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Consider the algebra of oscillators for the RNS-string

Question 1. Super-Virasoro Algebra

[Ot%, O‘;{n] = ”77“”5n+m,0, n,me %
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where ¢ = 07% for the R, NS-sector. Define the generators of the Super-Virasoro algebra by the normal
ordered expressions
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forn € Z and r € Z+¢. Determine the algebra that these operators generate, i.e. compute [L,, Ly], [Lm, Gr]
and {G,, G, }.

Proof. With slightly abuse of notation, the index-free super-brackets are given by

[0, Qo] 1= Qi+ Ay — Qyy + Oy = NSy 0, {br,bs} := by - bs + bs - by = ddy450,

where d = §#,, is the spacetime dimension. Let L,, = Lg,? ) + ng), where
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We know from String Theory I (Sheet 2 Question 2) that L,(f{ ) satisfies the ordinary Virasoro algebra:
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We perform a similar computation for ng). Note that the commutator:
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For m 4+ n # 0, we can drop the normal ordering and compute the commutator:
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Therefore we have [L(b) L(b)] (m — n)L£Z+n + B(m)dm+n,0, where f(m) € C is a constant due to normal
ordering.
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The computation for [L,,, G,]:
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Therefore we have [L,,, G,] = 5
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The computation of {G,,Gs}:

{Gr,Gs} = Z Z {akbryk, a_gbsir}
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where g(r) € C is a constant due to the normal ordering,.



Finally, the method of finding §(m) and g¢(r) is similar to that for the ordinary Virasoro algebra, which is
implemented in Question 2 of Sheet 2 of String Theory I.

For (m), we note that it is an odd function. The graded Jacobi identity for L,(g) implies that 5(m) takes
the form Bim + f3m? for some S, B3 € C.

For g(r), we note that it is an even function. The graded Jacobi identity for G, implies that g(r) takes the
form go + gor? for some gg, go € C.

With some more computations (evaluating the expectation of graded brackets in the ground state, I can’t
do this calculation due to time constraint...) we can find the super-Virasoro algebra:
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Question 2. Supersymmetry of the RNS-String

Consider the superconformal gauge-fixed RNS-string action
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Show that this action is invariant under the global supersymmetry transformations
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Proof. The gauge-fixed action has the following constraints:
04+0_XH = 0; O_yYl =0t =0, O_et =0, =0.
Therefore we have
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Hence the gauge-fixed action is invariant under the supersymmetry transformations. bo%l/w( g Ol
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Question 3. Gauge Fixing the RNS-String X’UVWH’ [o(MﬂX/

The fully covariant, supersymmetric RNS-string is coupled to a world-sheet metric h*¥ and gravitino su-
perpartner x, (i.e. what would be called a 2d N = 1 supergravity multiplet). Let e be the zweibein,
satisfying

eay =0y, egep hag = Nab

The action
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is then invariant under the following supersymmetry transformations
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Super-Weyl transformations
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with all others vanishing, 2d Lorentz transformations
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where v = 494! is the chirality operator, and finally reparametrizations
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1. Use the bosonic symmetries (two worldsheet reparametrizations £, one Lorentz ¢ and one Weyl scaling
A) to bring the zweibein into the form

— 5

a
eOl «

This analysis is very much like in the bosonic string.

2. Use the two supersymmetries and two superconformal symmetries (e+ and 74) to gauge fix the gravitino
to

Xo = 0.

3. Using the equations of motion of e and x evaluated in the gauged fixing (12) and (13) show that the
resulting equations are precisely the Super-Virasoro constraints

Ty+ = Jy =0.
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