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Question 1. Super-Virasoro Algebra

Consider the algebra of oscillators for the RNS-string

[αµ
n,α

ν
m] = nηµνδn+m,0, n,m ∈ Z

{bµr , bνs} = ηµνδr+s,0, r, s ∈ Z+ φ

where φ = 0, 12 for the R, NS-sector. Define the generators of the Super-Virasoro algebra by the normal
ordered expressions

Ln =
1

2

∑

m∈Z
:α−m · αm+n :+

∑

r∈Z+φ

(r + n/2) :b−rbn+r :

Gr =
∑

m∈Z
α−m · br+m,

for n ∈ Z and r ∈ Z+φ. Determine the algebra that these operators generate, i.e. compute [Lm, Ln] , [Lm, Gr]

and {Gr, Gr}.

Proof. With slightly abuse of notation, the index-free super-brackets are given by

[αn,αm] := αn · αm − αm · αn = ndδm+n,0, {br, bs} := br · bs + bs · br = dδr+s,0,

where d = δµµ is the spacetime dimension. Let Lm = L(α)
m + L(b)

m , where

L(α)
m =

1

2

∑

k∈Z
:α−k · αm+k :, L(b)

m =
1

2

∑

k∈Z+φ

(
k +

m

2

)
:b−k · bm+k : .

We know from String Theory I (Sheet 2 Question 2) that L(α)
m satisfies the ordinary Virasoro algebra:

[L(α)
m , L(α)

n ] = (m− n)L(α)
m+n +

d

12
(m3 −m)δm+n,0,

We perform a similar computation for L(b)
m . Note that the commutator:

[b−kbm+k, b−$bn+$] = b−k {bm+k, b−$} bn+$ + b−$b−k {bm+k, bn+$}− {b−k, b−$} bm+kbn+$ − b−$ {b−k, bn+$} bm+k

= (b−kbk+m+nδm+k−$,0 + bk+m+nb−kδm+n+k+$,0 − bm+kbn−kδk+$,0 − bn−kbm+kδn+$−k,0)

For m+ n #= 0, we can drop the normal ordering and compute the commutator:
[
L(b)
m , L(b)

n

]
=

1

4

∑

k∈Z+φ

∑

$∈Z+φ

(
k +

m

2

)(
l +

n

2

)
[b−kbm+k, b−$bn+$]

=
1

4

∑

k∈Z+φ

(
k +

m

2

)((
m+ k +

n

2

)
b−kbk+m+n +

(
−m− k − n

2

)
bk+m+nb−k

−
(
−k +

n

2

)
bm+kbn−k −

(
k − n

2

)
bn−kbm+k

)

=
1

2

∑

k∈Z+φ

(
k +

m

2

)((
m+ k +

n

2

)
b−kbm+n+k −

(
k − n

2

)
bn−kbm+k

)

=
1

2

∑

k∈Z+φ

((
k +

m

2

)(
m+ k +

n

2

)
−
(
k +

n

2

)(
k +

m

2
+ n

))
b−kbm+n+k

=
1

2

∑

k∈Z+φ

(
k +

m+ n

2

)
(m− n)b−kbm+n+k
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= (m− n)L(b)
m+n

Therefore we have [L(b)
m , L(b)

n ] = (m− n)L(b)
m+n + β(m)δm+n,0, where β(m) ∈ C is a constant due to normal

ordering.

The computation for [Lm, Gr]:
[
L(α)
m , Gr

]
=

1

2

∑

k∈Z

∑

$∈Z
[:α−kαm+k :,α−$br+$]

=
1

2

∑

k∈Z

∑

$∈Z
[α−kαm+k,α−$br+$]

=
1

2

∑

k∈Z

∑

$∈Z
([α−k,α−$]αm+kbr+l + α−k [αm+k,α−$] br+$)

=
1

2

∑

k∈Z

∑

$∈Z
(−kαm+kbr+$δk+$,0 + (m+ k)α−kbr+$δm+k−$,0)

=
1

2

∑

k∈Z
(−kαm+kbr−k + (m+ k)α−kbr+m+k)

=
∑

k∈Z
(m+ k)α−kbr+m+k

[
L(b)
m , Gr

]
=

1

2

∑

k∈Z+φ

∑

$∈Z

(
k +

m

2

)
[:b−kbm+k :,α−$br+$]

=
1

2

∑

k∈Z+φ

∑

$∈Z

(
k +

m

2

)
[b−kbm+k,α−$br+$]

=
1

2

∑

k∈Z+φ

∑

$∈Z

(
k +

m

2

)
(α−lb−k {bm+k, br+l}+ α−${b−k, br+$}bm+k)

=
1

2

∑

k∈Z+φ

∑

$∈Z

(
k +

m

2

)
(α−$b−kδm+k+r+l,0 + α−$bm+kδr+$−k,0)

=
1

2

∑

k∈Z+φ

(
k +

m

2

)
(αm+r+kb−k + αr−kbm+k)

= −
∑

k∈Z

(
k +

m

2
+ r
)
α−kbr+m+k

Therefore we have [Lm, Gr] =
∑

k∈Z

(m
2

− r
)
α−kbr+m+k =

(m
2

− r
)
Gm+r.

The computation of {Gr, Gs}:

{Gr, Gs} =
∑

k∈Z

∑

$∈Z
{α−kbr+k,α−$bs+$}

=
∑

k∈Z

∑

$∈Z

(
[αµ

−k,α
ρ
−$]b

ν
r+kb

σ
s+$ + αρ

−$α
µ
−k

{
bνr+k, b

σ
s+$

})
ηµνηρσ

=
∑

$∈Z
α−$ · αr+s+$ +

∑

$∈Z+φ

(&+ r)b−$ · br+s+$

=
∑

$∈Z
α−$ · αr+s+$ +

∑

$∈Z+φ

(
&+

r + s

2

)
b−$ · br+s+$

= 2Lr+s + g(r)δr+s,0,

where g(r) ∈ C is a constant due to the normal ordering.
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Finally, the method of finding β(m) and g(r) is similar to that for the ordinary Virasoro algebra, which is
implemented in Question 2 of Sheet 2 of String Theory I.

For β(m), we note that it is an odd function. The graded Jacobi identity for L(b)
m implies that β(m) takes

the form β1m+ β3m3 for some β1,β3 ∈ C.

For g(r), we note that it is an even function. The graded Jacobi identity for Gr implies that g(r) takes the
form g0 + g2r2 for some g0, g2 ∈ C.

With some more computations (evaluating the expectation of graded brackets in the ground state, I can’t
do this calculation due to time constraint...) we can find the super-Virasoro algebra:

[Lm, Ln] = (m− n)Lm+n +
d

8
(m3 − 2φm)δm+n,0,

[Lm, Gr] =
(m
2

− r
)
Gm+r,

{Gr, Gs} = 2Lr+s +
d

2

(
r2 − φ

2

)
δr+s,0.

Question 2. Supersymmetry of the RNS-String

Consider the superconformal gauge-fixed RNS-string action

S = SB + SF =
1

2π

∫
d2σ

(
2

α′∂+X · ∂−X + i (ψ+ · ∂−ψ+ + ψ− · ∂+ψ−)

)

Show that this action is invariant under the global supersymmetry transformations
√

2

α′ δεX
µ = iεψµ = i

(
ε+ψµ

+ + ε−ψµ
−
)

δεψ
µ
+ = −

√
2

α′ ε
+∂+X

µ

δεψ
µ
− = −

√
2

α′ ε
−∂−X

µ

Proof. The gauge-fixed action has the following constraints:

∂+∂−X
µ = 0; ∂−ψ

µ
+ = ∂+ψ

µ
− = 0, ∂−ε

+ = ∂+ε
− = 0.

Therefore we have

δε

(
2

α′∂+X · ∂−X
)

= i

√
2

α′
(
(∂+(ε

+ψ+) + ∂+(ε
−ψ−)) · ∂−X + (∂−(ε

+ψ+) + ∂−(ε
−ψ−)) · ∂+X

)

δε (iψ+ · ∂−ψ+) = −i

√
2

α′
(
ε+∂+X · ∂−ψ+ + ψ+ · ∂−(ε+∂+X)

)

δε (iψ− · ∂+ψ−) = −i

√
2

α′
(
ε−∂−X · ∂+ψ− + ψ− · ∂+(ε−∂−X)

)

The variation in the action is given by

δεS =
i

2π

√
2

α′

∫
d2σ

(
(∂+(ε

+ψ+) + ∂+(ε
−ψ−)) · ∂−X + (∂−(ε

+ψ+) + ∂−(ε
−ψ−)) · ∂+X

−ε+∂+X · ∂−ψ+ − ψ+ · ∂−(ε+∂+X)− ε−∂−X · ∂+ψ− − ψ− · ∂+(ε−∂−X)
)
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=
i

2π

√
2

α′

∫
d2σ

(
−2(ε+ψ+ + ε−ψ−) · ∂+∂−X − ∂−(ε

+∂+X · ψ+)− ∂+(ε
−∂−X · ψ−)

)

=
i

2π

√
2

α′

∫
d2σ

(
−2(ε+ψ+ + ε−ψ−) · ∂+∂−X

)

= 0.

Hence the gauge-fixed action is invariant under the supersymmetry transformations.

Question 3. Gauge Fixing the RNS-String

The fully covariant, supersymmetric RNS-string is coupled to a world-sheet metric hαβ and gravitino su-
perpartner χα (i.e. what would be called a 2d N = 1 supergravity multiplet). Let eαa be the zweibein,
satisfying

eaαe
α
b = δab , eαae

β
b hαβ = ηab

The action

Scov = Scov
B + Scov

F + Sχ =− 1

4πα′

∫
d2σ

√
−hhαβ∂αX

µ∂βXµ + iψ
µ
γα∂αψµ

− i

8π

∫
d2σ

√
−hχαγ

βγαψµ

(√
2

α′∂βXµ − i

4
χβψµ

)

is then invariant under the following supersymmetry transformations
√

2

α′ δεX
µ = iεψµ

δεψ
µ =

1

2
γα
(√

2

α′∂αX
µ − i

2
χαψ

µ

)
ε

δεe
a
α =

i

2
εγaχα

δεχα = 2∇aε

Weyl transformations

δΛX
µ = 0, δΛeα = Λeaα, δΛψ

µ = −1

2
Λψµ, δΛχα =

1

2
Λχα,

Super-Weyl transformations

δηχα = γαη

with all others vanishing, 2d Lorentz transformations

δ$X
µ = 0, δ$ψ

µ = −1

2
&γψµ, δ$e

a
α = &εabe

b
α, δ$χα = −1

2
&γα
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where γ = γ0γ1 is the chirality operator, and finally reparametrizations

δξX
µ = −ξβ∂βXµ

δξψ
µ = −ξβ∂βψµ

δξe
a
α = −ξβ∂βeaα − eaβ∂αξ

β

δξχα = −ξβ∂βχα − χβ∂αξ
β .

1. Use the bosonic symmetries (two worldsheet reparametrizations ξ, one Lorentz & and one Weyl scaling
Λ) to bring the zweibein into the form

eaα = δaα

This analysis is very much like in the bosonic string.

2. Use the two supersymmetries and two superconformal symmetries (ε± and η±) to gauge fix the gravitino
to

χα = 0.

3. Using the equations of motion of e and χ evaluated in the gauged fixing (12) and (13) show that the
resulting equations are precisely the Super-Virasoro constraints

T±± = J± = 0.
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