
the lectures, using Wick contraction. Verify the conformal Ward identities for this case.

Proof. (a) We know that

Op(x)0p(w) = —L 1

A (z — w)

By Wick contraction, the 4-point function is given by

(Op(21)0¢p(22)0¢p(23)0p(24)) = i > {00(251))00(20(2)))  09(20(3)) 00(20(4)) *

gESy
1
+3 > {00(251))00(20(2))) (00(20(3)) 0 (20(1)))
o€Sy
_ 1 Z 1 1 _ 1 Z i:a@(?«'g(g))a@(/zg(gl)):
8 5 (4m)? (zo1) = 202 (20(3) — Zo@)? 4 S5 47 (200) —Z0(»)®

| don’t see what the term with the : ... :

The most singular term in the expression is given by: . :
is doing there!

1 ( 1 n 1 n 1 )
(4m)2 2%2232,4 233254 2%4233

2/3 2/3 2/3 2/3 2/3 2/3
1 1 <213224> / (314223> / n <Z122’34> / <214223> / n (212234> / (2132’24> /
(4m)2 (212213214223224234)%/% \ \ z12234 212234 213224 213224 214723 214723

1 1 ( 2/3 92/3 —2/3_2/3 —2/3,-2/3
- WS 4 BB | g2ty
(47)? (z12213214203724234)%/3
where v := 2137:24, = 214223, v = Z14Z23, and z;; := z; — zj for 4,5 = 1,...,4. Note that «, 3 and
212234 212234 213%24

~ are cross-ratios and are conformally invariant. We may apply a Mobius transformation such that
—1

(21,22,23,24) — (0,1,7,00). Thena=n, f=n—1and v = N~ 2 Therefore
n

_ _ _ (77 _ 1)2/3 772/3
QB3 BB BT = 1B — 1)28 4 R P T R

In summary, the 4-point function (Op(z1)0¢(22)0¢(23)0p(24)) is given by

1 23 2/3
. W3 —1)23 + (n 413 L . 1 .
(4m) n*/ (n — )43 | (212213214223224234)%/3

By comparing this expression with the general expression in the notes:
— _ _ _ _ h/3—h;—h;_h/3—h;—h;
(61 (21,71) B2 (22,%2) 63 (23, Z3) b4 (24, Z0)) = g, 1) [[ /> Pazp/> -t

1<j

We obtain that

[\

1 2/3 o3, (n—1)*3 ?’?
90 = s (77 =D+ s i Good!



Note that we have neglected the anti-holomorphic part in the above calculation. The terms are sym-
metric to the holomorphic ones.

(b)
O
of
T ()= () (T6)- £ ).5)
Question 4
Show that the Schwarzian derivative vanishes when restricted to global conformal transformations.
Proof. The Scharzian derivative is given by
()2 = 55 = s (£ — 2 f76)7).
’ f'(2)? 2
az+b e s .
Let f(z) = d (ad — be # 0) be a Mébius transformation. Then:
cz
;o ad—bc wes 2c(ad — be) —2cf’(2) o 6¢%(ad — be) B 6c%f(2)
f(z)_(cz+d)2’ 1) = (cz+d)3 — ecz+d’ /=) = (cz+d)*  (cz+d)?
Therefore the Schwarzian of f is given by
1 . 62f(2) 3 [ —2¢f'(2)\?
_ _ o =L =0. O
51() f'(z)? (f % (cz+d)* 2\ cz+d % Good!

Question 5

Given a Virasoro primary |h) such that
Lolh) = hlh), (h|h) =1

Compute the inner products between all level two descendants and their conjugates.

Proof. The Level 2 descendants are L_5 |h) and L? | |h). We can compute their norms with the known Lie brackets:

(L, Lyn] = (1 — 1) Lpn + —

12n(n2 — 1)6m4n.0-

For L_q |h), we have:

|L-2 1W)I® = (bl LaL2 ) = (Al (L, Los] 1B} = (] (4Lo + 5 ) Ih) = 4h + 5.

For L2 |h), we have:
1221 10)])* = (Rl L3L2, |B) = 2 (k| (L, La]? |h) = 2 (h] (2Lo)” |} = 8h%. O
This equality is wrong should be #4h°t4h
& <hlL:LEIny = ¢h

What about the mixed term?



Question 6. Dentity Virasoro conformal block
Consider two identical operators of conformal weight (h,h) such that they are canonically normalized

1
(Dnn(2,2)Pnn(0)) = Jahg2h

Consider the OPE (6.25) in the lecture notes, and focus in the identity operator plus its Virasoro descendants.
(a) Compute the OPE coefficients C{g’(k’k) up to level two.

(b) Use the result of part (a) to compute the small z expansion of the Virasoro conformal block for the
identity operator.

Proof. (a) The identity operator id: z + (|¥) + |¢)) has conformal weight (h,h) = (0,0).

Ne?&ot M'-L-u_@:zwmrkc port . N

P (2)p (0) = 2 z-2h+lkl id® ), ok}

= <idwW@(2)p)>= z2h

Descendents °f id : J_,idd=0o, [_,id =T
<T(W)(P(Z)LP(0)> WZ(W—Z)zzzh‘z

h
N~ aga T

— —
OPE with T OPE with descenclonts oj‘ T

<T(w) -CW“""{"}ZQ”‘*ZT(D» = Coo ol 423 _2-2h o Cv\/lz (2T 9Tt

wt v
Y |
ol 23 24
=>Cw>‘ =
hl@QU)Lg, Ll hpd
(b) Fu tpl2) = {% 5 <hlew I hp>
peo. ?-o, )L.1>>—Io>

[h> = 2_,0 w(p(2) [o> = 2“%'; 22h <o | (2)

k:b . 2_2_h ° <hl‘Pll)/°) _ 2-21‘

<hl@c) s>
k=1: o > <hlfar L3700 = Lo <h (- A2+ Ww)+w2*'9wwﬂ°>
osh , 43 _ 2 Shl®WL 200> - v’?“*“T fon 2 (i G % T ) 1D
k=-2: 2 £° Z <h|(.p(l)’0> = h
\L = 2h/c [ ﬂdw % <0(Qp(%)cpu;lo>
Liva —2h
— o = 1
2h+2 2‘&2 (d ‘3
=7 <



1) Ln=2""2z
zZ = j_ln Wﬁ'}’ nz2—1I
2 = oo Lh/\ﬁ?«w&vﬁn’ ne<i

2) 2(t) : ot = 2" D zwit) = (—nit+c) "
ﬁmoﬂ//w—wdz for n=0, |
B)f (CP - CP' %oemmﬁw

plz)

Riemouwn= Roch f 712) € C(2)



