
Peize Liu
St. Peter’s College

University of Oxford

Problem Sheet 3

CFT in two dimensions

Conformal Field Theory

13 May, 2022

1. A
2. A-
3. B
4. A

5. B/C
6. NA



_2K�`FX AM � k. +QM7Q`K�H }2H/ i?2Q`v- i?2 ;HQ#�H +QM7Q`K�H i`�Mb7Q`K�iBQMb QM CP1 �`2 2t�+iHv i?2 Jƺ#Bmb
i`�Mb7Q`K�iBQMb- r?B+? 7Q`K i?2 ;`QmT PSL(2,C)X

Zm2biBQM R

U�V :Bp2M 7Qm` TQBMi BM i?2 +QKTH2t TH�M2 z1, · · · z4 b?Qr i?�i i?2 +`Qbb@`�iBQ η /2}M2/ BM i?2 H2+im`2b Bb
BMp�`B�Mi mM/2` ;HQ#�H +QM7Q`K�H i`�Mb7Q`K�iBQMbX

U#V 6BM/ � ;HQ#�H i`�Mb7Q`K�iBQM i?�i K�Tb i?2 TQBMib (0, i, 2) iQ i?2 TQBMib (0, 1,∞)X

S`QQ7X U�V h?2 +`Qbb@`�iBQ Bb /2}M2/ #v
η :=

(z1 − z2)(z3 − z4)

(z1 − z3)(z2 − z4)
.

Ai Bb +H2�` i?�i η Bb BMp�`B�Mi mM/2` i`�MbH�iBQMb- /BH�iBQMb- �M/ `B;B/ `Qi�iBQMbX AM/22/- bm+? ;HQ#�H
i`�Mb7Q`K�iBQMb +�M #2 `2T`2b2Mi2/ #v f(z) = az + b 7Q` bQK2 a ∈ C \ {0} �M/ b ∈ CX q2 ?�p2

f∗η =
(f(z1)− f(z2))(f(z3)− f(z4))

(f(z1)− f(z3))(f(z2)− f(z4))
=

a2(z1 − z2)(z3 − z4)

a2(z1 − z3)(z2 − z4)
=

(z1 − z2)(z3 − z4)

(z1 − z3)(z2 − z4)
= η.

6m`i?2`KQ`2- η Bb BMp�`B�Mi mM/2` BMp2`bBQM I(z) = 1/z,

I∗η =
(1/z1 − 1/z2)(1/z3 − 1/z4)

(1/z1 − 1/z3)(1/z2 − 1/z4)
=

(z2 − z1)(z4 − z3)

(z3 − z1)(z4 − z2)
=

(z1 − z2)(z3 − z4)

(z1 − z3)(z2 − z4)
= η.

h?2`27Q`2 η Bb BMp�`B�Mi mM/2` �Mv ;HQ#�H +QM7Q`K�H i`�Mb7Q`K�iBQMb Ur?2`2 r2 mb2/ i?2 7�+i i?�i �
bT2+B�H +QM7Q`K�H i`�Mb7Q`K�iBQM Bb � +QKTQbBiBQM Q7 bQK2 i`�MbH�iBQMb �M/ i?2 BMp2`bBQMVX

U#V *QMbB/2` � Jƺ#Bmb i`�Mb7Q`K�iBQM T (z) =
az + b

cz + d
Uad− bc $= 0V- r?B+? Bb +QM7Q`K�H QM i?2 _B2K�MM

bT?2`2 CP1X q2 r�Mi T (0) = 0- T (i) = 1 �M/ T (2) = ∞X h?Bb BKTHB2b i?�i b/d = 0- 2c + d = 0-
�M/ ai + b = ci + dX aQHpBM; i?2b2 2[m�iBQMb r2 Q#i�BM a = −

(
1

2
+ i

)
d- b = 0- c = −1

2
d- �M/ d $= 0X

h?2`27Q`2 i?2 Jƺ#Bmb i`�Mb7Q`K�iBQM Bb ;Bp2M #v

T (z) = (1 + 2i)
z

z − 2
.

Zm2biBQM k

*QMbB/2` � 7`22 b+�H�` }2H/ BM irQ /BK2MbBQMb ϕ(x) �M/ i?2 QT2`�iQ` Oα = : eiαϕ(z) :- r?2`2 α Bb � `2�H
+QMbi�MiX 6Q+mbBM; QMHv BM Bib ?QHQKQ`T?B+ /2T2M/2M+2- +QKTmi2 i?2 PS1 Q7 i?Bb QT2`�iQ` rBi? i?2 bi`2bb
i2MbQ` �M/ p2`B7v i?�i Bi Bb � T`BK�`v QT2`�iQ` Q7 � ;Bp2M r2B;?i i?�i vQm b?QmH/ +QKTmi2X

( LQi2, h?2 MQ`K�H Q`/2`BM; bvK#QH Bb K2�Mi iQ `2KBM/ mb MQi iQ qB+F +QMi`�+i irQ b+�H�` }2H/b rBi?BM i?2
QT2`�iQ`X )

a?Qr i?�i i?2 irQ TQBMi 7mM+iBQM Q7 bm+? QT2`�iQ`b #2?�p2b �b Bi b?QmH/X

S`QQ7X 6Q` i?2 7`22 b+�H�` }2H/ *6h- i?2 U?QHQKQ`T?B+R T�`i Q7V T`QT�;�iQ` Bb ;Bp2M #v

〈ϕ(z)ϕ(w)〉 = − 1

4π
ln(z − w),

RA bmTTQb2 i?Bb b?QmH/ #2 +�HH2/ K2`QKQ`T?B+ BM i?2 +QMi2ti Q7 +QKTH2t �M�HvbBb- #mi ?QHQKQ`T?B+ Bb }M2 BM i?2 +QMi2ti Q7 _B2K�MM
bm`7�+2bXXX

R

OK

(vertex operator)



�M/ i?2 bi`2bb@2M2`;v i2MbQ` Bb ;Bp2M #v

T (z) = −2π :∂ϕ(z)∂ϕ(z) : =: −2π lim
w→z

(∂ϕ(z)∂ϕ(w)− 〈∂ϕ(z)∂ϕ(w)〉)

= −2π lim
w→z

(
∂ϕ(z)∂ϕ(w) +

1

4π

1

(z − w)2

)
.

"v T2`7Q`KBM; qB+F +QMi`�+iBQMb- i?2 PS1 T (z) :eiαϕ(w) : Bb ;Bp2M #v,

T (z)Oα(w) = −2π :∂ϕ(z)∂ϕ(z) : :eiαϕ(w) :

= −2π
∞∑

n=0

(iα)n

n!
:∂ϕ(z)∂ϕ(z) : :ϕ(w)n :

= −2π
∞∑

n=0

(iα)n

n!

(
:∂ϕ(z)ϕ(w)n :+2n 〈∂ϕ(z)ϕ(w)〉 :∂ϕ(z)ϕ(w)n−1 :

+n(n− 1) 〈∂ϕ(z)ϕ(w)〉 〈∂ϕ(z)ϕ(w)〉 :ϕ(w)n−2 :
)

= −2π
∞∑

n=0

(iα)n

n!

(
:∂ϕ(z)ϕ(w)n :+

(
−2n

4π

1

z − w

)
:∂ϕ(z)ϕ(w)n−1 :+

n(n− 1)

(4π)2
1

(z − w)2
:ϕ(w)n−2 :

)

=
α2

8π

:eiαϕ(w) :

(z − w)2
+ iα

:∂ϕ(z) eiαϕ(w) :

z − w
+ 2MiB`2 7mM+iBQMbX

=
α2

8π

:eiαϕ(w) :

(z − w)2
+
∂w :eiαϕ(w) :

z − w
+ 2MiB`2 7mM+iBQMbX

>2M+2 Oα = :eiαϕ : Bb � T`BK�`v QT2`�iQ` rBi? +QM7Q`K�H r2B;?i h =
α2

8π
X h?2 PS1 Oα(z)Oα(w) Bb ;Bp2M

#v T2`7Q`KBM; BM}MBi2Hv K�Mv iBK2b Q7 qB+F +QMi`�+iBQMb,

Oα(z)Oα(w) =
∞∑

n=0

∞∑

m=0

(iα)n+m

n!m!
:ϕ(z)n : :ϕ(w)m :

=
∞∑

p=0

∞∑

q=0

∞∑

r=0

(iα)p+q+2r

(p+ r)!(q + r)!

(p+ r)!

p!

(q + r)!

q!

1

r!
〈ϕ(z)ϕ(w)〉r :ϕ(z)pϕ(w)q :

=




∞∑

p=0

∞∑

q=0

(iα)p+q

p!q!
:ϕ(z)pϕ(q)q :




( ∞∑

r=0

(−α2)r

r!
〈ϕ(z)ϕ(w)〉r

)

= e−α2〈ϕ(z)ϕ(w)〉 :eiαϕ(z) eiαϕ(w) :

= (z − w)
α2

4π :eiαϕ(z) eiαϕ(w) :

= (z − w)
α2

4π :Oα(z)Oα(w) : .

h?2`27Q`2 i?2 k@TQBMi +Q``2H�iBQM 7mM+iBQM Bb ;Bp2M #v

〈Oα(z)Oα(w)〉 = Oα(z)Oα(w)− :Oα(z)Oα(w) : =

(
1− (z − w)

α2

4π

)
:Oα(z)Oα(w) : .

h?2 `2bmHi /Q2b MQi HQQF `B;?iXXXS2`?�Tb r2 M22/ �MQi?2` k@TQBMi +Q``2H�iBQM 7mM+iBQM,

〈Oα(z)O−α(w)〉 = (z − w)−α2/4π :Oα(z)O−α(w) : + 2MiB`2 7mM+iBQMbX

k

Good

That’s right, the 2 pt function is between the operator and its conjugate 

What is the 1 doing here?

d

cnnrnrfEQQ
o.es

Oxcojlo 1has hxl figzzhyoldcziox.nuOxus Ei Xi ⼆ 0

expectation is taken by default...？

regular, trick for single pole

String interaction n-pt function.

Momentum conservation!

State operator correspondence



Zm2biBQM j

U�V *�H+mH�i2 i?2 7Qm`@TQBMi 7mM+iBQM 〈∂ϕ∂ϕ∂ϕ∂ϕ〉 7Q` i?2 7`22 irQ@/BK2MbBQM�H #QbQM- mbBM; qB+F +QMi`�+@
iBQMX *QKT�`2 Bi rBi? i?2 ;2M2`�H 2tT`2bbBQM ;Bp2M BM i?2 H2+im`2b �M/ /2i2`KBM2 i?2 7mM+iBQM g(η) BM
i?Bb +�b2X

U#V *�H+mH�i2 MQr i?2 +Q``2H�iQ` 〈T (z)∂ϕ∂ϕ∂ϕ∂ϕ〉- r?2`2 T (z) Bb i?2 ?QHQKQ`T?B+ bi`2bb i2MbQ` ;Bp2M BM
i?2 H2+im`2b- mbBM; qB+F +QMi`�+iBQMX o2`B7v i?2 +QM7Q`K�H q�`/ B/2MiBiB2b 7Q` i?Bb +�b2X

S`QQ7X U�V q2 FMQr i?�i
〈∂ϕ(z)∂ϕ(w)〉 = − 1

4π

1

(z − w)2
.

"v qB+F +QMi`�+iBQM- i?2 9@TQBMi 7mM+iBQM Bb ;Bp2M #v

〈∂ϕ(z1)∂ϕ(z2)∂ϕ(z3)∂ϕ(z4)〉 =
1

4

∑

σ∈S4

〈
∂ϕ(zσ(1))∂ϕ(zσ(2))

〉
:∂ϕ(zσ(3))∂ϕ(zσ(4)) :

+
1

8

∑

σ∈S4

〈
∂ϕ(zσ(1))∂ϕ(zσ(2))

〉 〈
∂ϕ(zσ(3))∂ϕ(zσ(4))

〉

=
1

8

∑

σ∈S4

1

(4π)2
1

(zσ(1) − zσ(2))2(zσ(3) − zσ(4))2
− 1

4

∑

σ∈S4

1

4π

:∂ϕ(zσ(3))∂ϕ(zσ(4)) :

(zσ(1) − zσ(2))2
.

h?2 KQbi bBM;mH�` i2`K BM i?2 2tT`2bbBQM Bb ;Bp2M #v,

1

(4π)2

(
1

z212z
2
34

+
1

z213z
2
24

+
1

z214z
2
23

)

=
1

(4π)2
1

(z12z13z14z23z24z34)2/3

((
z13z24
z12z34

)2/3(z14z23
z12z34

)2/3

+

(
z12z34
z13z24

)2/3(z14z23
z13z24

)2/3

+

(
z12z34
z14z23

)2/3(z13z24
z14z23

)2/3
)

=
1

(4π)2
1

(z12z13z14z23z24z34)2/3

(
α2/3β2/3 + α−2/3γ2/3 + β−2/3γ−2/3

)

r?2`2 α :=
z13z24
z12z34

- β :=
z14z23
z12z34

- γ :=
z14z23
z13z24

- �M/ zij := zi − zj 7Q` i, j = 1, ..., 4X LQi2 i?�i α- β �M/
γ �`2 +`Qbb@`�iBQb �M/ �`2 +QM7Q`K�HHv BMp�`B�MiX q2 K�v �TTHv � Jƺ#Bmb i`�Mb7Q`K�iBQM bm+? i?�i
(z1, z2, z3, z4) '→ (0, 1, η,∞)X h?2M α = η- β = η − 1 �M/ γ =

η − 1

η
X h?2`27Q`2

α2/3β2/3 + α−2/3γ2/3 + β−2/3γ−2/3 = η4/3(η − 1)2/3 +
(η − 1)2/3

η4/3
+

η2/3

(η − 1)4/3
= .

AM bmKK�`v- i?2 9@TQBMi 7mM+iBQM 〈∂ϕ(z1)∂ϕ(z2)∂ϕ(z3)∂ϕ(z4)〉 Bb ;Bp2M #v

1

(4π)2

(
η2/3(η − 1)2/3 +

(η − 1)2/3

η4/3
+

η2/3

(η − 1)4/3

)
1

(z12z13z14z23z24z34)2/3
+ · · · .

"v +QKT�`BM; i?Bb 2tT`2bbBQM rBi? i?2 ;2M2`�H 2tT`2bbBQM BM i?2 MQi2b,

〈φ1 (z1, z1)φ2 (z2, z2)φ3 (z3, z3)φ4 (z4, z4)〉 = g(η, η)
∏

i<j

z
h/3−hi−hj

ij z
h/3−hi−hj

ij

q2 Q#i�BM i?�i

g(η) =
1

(4π)2

(
η2/3(η − 1)2/3 +

(η − 1)2/3

η4/3
+

η2/3

(η − 1)4/3

)
.

j

I don’t see what the term with the : … : 
is doing there!

Good!



LQi2 i?�i r2 ?�p2 M2;H2+i2/ i?2 �MiB@?QHQKQ`T?B+ T�`i BM i?2 �#Qp2 +�H+mH�iBQMX h?2 i2`Kb �`2 bvK@
K2i`B+ iQ i?2 ?QHQKQ`T?B+ QM2bX

U#V

Zm2biBQM 9

a?Qr i?�i i?2 a+?r�`xB�M /2`Bp�iBp2 p�MBb?2b r?2M `2bi`B+i2/ iQ ;HQ#�H +QM7Q`K�H i`�Mb7Q`K�iBQMbX

S`QQ7X h?2 a+?�`xB�M /2`Bp�iBp2 Bb ;Bp2M #v

{f(z), z} = Sf(z) :=
1

f ′(z)2

(
f ′(z)f ′′′(z)− 3

2
f ′′(z)2

)
.

G2i f(z) =
az + b

cz + d
Uad− bc $= 0V #2 � Jƺ#Bmb i`�Mb7Q`K�iBQMX h?2M,

f ′(z) =
ad− bc

(cz + d)2
, f ′′(z) = −2c(ad− bc)

(cz + d)3
=

−2cf ′(z)

cz + d
, f ′′′(z) =

6c2(ad− bc)

(cz + d)4
=

6c2f ′(z)

(cz + d)2
.

h?2`27Q`2 i?2 a+?r�`xB�M Q7 f Bb ;Bp2M #v

Sf(z) =
1

f ′(z)2

(
f ′(z)

6c2f ′(z)

(cz + d)2
− 3

2

(
−2cf ′(z)

cz + d

)2
)

= 0.

Zm2biBQM 8

:Bp2M � oB`�bQ`Q T`BK�`v |h〉 bm+? i?�i

L0|h〉 = h|h〉, 〈h | h〉 = 1

*QKTmi2 i?2 BMM2` T`Q/m+ib #2ir22M �HH H2p2H irQ /2b+2M/�Mib �M/ i?2B` +QMDm;�i2bX

S`QQ7X h?2 G2p2H k /2b+2M/�Mib �`2 L−2 |h〉 �M/ L2
−1 |h〉X q2 +�M +QKTmi2 i?2B` MQ`Kb rBi? i?2 FMQrM GB2 #`�+F2ib,

[Ln, Lm] = (n−m)Lm+n +
c

12
n(n2 − 1)δm+n,0.

6Q` L−2 |h〉- r2 ?�p2,

‖L−2 |h〉‖2 = 〈h|L2L−2 |h〉 = 〈h| [L2, L−2] |h〉 = 〈h|
(
4L0 +

c

2

)
|h〉 = 4h+

c

2
.

6Q` L2
−1 |h〉- r2 ?�p2,

∥∥L2
−1 |h〉

∥∥2 = 〈h|L2
1L

2
−1 |h〉 = 2 〈h| [L1, L−1]

2 |h〉 = 2 〈h| (2L0)
2 |h〉 = 8h2.

9

Good!

This equality is wrong

What about the mixed term?

8h't4h
h1LzLil以⼆ Gh

should be



Zm2biBQM eX .2MiBiv oB`�bQ`Q +QM7Q`K�H #HQ+F

*QMbB/2` irQ B/2MiB+�H QT2`�iQ`b Q7 +QM7Q`K�H r2B;?i (h, h) bm+? i?�i i?2v �`2 +�MQMB+�HHv MQ`K�HBx2/

〈φh,h(z, z)φh,h(0)〉 =
1

z2hz2h

*QMbB/2` i?2 PS1 UeXk8V BM i?2 H2+im`2 MQi2b- �M/ 7Q+mb BM i?2 B/2MiBiv QT2`�iQ` THmb Bib oB`�bQ`Q /2b+2M/�MibX

U�V *QKTmi2 i?2 PS1 +Q2{+B2Mib CId,(k,k)
12 mT iQ H2p2H irQX

U#V lb2 i?2 `2bmHi Q7 T�`i U�V iQ +QKTmi2 i?2 bK�HH z 2tT�MbBQM Q7 i?2 oB`�bQ`Q +QM7Q`K�H #HQ+F 7Q` i?2
B/2MiBiv QT2`�iQ`X

S`QQ7X U�V h?2 B/2MiBiv QT2`�iQ` id : z '→ (|ψ〉 '→ |ψ〉) ?�b +QM7Q`K�H r2B;?i (h, h) = (0, 0)X

8
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gualtiero algebra
1 Ln Z 2z

Z 0 Ln regularfor n2 1

0 Z o Ln regular for n El
Onlyglobe generators are Ln L

L 1 P L D L K slznep.DZZct 㼦 z z t l n t t c 么

No branchpoints for n 0 ⼟ 1

3 f CP C P holomorphic
RiemannRoch f 器 Eccz


